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内 容 mW + 

郭 永 怀 是 著名 的 力学 家 、 应 用 数学 家 , 我 国 近代 力学 事业 莫 基 人 之 一 。 为 
纪念 郭 永 怀 诞辰 一 百 周年 ， 我 们 再 次 编辑 出 版 《 郭 永 怀 文集 》- 

本 文集 共 收录 了 作者 24 篇 期 刊 论文 和 研究 报告 。 其 中 ，1943~1955 年 其 
间 发 表 的 14 篇 论文 内 容 涉及 直 管 中 的 可 压缩 流动 、 有 限 振幅 柱 面 和 球面 波 的 
传播 、 可 压缩 流体 二 维 无 旋 亚 声速 、 超 声速 混合 型 流动 和 上 临界 马赫 数 、 光 滑 
路 声速 绕 流 及 其 稳定 性 、 斜 激 波 从 平板 边界 层 的 反射 、 中 等 雷诺 数 下 绕 平板 的 
流动 等 ,这 些 论文 反映 了 作者 在 跨 声 速 流动 和 奇异 摄 动 理论 两 个 领域 中 为 国际 
公认 的 学 术 成 就 ， 后 者 被 命名 为 PLK 方法 。1956~1957 年 期 间 发 表 的 5 篇 论 
文 : 绕 平 板 和 模 的 高 超声 速 流动 、 普 朗 特 数 和 解 离 对 高 超声 速 流动 的 影响 以 及 
增补 的 5 篇 文章 是 作者 在 高 超声 速 流动 领域 的 研究 成 果 以 及 他 在 回国 后 的 学 
术 报 告 和 发 表 的 文章 , 涉及 现代 空气 动力 学 的 发 展 方向 、 发 射 卫星 和 返 地 回收 
的 科学 和 技术 问题 , 体现 了 他 在 参与 “两 弹 一 星 "技术 领导 工作 中 的 学 术 思 想 。 

本 书 可 供 流体 力学 、 空 气动 力学 、 应 用 数学 专业 、 航 空 航天 工程 科技 人 员 
以 及 高 等 院 校 有 关 专 业 教师 、 研 究 生 和 高 年 级 学 生 参 考 。 
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为 什么 回 到 祖国 ? 我 作为 一 个 中 国人 ， 有 责 
任 回 到 祖国 ， 和 人 民 一 道 ， 共 同 建设 我 们 的 美丽 的 
山河 。 


对 于 所 有 的 问题 ， 我们 都 是 空 怀 若 谷 ， 不 经 过 讨 


论 ， 就 没有 定论 。 对 每 一 方面 ， 我 们 需要 权威 ， 但 是 
权威 绝 不 能 专 有 真理 。 
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现在 已 是 八 十 年 代 的 第 一 春 . 还 要 倒数 到 第 十 一 个 冬天 ， 郭 永 怀 同志 因 公 乘 飞机 ， 
在 着 陆 事故 中 牺牲 了 .是 的 ， 就 那么 十 秒 钟 吧 ， 一 个 有 生命 、 有 智慧 的 人 ， 一 位 全 世界 
知名 的 优秀 应 用 力学 家 就 离开 了 人 世 ; 生 和 死 ， 就 那么 十 秒 钟 ! 

十 秒 钟 是 短暂 的 ， 但 回顾 往事 ， 郭 永 怀 同志 和 我 相知 却 跨越 了 近 三 十 个 年 头 ， 而 这 
是 世界 风云 多 变 的 三 十 个 年 头 呵 . 我 第 一 次 与 他 相识 是 在 1941 年 底 , 在 美国 加 州 理工 学 
院 ， 当 时 在 航空 系 的 有 林家 狂 先 生 、 有 钱 伟 长 同志 ， 还 有 郭 永 怀 同志 和 我 ， 在 地 球 物理 
系 的 有 传承 义 同志 . 林 先 生 是 一 位 应 用 数学 家 . 传承 义 同志 专 的 是 另外 一 行 ， 钱 伟 长 同 
志 是 个 多 才 多 艺 的 人 ， 所 以 ， 虽 然 我 们 经 常 在 一 起 讨论 问题 ， 但 和 我 最 相知 的 只 有 郭 永 
怀 一 人 .他 具备 应 用 力学 工作 所 要 求 的 严谨 与 胆识 ， 当 时 航空 技术 的 大 问题 是 突破 “ 声 
障 ” 进 入 超声 速 飞行 ， 所 以 研究 跨 声 速 流 场 是 个 重要 课题 ， 但 描述 运动 的 偏 微分 方程 是 
非 线性 的 ， 数 学 问题 难度 很 大 . 永 怀 同志 因 问题 对 技术 发 展 有 重大 意义 ， 故 知 难 而 进 ， 
下 决心 攻关 ， 终 于 发 现 对 某 一 给 定 外 形 ， 在 均匀 的 可 压缩 理想 气体 来 流 中 ， 当 来 流 马赫 
数 达到 一 定 值 ， 物 体 附近 的 最 大 流速 达到 局 部 声速 ， 即 来 流 马赫 数 为 下 临界 马赫 数 ， Ж 
流 马赫 数 再 高 ， 物 体 附近 出 现 超声 速 流 场 ， 但 数学 解 仍然 存在 ， 来 流 马赫 数 再 增加 ， 数 
学 解 会 突然 不 可 能 ， 即 没有 连续 解 ， 这 就 是 上 临界 马赫 数 ， 所 以 真正 有 实际 意义 的 是 上 
临界 马赫 数 而 不 是 以 前 大 家 所 注意 的 下 临界 马赫 数 ， 这 是 一 个 重大 发 现 . 

1946 年 秋 ， 郭 永 怀 同志 任教 于 由 W. R. Sears 主持 的 美国 康 奈 尔 大 学 航空 学 院 ， 我 也 
去 美国 麻 省 理工 学 院 ， 两 校 都 在 美国 东部 ， 而 加 州 理工 学 院 在 西部 ， 相 隔 近 三 千 公里 ， 
他 和 我 就 驾车 旅行 ， 有 这 样 知己 的 同 游 ， 是 难得 的 ， 所 以 当 他 到 了 康 奈 尔 而 留 下 来 ， 而 
我 还 要 一 个 人 驾车 继续 东 行 到 麻 省 理工 学 院 时 ， 我 感到 有 点 孤单 . 

1949 年 我 再 次 搬家 ， 又 到 美国 加 州 理工 学 院 任教 ， 所 以 再 一 次 开车 西 去 ， 中 途 到 康 
奈 尔 ， 这 次 我 们 都 结 了 婚 ， 是 家 人 相聚 了 ， 蒋 英 也 再 次 见 到 我 常 称道 的 郭 永 怀 和 李 佩 同 
Ж. 这 次 聚会 还 有 Sears 夫妇 , 都 是 我 们 在 加 州 理 工学 院 的 熟 朋 友 . 我 们 都 是 我 们 的 老师 
Theodore von Kármán 的 学 生 ， 学 术 见 解 很 一 致 ， 谈 起 来 逸 趣 横生 .这 时 郭 永 怀 同志 已 对 
跨 声 速 气动 力学 提出 了 一 个 新 课题 : 既然 超出 上 临界 马赫 数 不 可 能 有 连续 解 ， 在 流 场 的 
超声 速 区 就 要 出 现 激 波 ， 而 激 波 的 位 置 和 形状 是 受 附 面 层 影响 的 ， 因 此 必须 研究 激 波 与 
附 面 层 的 相互 作用 . 这 个 问题 比 上 临界 马赫 数 问题 更 难 , 连 数学 方法 都 得 另 尽 新 途径 . 这 
就 是 PLK 方法 中 Kuo ( 郭 ) 的 来 源 ， 现 在 我 们 称奇 异 摄 动 法 .这 项 工作 是 郭 永 怀 同志 的 
又 一 重大 贡献 . 

郭 永 怀 同志 之 所 以 能 取得 这 两 项 重大 成 果 ， 是 因为 他 治学 严谨 而 过 事 看 得 准 ， 有 见 
识 ; 而 一 旦 看 准 ， 有 胆量 去 攻关 .当然 这 是 我 们 从 旁 见 到 的 ， 我 们 也 许 见 不 到 的 是 他 刻 
苦 的 功夫 ,呕心沥血 的 劳动 . 

我 以 后 再 见 到 永 怀 同志 是 1953 年 冬 , 他 和 李 佩 同志 到 加 州 理工 学 院 、 他 讲学 ; 我 也 
有 机 会 向 他 学 习 奇 异 摄 动 法 . 我 当时 的 心情 是 很 坏 的 ， 美 国政 府 因 不 许 我 归 回 祖国 而 限 
制 我 的 人 身 自由 ,我 满腔 钨 火 ， 向 我 多 年 的 知己 倾诉 ， 他 的 心情 其 实 也 是 一 样 的 ， 但 他 


* 摘自 《 郭 永 怀 文集 》, 北京 : 科学 出 版 社 , 1982. 原 题 为 “ 写 在 《 郭 永 怀 文集 》 的 后 面 ”. 
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克制 地 劝 我 说 ， 不 能 性 急 ， 也 许 要 到 1960 年 美国 总 统 选举 后 ， 形 势 才能 转化 ,我 们 才能 
回国 . 所幸 的 是 : 在 中 国共 产 党 领导 下 ,新 中 国有 亿 万 人 民 的 团结 ,迅速 强大 起 来 了 ， 
我 们 都 比 这 个 日 程 早 得 多 回 到 祖国 ， 我 在 1955 年 ， 他 在 1956 年 

郭 永 怀 同志 归 国 后 ， 奋 力 工作 ， 是 中 国 科学 院 力 学 研究 所 的 主要 学 术 领 导 人 ; 他 做 
的 比 我 要 多 得 多 .但 这 还 不 是 他 的 全 部 工作 ，1957 年 初 ， 有 关 方 面 问 我 谁 是 承担 核武 器 
爆炸 力学 工作 最 合适 的 人 ， 我 毫 无 迟疑 地 推荐 了 郭 永 怀 同志 . 郭 永 怀 同志 对 发 展 我 国 核 
武器 是 有 很 大 的 贡献 的 . 

所 以 我 认为 郭 永 怀 同志 是 一 位 优秀 的 应 用 力学 家 ， 他 把 力学 理论 和 火热 的 改造 客观 
世界 的 革命 运动 结合 起 来 了 .其 实 这 也 不 只 是 应 用 力学 的 特点 ， 也 是 一 切 技术 科学 所 共 
有 的 ,一 方面 是 精深 的 理论 ， 一 方面 是 火 样 的 斗争 ， 是 冷 与 热 的 结合 ， 是 理论 与 实践 的 
结合 ， 这 里 没有 胆小鬼 的 藏身 处 ， 也 没有 私心 重 的 活动 地 ; 这 里 需要 的 是 真 才 实 学 和 献 
身 精 神 ， 郭 永 怀 同志 的 崇高 品德 就 在 这 里 

由 于 郭 永 怀 同 志 的 这 些 贡 献 ， 我 想 人 民 是 感谢 他 的 .周恩来 总 理 代 表 党 和 全 国人 民 
对 郭 永 怀 同志 无 微 不 至 的 关怀 就 是 证 据 ， 大 家 辛勤 工作 ， 为 翻译 、 编 辑 和 出 版 这 本 文集 
付出 了 劳动 ， 也 是 个 证 据 . 是 的 ， 人 民 感 谢 郭 永 怀 同 志 ! 作为 我 们 国家 的 一 个 科学 技术 
工作 者 ， 作 为 一 个 共产 党 员 ， 活 着 的 目的 就 是 为 人 民 服 务 ， 而 人 民 的 感谢 就 是 一 生 最 好 
的 评价 ! 

我 们 忘 不 了 郭 永 怀 同志 ， 这 本 文集 是 一 件 很 好 的 纪念 品 ， 一 本 很 好 的 学 习 材 料 
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再 版 前 言 


在 郭 永 怀 先生 诞辰 一 百 周 年 之 际 ,我 们 再 次 编辑 出 版 了 《 郭 永 怀 文集 X 简称 (文集 》)。 
与 30 年 前 的 中 译本 不 同 ， 郭 永 怀 先生 在 国外 发 表 的 19 篇 期 刊 论文 和 研究 报告 全 部 以 原 
文 刊 出 。 同 时 ， 文 集中 还 增加 了 他 回国 初期 的 5 篇 重要 文章 。 这 对 于 了 解 他 的 科学 成 就 ， 
领悟 他 的 学 术 思 想 ， 保 存 他 的 历史 文献 具有 重要 意义 。 

他 在 国外 期 间 发 表 的 学 术 论 文 ， 集 中 展现 了 他 在 空气 动力 学 和 应 用 数学 领域 为 世界 
公认 的 科学 成 就 : 

在 有 跨 声 速 流动 领域 的 8 篇 文章 中 ,他 和 钱学森 一 起 提出 了 “上 临界 马赫 数 ” 的 概念 ， 
研究 了 激 波 与 边界 层 的 相互 作用 ， 发 现 光 滑 的 跨 声 速 混合 流动 可 以 维持 到 上 下 临界 马赫 
数 间 的 来 流速 度 ， 激 波 的 出 现 将 导致 波 后 压力 陡 增 ， 产 生 湾 涡 ， 乃 至 发 生 分 离 ， 并 可 通 
过 黏 性 层 影响 上 游 。 从 而 回答 了 当时 航空 工程 界 聚焦 的 问题 : 当 飞行 速度 接近 声速 时 ， 
在 绕 丑 型 和 飞行 器 的 流 场 中 什么 时 候 会 实际 出 现 激 波 ? 激 波 的 出 现 对 其 气动 性 能 可 能 产 
生 什么 样 的 影响 以 及 如 何 减轻 和 避免 气动 失速 影响 的 措施 。 这 是 20 世纪 40 年 代 人 类 为 
突破 “ 声 障 ”最 有 影响 的 研究 成 果 ， 并 为 跨 声速 飞机 设计 商定 理论 基础 。 

与 奇异 摄 动 理论 领域 相关 的 3 篇 论文 ,研究 了 中 等 雷诺 数 和 高 速 边界 层 问题 。 由 于 
黏 性 扩散 或 压缩 性 效应 使 边界 层 厚度 增加 ， 流 动 偏 折 明 显 ， 需 要 计算 高 阶 近似 。 这 时 由 
于 没有 现成 的 数学 方法 可 以 依循 ， 郭 永 怀 提出 了 边界 层 问题 中 消除 高 阶 奇 性 并 使 解 一 至 
有 效 的 方法 。 他 不 仅 给 出 平板 边界 层 二 阶 阻力 系数 和 激 波 边界 层 黏 性 干扰 的 结果 ， 同 时 
也 发 展 了 H. Poincaré 的 参数 摄 动 法 和 了 Lighthill 的 坐标 摄 动 法 。1956 4E, 钱学森 在 《应 
用 力学 评论 》( Applied Mechanics Reviews ) 撰文 ， 将 该 方法 命名 为 “PLK 方法 "。 

20 世纪 50 年 代 中 ， 郭 永 怀 在 解决 了 航空 领域 的 难题 后 ， 敏 锐 地 意识 到 人 类 即将 进 
入 空间 时 代 ， 在 1956-1957 发 表 的 5 篇 文章 中 ， 开 始 关注 高 超声 速 流动 问题 ， 并 深入 分 
析 了 Prandtl 数 和 气体 解 离 对 流动 ， 摩 阻 和 传 热 的 可 能 影响 。1963 年 ,他 还 指导 研究 人 员 
完成 了 高 速 湾流 边界 层 传 热 的 分 析 。 

郭 永 怀 先生 在 1957 年 中 国力 学 学 术 大 会 和 60 年 代 星 际 航行 座谈 会 上 的 报告 ， 精 腑 
地 指明 了 现代 空气 动力 学 的 发 展 方向 ， 深 刻 分 析 我 国 发 射 卫星 和 返 地 回收 需要 解决 的 若 
干 科 学 和 技术 问题 。 在 我 们 已 经 实现 了 载 人 航天 的 今天 ， 重新 阅读 这 些 文献 ， 就 会 更 加 
赞叹 郭 永 怀 先生 的 远见 卓识 。 

郭 永 怀 先生 在 国外 学 习 和 研究 的 16 年 都 是 在 做 准备 , 都 是 为 了 “和 人 民 一 道 共同 建 
设 美丽 的 山河 !"。 在 他 回国 后 有 限 的 时 间 里 ， 精力 全 部 集中 在 领导 我 国力 学 学 科 规 划 工 
作 ， 倡 导 高 超声 速 空气 动力 学 、 磁 流体 力学 和 爆炸 力学 等 新 兴学 科 ， 支 持 研制 系列 激 波 
管 和 激 波 风 洞 ， 规 划 我 国 的 空气 动力 学 试验 基地 等 方面 。 他 高 瞻 远 眠 确定 的 方向 ， 迄 今 
仍 是 航空 、 航 天 和 能 源 等 工程 中 富有 生命 力 和 挑战 性 的 课题 。 这 一 时 期 郭 永 怀 先生 的 科 
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ON THE FORCE AND MOMENT ACTING ON A 
BODY IN SHEAR FLOW* ^ 


By YUNG-HUAI KUO (California Institute of Technology) 


Recently, H. S. Tsien solved the problem! of a Joukowsky airfoil in a steady, two- 
dimensional flow of constant vorticity distribution. It is interesting to note that the 
hydrodynamical forces can be expressed in a form similar to the well known Blasius’ 
theorem, involving contour integration of the complex potential function. The follow- 
ing derivation of the formulae is believed to be simpler than that of Tsien. 

1. Equations of motion. Let и and v be the velocity components parallel to the 
x- and y-axis, respectively. In the case of two-dimensional steady motion, the Eulerian 
dynamical equations are: 


ðu êv до Ow 1 ap 
и— +» —* 一 ) 一 一 , (1.1) 
dz dz дх ду, p ox 
д а; d д 1 6 
Pe «( -$)-- t, (1.2) 
ду ду дх ду p ду 
where p is the pressure and p, the density of the fluid. The equation of continuity is 
ðu до 
—+—=0. (1.3) 
Әх ay 


For the type of shear flow considered by Tsien,' the vorticity is constant every- 
where in the field and equal to —&. Thus 


— s kh k > 0. (1.4) 


At the first sight, it seems that the problem might not be definite as one has four 
equations for three variables. By eliminating p between Eqs. (1.1) and (1.2), however, 
the result can be reduced to Eq. (1.3) by means of Eq. (1.4). This shows that any solu- 
tion which satisfies Eqs. (1.3) and (1.4) is consistent with Eqs. (1.1) and (1.2). 

To simplify the problem, the solution is written in the following form: 


и = ky + w, (1.5) 
r= v. (1.6) 
Then Eqs. (1.3) and (1.4) reduce to 
әш av’ 
x + зу = 0, (1.7) 
ðv ди’ 
A^ ay = 0. (1.8) 


* Received June 21, 1943. 
! H. S. Tsien, Symmetrical Joukowski airfoils in shear flow, Quarterly Appl. Math., 1, 129 (1943). 


1) Published in Quarterly of Applied Mathematics, 1943, 1(1): 273-275 
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These equations are satisfied by 


SILLA аата (1.9) 
ду ax 
or n Б 
wat, ya, (1.10) 
ax ay 
where y and e are the imaginary and real parts of the complex potential F(z); namely, 
+N =F(), z= х + iy; (1.11) 
and 
w — iv = w'(z). (1.12) 


For a given problem the function F(z) is so determined that the velocity component 
normal to the contour of the body is zero. 
By virtue of Eqs. (1.4), (1.5), and (1.6), Eqs. (1.1) and (1.2) give 


p= — dt — ply + phh, (1.13) 


where 2 = u^ --v", and the constant of integration is absorbed in y. 
2. Force and moment. If the motion is two-dimensional and steady, the compo- 
nents of the hydrodynamical force and moment? acting on the body are given by 


x--$ My - f u(udy — ods), Q.1) 
r-$ کو م + م‎ т(@4х — иду), (2.2) 


M - £ 2(хйх + ydy) 一 $ (= zdz — шубу + uvydx + uvxdy), (2.3) 


where (ће contour integrals аге taken along а closed сигуе containing the body. Using 
Eqs. (1.5), (1.6) and (1.13), the above equations can be written as: 


X= 一 分 f [и — dy — 2u’s'dx] — pk í [V + w'y)dy — vydz], (2.4) 


Y=-4 $ [0 — Dax + 2u's'dy] + pk D. [(ф— w'y)dz — v'ydy], (2.5) 


M = — Re E £ zea] 


+ pk 14 [Gy — w'y)(zdz + ydy) — (тух — 2w'y*)dy + тух). (2.6) 


* W. F. Durand, Aerodynamic theory, vol. 2, Springer, Berlin, 1935, pp. 31-33. 


On the force and moment acting on a body in shear flow 


1943] YUNG-KUAI KUO 275 


If only bodies with closed boundary are considered, no sources can exist within the 
field of flow. Then the stream function y is single-valued, and 


$ ға $ z(vdzx — чу), 
£ ydy -$ y(wdx — wdy). 


From these relations, it is not difficult to deduce 


X-- E £ [wa — dy — 2u'v'dz], (2.7) 
Y=- = $ [о — dr + 2wvdy] 


+ pk [v(zdz — ydy) — w'(ydz + xdy)], (2.8) 


M = – Re [4 £ 222 


+% [— «(022 — y)dy + 2zydz] + v {(x* — y)dz — 2xydy}]. (2.9) 


These at once suggest the following alternative expressions: 


x- y = 2 £ wie [jr va]. (2.10) 
M = -Re f С as}. (2.11) 


Eqs. (2.10) and (2.11) may be regarded as an extension of Blasius’ theorem. They 
can be easily identified with the expressions given by Tsien.' The calculation of force 
and moment, however, can be simplified to a certain extent by using these new ex- 
pressions. 

The writer wishes to thank Dr. H. S. Tsien for the use of his paper before publica- 
tion and for his helpful discussions. 
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THE FLOW OF A COMPRESSIBLE VISCOUS FLUID THROUGH 
A STRAIGHT PIPE ^ 


Br Y. Н. Коо 
Introduction 


The problem of determining a steady flow of incompressible viscous fluid 
through a straight pipe of any section is easily reduced to a problem of Dirichlet. 
This is the familiar Hagen-Poiseuille" flow, and a pipe of circular section is par- 
ticularly well known. If, however, the fluid is compressible, the problem of 
steady flow becomes much more difficult. Although the problem has been 
treated experimentally” and by the rather crude method of hydraulics,’ there 
does not appear to have been any previous mathematical treatment. 

The method of the present paper is that of development in series in powers 
of the Mach number, which is supposed to be small. The operation with 
series is formal, no attempt being made to discuss the convergence. 

The boundary condition of zero velocity on the wall of the tube, together with 
the information regarding the pressure drop, is not sufficient to make the mathe- 
matical problem definite. It is, in fact, a question of finding a solution rather 
than the solution; the simplest solution is taken, as in the classical case of the 
incompressible fluid, where the same partial indeterminacy also occurs. 

Part I deals with a pipe of general section. The equations of motion expressed 
in terms of momentum vector and specific volume are given and the process of 
power series development is explained. This may, for small values of Mach 
number, be regarded as a process of successive approximations. 

The zero approximation is the Hagen-Poiseuille flow. 

In the first approximation the flow remains parallel to the walls of the pipe, 
and the determination of the velocity again reduces to a Dirichlet problem (5.3). 

In the second approximation the velocity is no longer parallel to the walls, 
The component of momentum parallel to the walls is a linear function of the 
distance along the pipe (6.3), the determination of the coefficient of this function 
again depending on Dirichlet problems (6.8), (6.9). The transverse momentum 
component is proportional to f% in (6.13), and this is independent of distance 
along the pipe; its determination is reduced to a Dirichlet problem (6.14) and a 
biharmonie problem (6.15). 

In the zero approximation the pressure is a linear function of distance along 
the pipe (4.7), in the first approximation a quadratic function (5.8), and in the 
second approximation a cubic function (6.27). 

The drag and flux are considered in 87. 

In Part II the pipe is of circular section and explicit solutions are given. 

1 Hagen, Pogg. Ann., 46, 423 (1839). 

? Poiseuille, Comp. Rend. 11 and 12, (1840-1). 

? Reynolds, Phil. Trans. Roy. Soc. London, 174, 935 (1883). 
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Part I. Pipe of a general section 
1. The equations of motion 


We shall consider a compressible viscous fluid flowing steadily through a pipe 
of any constant section, under the influence of the difference between the pres- 
sures applied at the ends of the pipe. It is assumed that the pipe has a well- 
rounded mouth-piece so that it introduces no initial disturbances. The domain 
of the mathematical theory is the interior of the pipe between two normal sec- 
tions at а distance V apart (the “length” of the pipe); these sections are called 
the “entrance” and “outlet”. 

Let 2; be Cartesian coordinates with the origin at the mean centre of the 
entrance, the axis of 20 lying along the axis of the pipe; let u; be the components 
of the velocity. Then in the pipe itself the motion satisfies the general equa- 
tions“ of steady motion in the absence of body force 


ay кшш. = —p + ub s + s 


where # = ðu;/ðz; , А'(= /azfaz9) is the Laplacian operator, p' the density, 
р! the pressure and и the viscosity, which is a function of temperature, but 
within wide limits, independent of pressure. With these is associated the 
equation of continuity 


(1.2) (uj). = 0. 


Here the equations are expressed in accordance with the indicial notation; the 
Latin suffixes have the range 0, 1, 2, the comma indicates partial differentiation 
and summation is understood for repeated suffixes. We shall assume the motion 
to be either isothermal or adiabatic, so that a definite pressure density relation 
exists. We shall in both cases treat и as a constant, its variations under change 
of pressure being neglected in both cases and its variation under change of tem- 
perature being neglected in the adiabatic case. 

We now find it convenient to define a few constants which are useful in the 
later calculation. Let f' be the mean pressure over the cross-section at the 
outlet, defined as 


(1.3) P=} [atas ог x=, 


where А is the area of the cross-section. Let 5’ be the density corresponding to 
P” according to the pressure-density relation of the fluid. Finally, let a’ be the 
mean velocity over a cross-section, weighted by the density so that it is inde- 
pendent of the particular section chosen, namely, 


1 ҮРЕ, 
(1.4) v= va f [o dx; dz, for any zm. 


* W. Müller, Einführung in die Theorie der z&hen Flüssigkeiten, (Leipzig, 1932) p. 13. 
* H. Lamb, Hydrodynamics, (Cambridge, 1932) p. 677. 
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We shall now be able to express the equations in dimensionless form by the fol- 
lowing transformation: 

А n 
(1.5) = x= w= p= 


r-r К 
van? > 

where m is the hydraulic mean radius of the section, i.e. m = A/P where P is 

the perimeter of the bounding curve C. Substituting (1.5) in (1.1) and (1.2), 

we have 


2 
(1.6) pusu. + puota, = 一 De + Ёл. + 
2 2 
(1.7) Pustos + potas = —pa + p Aus zp бо, 
(1.8) (pus).s + (рш)„» = 0, 


the Greek suffixes having the range 1, 2; here 9 = du,/az,, R is the Reynolds’ 

number, i.e., R = 4m3'/» where »( = 5 is the mean kinematic viscosity. 
The boundary conditions to be satisfied by u; are 

(1.9) w=0 on С. 


These seem to be the only essential boundary conditions. Аз we shall see later 
that, they are generally not sufficient to ensure a definite solution. We shall 
make use of this partial indeterminacy to obtain analytically simple solutions, 
hoping that the physical validity of such solutions may be justified in the same 
way that the solutions of Saint Venant in elasticity are justified. 

It is convenient to have the constancy of the flux of mass across any section 
expressed in integral form; in dimensionless variables, it reads 


pt 
(1.10) | | anan = E. 

Once the velocity u; is known we can solve for p from (1.6) and (1.7). As 
the differential equations involving p are of the first order there will be one arbi- 
trary constant at our disposal, which will be determined by the condition at the 
outlet. This is 


ал) | [52545 =o for а=1= Z. 


2. The pressure-density relation 


The equations (1.6), (1.7) and (1.8) which involve five unknowns cannot be 
solved without using a relation connecting p and p. As remarked above, we 
shall suppose the change of state to be either isothermal or adiabatic. It would 
appear necessary to treat the case of a gas and that of a liquid separately. How- 
ever, as we shall see below, it is possible to justify a common treatment as 
approximately valid from a physical point of view. 
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Let M denote the Mach number; it is defined as the ratio of the mean velocity 
' of the fluid to that of sound in the fluid, namely, 


(2.1) Mu 
Co 


where co is the velocity of sound in the fluid at the pressure 7’, ie. 
& = (dp'/dp), у. 

Suppose we are dealing with the perfect gas under the isothermal condition, 
the pressure-density relationship is Boyle's law 


р' = kp’, 
where / is а constant. With this law the value of р” corresponding to 9’ is 
Р = kp'. 


Taking the difference of these two equations and converting to dimensionless 
variables, we have 


(2.2) p= 1 + Mp. 


Similarly, under the adiabatic condition the pressure-density relationship takes 
the form 


(2.3) p! = 1 + Mp, 


where y is the ratio of the specific heats. 

For mathematical reasons, we consider only those cases in which the viscosity 
и may be regarded as a constant. This is certainly the case for the isothermal 
motion of a gas. It will not be accurate when the change is adiabatic, for the 
temperature no longer remains constant. However in gases, air for instance, 
the viscosity depends only slightly on temperature; for an increase of tempera- 
ture from 0° to 20°C, the increase" in и is about 6 percent, so we can take it as 
constant for small change in temperature. 

In the case of a liquid, the general thermodynamic properties are rather vague 
and no definite laws have ever been established. However, it is an experimental 
fact that when’ water flows through a pipe, the temperature everywhere is 
sensibly the same so long as the flow is laminar; and thats under a constant tem- 
perature, the pressure density-relation is approximately linear for a moderate 
range of pressures. Consequently, the isothermal law (2.2) will be assumed to 
be valid also for liquid. 

As a mathematical convenience, we may regard the equation (2.2) as а special 
case of the equation (2.3), although they represent entirely different physical 
processes. Hence we shall use (2.3), reducing to (2.2) when required by putting 
y=1. 

5 H. Lamb, Loc. cit. p. 576. 


? Barnes and Coker, Proc. Roy. Soc. A 74, 341 (1904). 
* P. W. Bridgman, Proc. Roy. Soc. A 48, 309 (1912); A 49, 1 (1913); A 66, 185 (1931). 
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3. Method of approximation 


We have now in (1.6), (1.7), (1.8) and (2.3) a complete system of non-linear 
partial differential equations of the second order for the variables u, , p, and p. 
We shall proceed towards their solution by a method of successive approxima- 
tions in which the equations are linearized by suitable assumptions. 

When we eliminate p between (1.6) and (1.7) and introduce the momentum 
vector Ve 


(8.1) ш = сҮ;, 
where ç = L we obtain two equations 


{Vs(oVa).s + УУ) о) о — [Va(oVo).s + Veo Vo).o].a 
(8.2) 2 
-j A{(eVe).0 — (eVo)al ; 
and the equation of continuity becomes 
(8.3) Vas + Voo = 0. 


We suppose that the dependent variables can be developed in series of ascend- 
ing power of M*: 


(8.4) V, = VP + MVP + MVP ees, 
(8.5) с=1+М%% + Mu” h., 
(3.6) p = p? + М? + М? +.... 


By virtue of (2.3) which can be written as 


1 
(3.7) e = (1 + vM°p) 7, 
(3.5) and (3.6) give the following relations by binomial expansion: 


e? = و‎ E + 1р), 
(3.8) 
om = —p + (y + Dp? p? 一 (© + Der +1) ,)م‎ 


Substituting the expressions (3.4) and (3.5) in (3.2) and (3.3) and collecting 
terms of equal powers of M, we obtain sets of equations from the vanishing of 
the coefficients of all powers of M. These equations are complicated, but it is 
necessary to set them down in order to make the later developments intelligible. 
The equations corresponding to M° M*, M* are as follows 


(vi Ү + ҮР УЗ» — vio ҮШ + VP УШ. 
(8.9) 


2 
= ava — vin, 
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(8.10) VË? + V8 = 0; 


IV usd + Vi? VER + ViP uf + VP VED}. 


AL 
CID Vu + VP VE + VP ue + viva. = A Alu — ud), 
(3.12) VË) + VË = 0; 


(VIP u2) + VP? ud) + VP УШ + VP us + VË uf + УРУ, 
qua —ЇЎ WB + vPu + VP V vu + VP ud + VP VÜ). 


2 
= palus — ще), 
(8.14) VË? + VË) = 0; 
where 


uf" = Y oye, 


M 
To solve for the pressure, we shall also require equations deduced by sub- 
stituting from (3.4), (3.5), (3.6) in the equations of motion (1.6), (1.7), (1.8). 
These equations corresponding to M°, M°, М“ are as follows: 

(8.15) ҮРҮ = =p? +2 ave, 


a 


+200, 
Qa) VP ul + УР и) + VP V) = -pP + Bau + Ê a, 


(8.10) Put} + VP vi) = py +2 au 


where 6" = ыў. 

We shall start to solve these sets of equations from zero approximation, for 
which a simple assumption will be made so that the equations are linearized. 
After the velocity for the zero approximation has been found, we can put it in 
the equations (3.17) and (3.18) and thereby the pressure p% can be calculated. 
This gives o through the first of (3.8). Then substituting У and z in the 
equations (3.11) we can calculate the corresponding quantities for the next 
approximation; and so on. In this manner, we can proceed to any order of 
approximation as it is required. 

The boundary conditions on C for the momentum components of all approxi- 
mations are 


(3.18) ver = Vi" = 0. (n =01,2,...) 


“These, as we said before, are generally insufficient to determine all the arbitrary 
functions arising from the integration of the equations. We shall introduce 
further the “normalization conditions” which follow from (1.10), namely, 
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Р 
(0 as 
3.19) Ј ve anan =F, 
3.20) | | Ve йада = o (n = 1,2,3, +++) 
for any zo. 


For the pressure, we have only the end conditions which require the constants 
in any case to be in conformity with (1.11) such that 


821) [Jr anan = o (n= 0,1,2,--+) 
for zç = 1. 


4 Zero approximation 


To solve the equations for the zero approximation, we assume V® = 0; 
then the equations (3.9) and (3.10) are reduced to 


(4.1) AV = 0, 
(4.2) VR = 0. 


These equations are satisfied by taking for У{? any function of z; , za, which 
satisfies 
(4.3) ave” = 一 II 


Where 4 is the two-dimensional Laplacian operator and П is a constant. The 
solution is to satisfy the conditions 
(4.4) YP =0 on C, 

o» P 
(45) [[ ve anan - E. 
On account of (4.5) from which the constant II is determined, the solution is 
unique. 

If we put Vs” back into (3.15), we get 
(4.8) n- -i p. 
On integration of this equation, we obtain by (3.21) 
L2. 

(4.7) Р Чї a. 


‘The zero approximation is the well-known Poiseuille motion. 
Knowing р, we have, by the first of (3.8) 


вз) 99 = а-ш. 
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5. First approximation 


For the first approximation, we again assume that the components of the 
velocity, except that along то, vanish. Thus on putting Vf? = 0 the equations 
(8.11) and (3.12) are simplified to 


(6.1) (VO +o VË) = 2 av, 


(5.2) và = 0. 


These equations are satisfied by taking for Vé" any function of zí , z; which 
satisfies 


(5.3) АУ? = niv? + ср, 

2 
where C$" is an arbitrary constant. The boundary condition 
(5.4) VË =0 on C, 
together with the further condition 
(8.5) [J vanam = 0 for any а, 
is sufficient for a unique solution. 


With Vs" so calculated, we can proceed to solve for p from the equations 
(3.16), namely, 


(5.6) 0= =p? + d CP vP, 
а) 2 
(5) 0 = م‎ + Ж” + @- ш. 


Tntegrating we have 
л P 
б) р”-- а-*'— 0000) + Be — D, 


where the constants of integration are determined in accordance with (1.11). 
From the second of (3.8), we have 


2 (CD 
69 09 = ОЭ ay 4 NP aou M yy - n, 


6. Second approximation 
Making use of the results obtained above, we reduce the equations (8.13) to 


ҮРҮ» — (VP V + VP VË). = 2 AVS — VË) 


(6.1) Я 2 
+f БОТ шур + p, 
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where 
ғурур - 2 (ep +4 DE my 
_ 2 [48у + 8)0" yo _ S= ) 
ae ve - B va vi), 


while the equation of continuity remains 


(6.2) Vid + VË) = 0. 
We shall seek a particular solution of the form 
(6.3) y? = fe? +, 

(6.4) VE =f, 


where fs” , gs” , and f£" are functions of ту and z,. Substituting these in (6.1) 
and eater the coefficients of equal powers of zç , we obtain the following set 
of equations: 


(65) Raf - Uf V + VË P. = Fa, 


2 4 + im 


(6.6) 0= ~p ôa + VN. 
P 


Similarly, the equation of continuity (6.2) 58 
(67) # +” = 0. 
The integration of equations (6.5) and (6.6) gives at once two equations: 


(68) Agi? = art DE (9 + cp, 
в 
(6.9) АЈ? = Ер TP УШ + VS P) + DP, 


where C?" and D” are arbitrary constants. The equation (6.8) now involves 
only one unknown 04? and is to be solved subject to the boundary condition 


(6.10) g =0 on C, 
and the further condition 
(6.11) ff gË dz dz, = 0. 


We have now in (6.7) and (6.9) two equations for three unknowns. This 
problem is, at the first sight, indeterminate. However, by eliminating р? 
between the equations (3.17) we obtain another independent equation: 


(6.12) A (И — VE) = 0. 
: 
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To solve this system of equations, we write, without loss of generality, for the 
vector f: 

(6.13) IP = 02 + <, 


where ¢® and v are functions of zı, 22, and eas the permutation symbol 
(ш = e= 0; e = —@ = 1). Substituting (6.13) in (6.7) and (6.12) we have 


(6.14) Ae? + gi? = 0, 
(6.15) aay” = 0. 
‘The boundary conditions for p” and y on C, according to (3.18), are 
ag | ay? 
(6.16) E Hu 7 
o LJ 
(6.17) ا ا‎ ARIES 


where 7 refers to the outer normal. Furthermore, we have from (6.11) on 
eliminating g$” from (6.14) 

әдә 

с on 

by Green’s theorem. We shall satisfy this condition by the special assumption 


ds = 0, 


a 
(6.18) oe = 0, 


onC. On account of this, (6.17) and (6.16) now become 
(6.19) V = const. = 0, 

a a 
(6.20) oy 9e 


A substitution of gs” and f$” in (6.9) will enable us to solve for fi". Thus 


(6.21) aff = P (P + fP VË) + vig) + DP 


with the boundary condition 
(6.22) f? =0 on C, 
and а further condition 


(6.23) | | f an an, = о. 


It is seen that the equations (6.8), (6.14), (6.21) and (6.15) together with the 
boundary conditions (6.10), (6.18), (6.22) and (6.19) (6.20) constitute the com- 
plete mathematical problem. When these equations are solved, (6.3), (6.4) 
and (6.13) will give the momentum components. 
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The equations for p ? now take the euim forms: 
(6:24) 07 =p + ZAK + gi (OPVP + oP V0, 
VERVE? + VE gS? + 29? VP 7 + Py 
(6.25) = Y? 2 ду? + enV + v yË) + ye. 


A lengthy reduction gives 


(6.26) p? = АЛ” + x0 + Poll ауу, 
(6.27) po = —PoVS” — P, — 2Р1 — ze) — 3P,(I — zy, 
where 


= 2 (w y _ 20? P) = _8Ш(у + 2) 
x= a (°° Me ge). eS а 


R= -2 (DD +102), Р, = HG + To) "E еш. 


ae we have 
= Pol — xo)V + Pil — zo) + Pall — zo)" 


(6.27) 
FP аў x IE 
From the third of (3.8), we have 
Q9 = Any as де +2) ga 
4HC$ (y + 2) , CP\ , _ э, SIT(y + 2) 
(6.28) - {чому +g) а 09 0 а) 


8IP rye _ © 
am (Ve + v + 1) — x — Ze. 


T. Drag and flux 
In steady flow along the pipe, the skin frietion is given by 


where m” refers to outer normal to the boundary C. The total resistance or 


drag is, therefore, 
س د‎ || (52) а, 
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where the integral is extended over the whole inner surface of the pipe. Intro- 
ducing the drag coefficient Cp = D/}p'x"S’, and expressing in terms of Vo, 
we find 


(тл) 6» = -高 ff R eva}, as. 


Now both Vo and c have already been expanded in powers of M. Substituting 
Vo and o respectively from (3.4) and (3.5) in (7.1), we get a new series 


(7.2) C» = С? + MCP + MCP +... 
of which the general term is 
OMNE. S Ў رصي‎ 
(тз) cp =- Aff (E Z cvi 小 ， as. 


Another important quantity in the problem of pipe-flow is the flux across any 
section of the pipe which is given by 


Q = [f чагаа. 
From (8.19) and (8.20) it follows that 


(7.4) Q= w A. 

Let H denote the pressure-head. It is easy to show that 
Am'p'ü^ 

(7.5) H = EE f f ene dn der. 


This quantity, aside from the dimensions of the pipe, is the only parameter on 
which the nature of the flow depends. Consequently, it is convenient to define 
a flux coefficient Ce such that 


-$ „1: 
"ERES 
- 


(7.6) 


where 
Am"IR 
в = Ê [| rape der dn. 
Substituting p from (3.6), we will have also a series 


(7.7) Ce = CP + MOP + MCP +, 
where the rth term is 


тз) P = о) аааз. 
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If p” is known, C$? can be calculated; and, when put back in (7.7), we will 
have Co 

The way in which the flux coefficient is defined here is not conventional. It 
is simply a mathematical convenience. For actual caleulation its reciprocal 
should be considered. 


Part II. Flow through a circular pipe 


8. Poiseuille motion 
In this section, we shall choose, as an example to illustrate our method, a pipe 
with circular section of radius a. We shall use cylindrical coordinates, and 
assume that the motion possesses axial symmetry. "Taking the origin at the 
centre of the section, the relations between the two systems of coordinates are: 
To = zo, 
ту = r cos 0, 
Ta = r sin 6, 
where r and 6 are the polar coordinates in the z, and zs plane and r is dimension- 
less, defined according to (1.5) with m = a/2. 
As each dependent, variable is now independent of 0, the Laplacian operator 
may be written 


Tefa 
(8.1) 4 matey 
Consequently, equation (4.3) becomes 
ld sn 
(8.2) rr (r ej —-п. 


With boundary condition (4.4), this gives 
(83) =F a-r. 


The constant TI is to be determined in accordance with the condition (4.5); this 
yields 


(8.4) П = 8. 
Thus the velocity distribution for Poiseuille motion assumes the usual form: 
(8.5) VP =20-%, v?9-o 


The corresponding pressure is 


80) p” = Baa), 
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where the Reynolds number now is R = 2aa’/y. Similarly, we have 
67) o = 38 - ж). 


9. First approximation 


For the first approximation, we have made the assumption that the component 
of momentum in the zı, zz plane is zero. The component along zo is given by 
equation (5.3), namely 


an 
(9.1) EG we ) = 320 — Py + ce. 
Integrating we have 
т? т“ т" ce 

o up eh за w 
(9.2) vé -»( +) + 47 + CP. 
The values of C$", Cf" are found by substitution in (5.4), (5.5) and we obtain 
(9.3) CY = —16, 
(94) e?--$, 
and so 
(9.5) VP = A (a + ort — 9 + 2). 


The pressure р“? is then given by 

© 8 at TE Е 
(9.6) p к“ zo)" + Ba z) + = g 20 
Consequently, the specific volume o” is 


BOED a шу - Ba ay 220-2 


(9.7) e 一 
10. Second approximation 
To simplify the equations (6.1), we have made the assumption that the mo- 
mentum component Ví” for the second approximation possesses the following 
form: 
$= AP +, 


where fs” and gs” are both functions of r alone due to the symmetry. Now gs” 
is found to satiety 


(10.1) 12 (, zum) = Gta ea op, 
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which has the solution 
m _ 512(y + 1) C aw z) с? e 
(10.2) g? = Е терт)" 


The constants of integration, determined to satisfy the conditions (6.10), (6.11) 
are 


(10.3) ор BED, 
128(y + 1) 
(10.4) с = ا‎ 


Substituting back in (10.2), we have 
(10.5) gf? = EO E D (art — ort + or — 2. 


As the equation (6.21) for ff? involves the momentum componente in the r, 
6 plane, it cannot be solved so hr as the latter quantities remain unknown. 
They were connected by e? аш in (6.13) which can be solved from (6.14) 


and (6.15), namely: 
(10.6) 1£( ae”) + of E 


(10.7) titih iC 4) -* 


with the following boundary conditions for r = 1: 


(108) ae =0, 
(10.9) y? =0, 
(10.10) š = 0. 


Substituting gs” from (10.5) in (10.6), we find 

1d 9") = 84 + 1) gs gr F 
(10.11) iso e — Ga — ot + ө” — 2). 
‘The solution satisfying the boundary condition (10.8), is 
(10.12) o? = LEO ED _ get + 1864 16) + po, 
where the constant of integration g may be arbitrary. 


The solution of (10.7), with the boundary conditions (10.9), (10.10) 1s easily 
shown to be 


(10.13) ы Ho logr — r’ + 1), 
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the constant k being arbitrary. But the vorticity must be finite at the centre; 
this gives k = 0 and hence 
(10.14) y? = 0. 

“Thus we arrive at the following results for the momentum components in the 
7, 0 plane: 
(10.15) fm = Me Uz 十 — 9? + 4r), 


(10.16) SP? = 0. 


This shows that in addition to the main flow along the axis of the pipe there 
is a radial component which diverges from the centre outward and is symmetrical 
with respect to the axis of the pipe. 

Substituting gs” and f?" respectively from (10.5) and (10.15) in (6.21), a simple 
reduction gives 


at E - E cat aus! — 18r + 117 — 2) 
al +1)_ ija- E 


(10.17) 
am T (y + 8) — 3(z + 27] 
+ OCEDI Cp + 16 — оте + 182 — 4) + DP. 
Integrating we obtain 


18r ,llr -7) 
a` stw 73 


I [(3у + 8) 3(y + 2) 
gal eee serm Я 


(10.18) 
a+ | Sr е ھر‎ Oe ] 
+ 2 100 Tt aig E 
8(y + 1) mat a] DP (m 
+ [Soe -R stalt T” +>, 


where the constants of integration are chosen to satisfy (6.22) and (6.23). Hence 
two algebraic equations result, which have the solution: 


iuf _7(y + DI Гау + 1) _ 1], 2(z + 3F 
30 X 288 5X 1152 +] 让 + am oc 
331H 151(y + DI ie; 十 DI_ -i] PU 


a) 
(1020 Р? = go x 288 + 200 x 1152 48F 


(10.19) D° = 


а 


20 
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With the constants so determined we have for f$? : 


JP = zp - 9" + 825;* 一 24007* + 3300r 一 19600" + 331] 


+ SO D L3) + 1007 — 300r + 450г* — 5407 + 302] 
(10.21) 


C+D 11 _ 8 
+] Alt 2r" + Ort — 9? + 2] 


+ ED) tart — a +13, 


which, together with 0527, will give V$? by (6.3). 


The corresponding pressure p“? is given by 


р? = 2Poll — s) — т) + Р. — ж) 


10.22; 
DD AO — zo)? + Pall 2)! + j, [or — ort + l), 
where 
= —512(y + 2) = 2| 8447 + 71 , 252(y + 1)! , 1024(y + 3) 
Pun Rt ЧЕ о Валари ] 
_ _256(y +3) _ 2048(y + 2) 
Р, m * P, ЗК* А 
11. Drag and flux 


As the velocity and pressure have already been found approximately, we can 
now calculate the corresponding drag and flux. This calculation is reduced to 
the calculation of their respective coefficients (7.3), (7.8). For the rth term of 
the drag coefficient, we find 
аы) o eam F 5: 4 (even) dis 

` - RS h (2 dr - 707 
Substituting a” and V$”, given in the previous sections, in the above equation, 
we obtain the following: 


12 CP ==, 


w 128 , 32 
013) cf Ete 
с = 1602007 + 675774 _ 24(y + D! , 2048(y + DF 
5 1215R 9R R? 


(11.4) 
de 256(9y + 5)  512(y + 1) 
E ЗР 
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The complete expression for C» will be of the form: 


_ 16 _ (1281 _ 32 1692007 + 675774 _ 24(y + DI 
=F (2 x)pr«[ 1215R 9R 


256(9, + 5) _ 512(y + 1)] yaa... 
ЗЕ? 3m M š 
The first term gives the usual frictional drag for an incompressible fluid, while 
the other terms represent the contribution of compressibility. That this effect 
is positive or negative depends on the relative magnitude of Гапа R. 
For the flux coefficients (7.8), we have 


(11.6) C$ = AR Jë (р?) әт dr, 


for the general term of the Се series; the first three terms have the following 
values: 


(11.7) CP = 16, 


(11.5) 
+ 


2048(y + 2)F 
rj + 


(11.8) CP = —128P + 320, 
co = сл: nez Mm 264 a 
(11.9) 
5632y + 17408 , , 2048(y + 2) 
Tm бъ t. 


The complete expression for Co is 
C, = 16 — (128? 一 327)M’ + [ести г + 2487 — 264 а 


Е 
(11.10) 
5632y + 17408 2048(y + 2) Жу, 
+ ae he — z] Tee 


The flux coefficient is reduced by compressibility. That is, for a given pressure 
head, the flux is increased by compressibility. 


12. Summary 

"The problem of the subsonic flow through a pipe of a general section has been 
treated by the method of series development in ascending even powers of Mach 
number. Zero approximation is Hagen-Poiseuille motion. The solutions of 
the equations for the first and second approximations are all reduced to the 
problem of Dirichlet and the biharmonic problem with specified boundary 
conditions. The method has been applied to the case of a pipe of circular sec- 
tion for which explicit solutions have been obtained. 

The paper was written while the author held a Sino-British Indemnity Fund 
Scholarship in the Department of Applied Mathematics at the University of 
Toronto. He wishes to take this opportunity to express his gratitude to Prof. 
J. L. Synge for suggesting the problem and for his constant guidance in the 
course of the work. 
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TWO-DIMENSIONAL IRROTATIONAL MIXED SUBSONIC AND SUPERSONIC FLOW 
OF A COMPRESSIBLE FLUID AND THE UPPER CRITICAL MACH NUMBER Ú 


By Hsue-Shen Tsien and Yung-Huai Kuo 


SUMMARY 


The problem of flow of a compressible fluid past a body 
with subsonic flow at infinity is formulated by the hodograph 
method. The solution in the hodograph plane is first con- 
structed about the origin by superposition of the particular 
integrals of the transformed equations of motion with a set 
of constants which would determine, in the limiting case, a 
known incompressible flow. This solution is then extended 
outside the circle of convergence by analytic continuation. 


The previous difficulty of the Chaplygin method of slow 
convergence of the series has been overcome by using the as- 
ymptotic properties of the hypergeometric functions so that 
numerical solutions can be obtained without difficulty. It 
is emphasized that, for a solution covering the whole domain 
of the field of flow, both fundamental solutions of the hyper- 
geometrical differential equation are required. 


Explicit formulas for numerical calculations are given 
for the flow about a body, such as an elliptic cylinder, and 
for the periodic flow such as would exist over a wavy surface. 


Numerical examples based on the incempressible flow so- 
lution of an elliptic cylinder of thickness ratio of 0.6 are 
computed for free-stream Mach numbers of 0.6 and O.T. 


The results of this investigation indicate an appreciable 
distortion in the shape of the bodies in compressible flow 
from that of incompressible flow, which necessitates & series 
of computations with various values of the geometric parameter 
in order that the desired body shapes can be selected for a 
given Mach number. It also is shown that the breakdown of ir- 
rotational flow depends solely upon the occurrence of limiting 
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lines, which, in turn, are dependent on the boundary condi- 
tions. 


The numerical calculations show that at a free-stream 
Mach number of 0.6, irrotational supersonic flow exists up to 
a local Mach number of 1.25; whereas breakdown occurs at 1.22 


for a Mach number of 0.7. 


INTRODUCTION 


When a flow of nonviscous incompressible fluid is irrota- 
tional, it is well known that the problem can be reduced to 
either the problem of Dirichlet or that of Neumann, and that 
there exists a unique solution for any given boundary condi- 
tions. When the fluid is nonviscous but compressible, the va- 
riation of density makes the mathematical problem very diffi- 
cult and complex. In this case, a pure potential flow through- 
out the region is not always possible for a given body; this 
depends very much upon the condition at infinity. If a certain 
speed of the flow at infinity is reached, regione within the 
field of flow will be created in which the irrotational flow 
does not exist owing to the appearance of "limiting lines." 
Such regions were picturesquely designated as "forbidden re- 
&ions" by Th. von Kármán (reference 1), and they appear when 
the local speed of the flow considerably exceeds the local 
speed of sound. It has been shown that the occurrence of lin- 
iting lines is directly connected with the breakdown of irro- 
tational flow and with the resultant increase in drag of the 
body due to shock waves. In other words, if there is a limit- 
ing line in the field of flow, the isentrcpic irrotational 
flow must break down. However, the irrotational flow may break 
down before the appearance of limiting line due to the insta- 
bility of the velocity field. On the other hend, shock waves 
can occur only in supersonic flow. Therefore, there is no 
danger of breakdown of isentropic flow if the whole field of 
flow is subsonic. Consequently, the Mach number correspond- 
ing to the first appearance of local speed equal to that of 
sound can be designated as the "lower critical Mach number"; 
and the Mach number corresponding to the first appearance of 
limiting lines can be designated as the "upper critical Mach 
number." The actual critical Mach number for a given body 
will be influenced by the boundary layer and hence the Reynolds 
number, However, it must lie between these two limiting crit- 
1са1 values. (See reference 2.) Thus, knowledge of these 
critical speeds of the flow are essential for the design of 
efficient aerodynamic bodies. 
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To determine the critical Mach numbers, the general prob- 
lem of flow of a compressible fluid about a given body must 
be solved. The often-used methods treating such a problem 
are Janzen-Rayleigh's method of successive approximations and 
Glauert-Frandtl's method of small perturbation. The latter 
method has been extended recently by both Hantzsche and Wendt 
(reference 3) апа C, Kaplan (reference 4). Indeed, both meth- 
ods yield valuable information regarding the effects of com- 
pressibility and are useful for many practical design problems, 
particularly the determination of the lower critical Mach num- 
ber of a given body. But, so far as the general problem of 
limiting line and upper critical number is concerned, none 
seems to be adequate, owing to the doubtful convergence of 
such successive approximations at the required high Mach nun- 
bers. 


An entirely different approach firet was made by Molenbroek 
(reference 5) and Chaplygin (reference 6) by introducing the 
velocity components instead of the usual space coordinates as 
independent variables. The advantage of the method is that, 
instead of a nonlinear differential equation as is the case in 
the physical plane, it leads to a linear one in the velocity or 
hodograph plane. The particular solutions of this linear equa- 
tion are found to be products of trigonometric functions of the 
angle of inclination of velocity vector and hypergeometric 
functions of the magnitude of the velocity vector. It 1s then 
possible to construct a general solution from the particular 
solutions of the differential equation. The difficulty, how- 
ever, is that the character of the field in the physical plane 
to which the solution in the hodograph plane corresponds cannot 
be determined beforehand, This difficulty prevents the exact 
formulation of the boundary value problem in the hodograph 
plane. Chaplygin has overcome this handicap by first choosing 
a suitable solution" in the hodograph plane and then proceeding 
to find the corresponding flow in the physical plane. The 

suitable solution is one which, in the limiting case of zero 
Mach number at infinity, becomes identical with the incompress- 
ible flow over a body similar to the body concerned. This will 
ensure the satisfaction of the proper boundary conditions in 
the physical plane. Furthermore, such a solution would be ex- 
act both for the subsonic and for the supersonic regions, as 
no approximation is introduced. Therefore, it is particularly 
suitable for the problem of determining the upper critical Mach 
number for a given body, as limiting lines occur only in mixed 
subsonic and supersonic flows. This method is followed in the 
present report, except for the introduction of the transformed 
potential function x, for easy calculation of the space 
coordinates. 
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For the flow around a body, Chaplygin's procedure will 
lead to a solution in the form of an infinite series, each 
term of which is a product of a trigonometric function and a 
hypergeometric function. To put the method on a firm founda- 
tion, it is necessary to establish the convergence of the in- 
finite series. Chaplygin himself has done this for the sub- 
sonic region, Thus, only the extension to include the super- 
sonic region remains to be completed, In part I of this re- 
port, the general properties of hypergeometric functions of 
large order are investigated in preparation for the proof of 
the convergence given in part II. The essential point in 
these parts is to establish the upper and lower bounds for 
the hypergeometric functions so that the sun of the infinite 
series can be discussed. It is appropriate to mention here 
that for the proper representation of the general solution 
in the hodograph plane, both fundamental solutions of the hy- 
pergeometric differential equation are required. This fact 
has not been considered by many of the previous investigators 
in this field. In other cases (reference 7) the investigator 
has chosen to work with only the first solution. 


The general solution constructed by the Chaplygin method 
is really an existence theorem. &The extremely slow conver- 
gence of the series makes numerical calculation very difficult, 
if not impossible. This, in fact, constitutes the main diffi- 
culty of the method. In part III of the present report, this 
difficulty is overcome by using the asymptotic properties of 
the hypergeometric functions. The result is the separation of 
the solution in the hodograph plane into two parts. One part 
is of closed form and is the product of a universal function 
of the velocity and the same solution as for incompressible 
flow but with a velocity distortion, or velocity correction. 
For instance, the first part of the stream function for the 
compressible flow is equal to the product of the universal 
function of velocity and the stream function for the incom- 
pressible flow with the magnitude of velocity modified by a 
given rule. The other part is an infinite series which con- 
verges rapidly everywhere except in a small region on both 
sides of a critical circle with a radius equal to q= c in 
the hodograph plane. In practice, by using only a few terms 
of the infinite series, this zone of slow convergence can be 
limited to such a small interval that it is of no consequence. 
Thus the Chaplygin procedure is improved to a point where ac- 
tual numerical calculations can be made without difficulty. 


As a result of this part of the study it becomes clear 
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that by the mere substitution of a different speed scale, or 
velocity distortion, in the solution for an incompressible 
fluid, an accurate enough solution for the compressible flow 
cannot be obtained. For if this were the case, then not only 
the second part of the solution (the rapidly convergent se- 
ries given by the present method) would be negligible, but 
also the value of the multiplying universal function of veloc- 
ity in the first part of the solution would be unity. How- 
ever, the value of the second part of the solution is not 
small compared with that of the first part for a speed near 
that of sound, and the value of the multiplying function of 
velocity is far from unity. In other words, the usual so- 
called hodograph method (reference 8) cannot, in general, 
yield satisfactory results, for mixed subsonic and supersonic 
flow. On the other hand, the present method does show that 
the second part of the solution is zero and the multiplying 
function in the firet part takes the constant value of unity, 
if the isentropic exponent is equal to -1. This means that 
for this particular case, a simple speed distortion is suffi- 
cient. This is, of course, in accordance with the previous 
investigation of von Karman (reference 1) and Tsien (reference 
9) and L. Bers (reference 10), 


Furthermore, the present method also shows that the rules 
of speed distortion for the first part of the solution can be 
used only for subsonic flow and that there is a singularity at 
the local sonic speed. For regions of supersonic flow, the 
first part of the solution involves both the incompressible 
stream function and the incompressible potential function, 
Thus even without considering the second part of the solution, 
there is no possibility of making the compressible stream 
lines coincide with those for incompressible flow in the hodo- 
graph plane by a simple stretching of the speed scale, The 
mathematical basis of this fact is the change in character of 
the differential equation from elliptic to hyperbolic in the 
transition from subsonic to supersonic flow. For the super- 
sonic regions, it is not possible to use a real transformation 
of the velocity variable to convert the differential equation 
of flow to the Laplace equation, and thus make a simple con- 
nection between the compressible and the incompressible flows. 
This is one of the difficulties of the previously proposed 
hodograph method. In fact, writers using this method must 
generally limit their calculation to subsonic speeds, (See 
references 9, 10.) Ном this limit is removed, and the whole 
field of mixed subsonic and supersonic flows can be treated at 
once with ease. 


For the purely subsonic flow, the second part of the 
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solution is small compared with the first part and may be 
neglected. Furthermore, if only the zero streamline repre- 
senting the body is considered, the universal multiplying 
function of velocity is of no importance. In other words, 

for this case, a simple speed distortion from the solution of 
incompressible flcw is sufficient to give accurate enough re- 
sults.  Hcwever, the subject of the "best" velocity distor- 
tion rule in subsonic regions has been the subject of many 
discussions. (See references 1 and 8.) The present analysis 
is considered to settle this question. This is due to the 
fact that the present velocity distortion rule is obtained 
from the asymptotic properties of the hypergeometric functions, 
and that such properties are definite and unique, Therefore, 
the resultant velocity distortion rule is not the result of 
uncertain speculation. Furthermore, it is also the best rule, 
because the analysis implies that this rule will make the 
second part of the solution, or the correction terms, the 
smallest. This distortion rule is found to coincide with that 
of Temple and Yarwood. (See reference 11.) 


For the purely supersonic flow, the second part of tho 
solution is again small compared with the first part and may 
be neglected. In fact, the solution then can be reduced to 
that of the simple wave equation with the inclination of the 
velocity vector and the distorted velocity as independent va- 
Triables. This is, of course, the counterpart of the fact that 
by a simple distortion in velocity, the differential equation 
for subsonic flows can be reduced to the Laplace equation. 

The usefulness of this new result for purely supersonic flow 
has yet to be exploited. 


Once the general problem of mixed subsonic and supersonic 
flow around a body is solved, the determination of the upper 
critical Mach number or the Mach number for the first appear- 
ance of the limiting lines is a simple matter. This problem 
is discussed in part IV of the report. А simple method is de- 
veloped, based on the properties of the limiting line as given 
by von Kármán (reference 1), Ringleb (reference 12), Tollmien 
(reference 13), and Tsien (reference 2). 


To test the practicability of the method Geveloped, two 
numerical examples are worked out in detail. However, in 
order to reduce the amcunt of computaticnal work and in view 
of the limited time available, a slightly different procedure 
actually is used. This procedure is only approximate but is 
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believed to be sufficiently accurate in the supersonic region 
to give a satisfactory description of the most interesting 
features of such flows. The examples chosen are derived from 
the incompressible solution of an elliptic cylinder of thick- 
ness ratio 0.6. The free-stream Mach numbers of the compress- 
ible flow are 0.6 and 0.7 for these two examples. The first 
case gives a smooth flow over an "elliptic" cylinder of thick- 
ness ratio 0.42. The maximum local Mach number is approxi- 
mately 1.25. Thus a considerable supersonic region exists, 
The second case gives a flow with limiting line. 


Finally, it must be said that owing to the limitation of 
time, only the case of flow without circulation is investi- 
gated in detail. The explicit formulas for numerical calcu- 
lation are given for two cases: (a) Flow around a body such 
ав an ellipse, (b) periodic flow pattern such as that over a 
wavy surface. However, it is believed that more general cases 
can be studied by a slight extension of the present results 
and use of the same method of approach. 


This investigation, conducted at the Guggenheim 
Aeronautics Laboratory, California Institute of Technology, 


was sponsored by and conducted with the financial aesistance 
of the National Advisory Committee for Aeronautics. 


NOTATIONS 


The symbols used in this report are classified according 
to the following groups: 


A. Physical Quantities 


x,y Cartesian coordinates 


u,v the velocity components 


a the absolute value of the velocity vector 
$ the inclination of the velocity vector with x-axis 
P density of the fluid 


Po density of the fluid at q = O 
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р pressure within the fluid corresponding to р 

Po pressure at q = 0 

ү ratio of the specific heats 

с the local speed of sound 

c the speed of sound at q = O 

U the value of q at infinity, assuming parallel to the 
MUS With subscript, however, it may be a function 
B. Hydrodynamic Functions in the Physical Plane 

£2 х + iy 


мо(2) = Po(x,y) + iVo(x,y) complex potential for incompress- 
ible flow in z 


Po velocity potential for incompressible flow 
Vo stream function for incompressible flow 
Ф velocity potential for compressible flow 


v stream function for compressible flow 


C. Hydrodynamic Functions in the Hodograph Plane 


w=u- іу 


Wolw) = @o(u,v) + 1yo(u,v) complex potential for incompress- 
ible flow in w 


Qo(u,v) velocity potential for incompressible flow 
Wo(u,v) stream function for incompressible flow 
Ag) = zw - W (w) = X. (u,v) - fo (u,v) transformed complex 


potential function 
Xo(u,v) = ux + vy - qo(xz,y); x = 35, 


y «3X9 transformed potential 
8v function 
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W(w;T) the complex potential function for compressible flow 
y(u,v) = Im {т} stream function for compressible flow 


A(wiT) transformed complex potential function for compress- 
ible flow 


x(u,v) = ux + vy - ф(х,у) = R} (9) transformed potential 
function for com- 
pressible flow 


Qo(u,v) = 0 


Y(q,4) = №, (9,9) + g (1)(a,9); үу, (9,9) represents the con- 
tribution by the 
velocity distorsion; 
Va C (a, 9) stands 
for the transformed 
infinite series, 
where the super- 
script 1 may ei- 
ther mean i the 
inner, or o the 
outer solution, In 
the case of coordi- 
nates, the notation 
is exactly the same. 


Gy (0) (т) = Bu(T)AB (a) + Bn à FC) 


f£(,)T?(0,) 


Bn АЁ (т) 


6,09) (т) = f, Cas, (9) “tora, 


Gy C (00) 2»-1 E, CO, (9) + Pa AF, (т) 


pera £(0,)2?(5,) 
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D. Parameters and Variables 
v positive rational numbers 


m,n positive integers 


a denotes l or 2 when used as superscript with a bracket 
or = / +1 
Y- 1 
В denotes the dependence on В when used as subscript 
or В = —1 
Vier L 
са a а 
А = зир — the ratio of the distorted speed 
(1 + e)” авт, Т(т,) to that at infinity 
2 
EA 
28 co 


B = cos"; / 
28 


EM With superscript or subscript they denote some functions 
of T or stand for the two families of the character- 
istic parameters d+ WT), ð- u(T) of the partial 
differential equations for W(q,8) or x(q,%). 


t complex variable or (т) a function of T 
M, = 2 the Mach number at infinity 

e1 

a 

— 

2B Co 
€ geometrical parameter of the body 
A Laplacian or difference between exact and approximate 


values of a function or a constant 
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E. Hypergeonetric Functions 


a,b,c parameters of the hypergeometric functions. In par- 
ticular, a,» by, c, are defined by (29). 


I(T) = Flay, by; cy;T) first integral of the hypergeometric 
equation associated with the 
Stream function 


(т) = 了 (1 + ay ~ Cyr l + by - Cys 2 - cy; 1] 


rete w 17? [ T(a,)T(b,) УР 
Y (280,7) T(e,-1)T(e,) -T(1eamy-ey)T(l1eby-e,) Y 
- Tey) r t] second integral of the same equation 
Teasa Г” 
Gy(t) = а? F(T) 


F. (т) = F(1+a 


By leby; loy; 7) 


s 
2,0(0 = B/E) 
HOD SES NESE) 
ID = F (T) жатт) 
as) = |z.) | 

lT) = arg Е* (т) 


If any function or a constant is associated with X(q,9), 


it will be marked on top by a symbol ~, such ae ¥,(T), 
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PART I 


DIFFERENTIAL EQUATIONS OF COMPRESSIBLE FLOW AND 
PROPERTIES OF THEIR PARTICULAR SOLUTIONS 


1. Equations of Motion 


It is proposed to study the irrotational steady motion of 
an inviscid nonconducting compressible fluid in an infinitely 
extended domain containing a cylindrical body with ite axis 
perpendicular to the constant velocity at infinity. The flow 
is then two-dimensional, Let x and у be the Cartesian co- 
ordinates and u and v the velocity components parallel to 
the x- and the y-axis, The dynamical equations governing such 
a motion, in the absence of body force, are 


pu SS + ру و‎ = - 2 a) 
пераа (2) 


Here р is the pressure and p the density of the fluid, 
both being continuous functions of x and y. In addition, 
the following equation of continuity must be satisfied: 


2 (pu) + X (pv) = 0 (3) 


Furthermore, since the velocity is constant at infinity, the 
flow is irrotational there. Then, according to Thomson's 
theorem, if the pressure is a function of the density alone, 
the flow will remain irrotational; that is, 


ay pu 
дк ау 210 (4) 


In the case of flow of an inviscid nonconducting gas, the 
thermodynamic change of state of the gas is adiabatic. If 
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the flow is assumed to be continuous, exeluding shock waves, 
then the relation between p and p must be that of an 
isentropic proce 


р = constant рҮ (5) 


where ү is the ratio of the specific heats. 


As in the case of incompressible flow, there are more 
equations than the number of the variables. However, by vir- 
tue of equations (4) and (5), the dynamical equations (1) and 
(2) reáuce to a single differential equation and can be inte- 
grated easily to give a relation between the pressure and the 
magnitude q of the velocity: namely, 


Y 


2 一 
"PT h-ra , with q = ша + v? (6) 
° 2 éz 
Here Po and c, are respectively the pressure and the 
speed of sound at the stagnation point q = O and с =// 5: 


It 1s possible to obtain a similar relation between p and 
q by means of equation (5): 


Y-i gy 
es (1 - 25 (7) 


where p, denotes the value of p at q= 0. 


After integrating the dynamical equations, the velocities 
u and v can be determined from the kinematic conditions 
specified by equations (3) and (4). By eliminating p from 
equation (33, the result is 


2 2 
(1-25 дк cA uy „Сау ыб (в) 
c? / ах c? ay ду 


where c* = yp/p and thus can be calculated іп terms of the 


speed by equations (6) and (7). It is of interest to note 
that the equation of continuity (8) now, unlike the case of 
incompressible flow, becomes dependent on the dynamical equa- 
tions and, consequently, is nonlinear. This change in the 
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cheracter of the fundamental equation makes the direct solu- 
tion of the problem in space coordinates very difficult. 


2. Transformation of the Differential Equations 


The assumption of irrotationality implies the existence 
of a velocity-potentlal for such a flow. If this function 18 
introduced to eliminate u and v, equations (4) апа (8) 
would give rise to a nonlinear partial differential equation 
of the second order. The problem is further complicated by 
the possible appearance of Supersonic regions, or regions 
where the speed of flow is larger than the local sonic speed, 
This means that for some part of the domain, the equation is 
of the elliptic type; while in the other part, it is of the 
hyperbolic type, Thus the equation not only is nonlinoar but also 
te of mixed type, and there is as yet no successful method to 
deal with it directly in the Physical plane. Molenbroek (ref- 
erence 5) and Chaplygin (reference 6) made some progress in 
solving the problem by transforming the equations from the 
physical to the hodograph plane in which u and v are taken 
ав the independent variables. If this is done, the differen- 
tial equations become linear and thus can be solved by well- 
known methods, 


Let the transformation be defined by 


u = u(x,y) (9) 


v = v(x,y) (10) 


If u and v are continuous functions of x and y with 
continuous partial derivatives, and if the Jacobian 


@ n) is finite and nonvanishing, a unique inverse trans- 


formation exists. Under these conditions,equations (8) and 
(4) are easily traneformed into 


2 2 
(1-25) 25 . ашт әх, (1 ла 92 Nê (12) 
c av c? ov c?^ au 
E aE (12) 
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Corresponding to ф(х,у) in the physical plane,there is in- 
troduced here a function x(u,v) defined by 


= & = 3X 
х 52, РА 52 (13) 


X= xu + yv - 


While equation (12) is satisfied identically, equation (11) 
becomes 


(1-2 aax + zm 2X + (1 Z а.о (14) 


c?^ дүз c? дуды с2/ Qu? 


Ав с ів а function of q alone, the equation for X(u,v) 
1$ then linear. From equation (13) it is recognized that if 
X(u,v) is known, a one-to-one correspondence between the 
space coordinates and the velocity components can be easily 
established. 


However, it is also clear that this function is incon- 
venient for obtaining the streamlines and the flow in the 
physical plane. To solve this part of the problem, a plan 
may be adopted similar to Chaplygin's by introducing both the 
potential function (x,y) and the stream function W x,y) 
defined ty: 


us 35 т = 29 (15) 
ox ду 
ay ay 
u = =, =р = 
Р P. a P po A (16) 


Prom these definitions are obtained immediately the following 
equivalent relations: 


аф = ойх + уйу (17) 


робу = -pvàx + pudy (18) 


For the subsequent calculations, it was found convenient to 
introduce the polar coordinates in the hodograph plane de- 
fined by: 
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u = а сов 6, Y= а sin 6 (19) 


where Ө is the inclination of the velocity vector to the x- 
axis. Functions dx and dy can be solved for from equa- 
tions (17) and (18). Ав dx and dy are exact differentials, 
the conditions of integrability then give: 


ae Р 4% 1 av 

с a n PR. 179% 

3 ( Ау) x (20) 
la» _ Po av 
d 99 sp 3a (21) 


By eliminating ọ between equations (20) and (21), an equa- 
tion for W is obtained: 


2 Gg 0-0 (22) 


Equation (14) can also be transformed in polar coordi- 
nates. The procedure is straightforward and yields 


а а 2 а 
a д°х - Зу 25. (x - 2) 9 X. g (23) 
a dqa? n Є 1) q әд š ( E әв? 


There із an additional relation between X and Фф de- 
rived from equation (13): 


p= aX Х (24) 


Since is connected with V, this relation ensures that 

V and X are properly connected and represent the ваше flow 
pattern in the physical plane. It can be thus considered as 
the equation of compatibility. Equations (22), (23), and (24) 
are the three fundamental equations in the present problem 
dealing with the two-dimensional flow of a compressible fluid. 
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3. The Particular Solutions of the Differential Equations 


As the differential equations for W(q,8) ana X(q,9) 
are linear, a general solution can certainly be built by 
superimposing the particular integrals of the equations. To 
obtain the particular integrals, let W(q,9) and  X(q, 9) 
be of the following forms: 


V(a.0) = а? y, (a) ei"? 


X(q,6) = q? x, (2) eivé 


where v із any real number. By substituting in equations 
(22) and (23), the equations satisfied by ,(q) and x,(q) 
are: 


2 2 ay. 2 
a? 252 + (арка + ۾(‎ X + v(v + 1) L رل‎ = 0 (25) 
aq [d àq c? 


a 2 
г ax ( x з) aXy a 
q We + (2v + 1 22) 9 da + vv- 1) PY. Xy = 0 (26) 


Now each of these equations can be further reduced by changing 
the independent variable. The appropriate transformation is 
found to be 
d. 

= 
28 с, 


1 


Ts 3T 


with В = 


By expanding the gas to zero pressure, or vacuum, the maximum 
velocity is obtained. Equation (6) shows that the maximum 


speed is quax = IS co。 Therefore, the maximum value of 
T is unity. Similarly, it is found that for the speed of 


the flow equal to the local sonic speed, T = 3 equa- 

tions (25) and (26) then become 

T = т)" (т) + [ss = (ay + by + urka - avbuyu(T) = 0 
(27) 
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Tu = т)х„"(т) + [s - (ay +B + by + 8 + 1)7 ронсо 


- (ap + Bye, + В)х (т) = 0 (28) 


where 


ар * ر(‎ = v= В, ayby = - Bv(v + 1), and cy = v+ 1 (29) 


These are the hypergeometric cquations, of which equa- 
tion (27) was first obtained by Chaplygin in 1904, (See ref- 
erence 6.) The differential equation of this type has three 
regular singularities at O, 1, and +œ. If the differences of 
the two exponents at the respective singularities: namely, 
c= 1, a = d a+b- c, are not integers or zero, the two 
fundamental independent solutions are F(a,b; с; T) and 
T8 P(] + a < c, 1 + b - с; 2 — e; Т). They are single-val- 
ued and regular in the whole plane with a cut from +1 to +m, 
The function P(a,b; c; T) Known as the hypergeometric func- 
tion of general parameters a, b, and c, is defined by the 
hypergeometric series which is absolutely and uniformly con- 
vergent when іт! < 1, provided Ri(c- а - b) > 0. Por 
It) > 1, analytic continuation has to be used. Furthermore, 
it is normalized so that at T = 0 


F(a,b; e; 0) = 1 (30) 
Hence, the particular solutions of equation (27) are 


(жылбы s To SOUP ape ера 1 4 hy “дур hr 


(31) 


The particular solutions of equations (28) are 
Flay + B; ty + B; ey; T), TP F(1 + ay + B - e, 1 + d, 


+ P = cy; 2 = су; т) (32) 


Here ay» by. and cy are parameters defined by equation 


40 郭 永 怀 文集 


NAGA TN No. 995 19 


When v is a positive integer while а, and b, re- 
main as they are, the second integral will reduce to a con- 
stant multiple of the first one. This case was first studied 
by Gauss (reference 14), who found a second integral involv- 
ing a logarithmic term by considering the limiting value of 
the integrals given as v tends to an integral value. The 
method has been further developed by Tannery (reference 15) 
and Goursat (reference 16). However, the form regarded as 
conventional nowadays was that obtained by Frobenius! general 
method, According to this method, the pair of fundamental 
solutions of a hypergeometric equation are 


F(a, 


ажар 7), XQ (7 P(a,b; n + 1; T)log T 


+ r" Q Qu T) + Pa (33) 


when сд = п + 1, n being a positive integer; and 


QG)(s 5 7). Pin +1 S: T(a + m)[(b + m) y (a,b; m) та 
n 


I(a)T(b) Tm + 1)D(n + 1 + m) 


n-1 
р, (2009) a tay Po + 1) y (-1)8I(e = n* mI(b - n + m(n - n) nm 
° 


I(a)T(5) T(m +1) m 
m-i m 
Wards п) = الف ]ر‎ 1 
reo etr ber п+1+ r 
= rei 


Here a,b may be either an, bn ог an + P, bn + В de- 
fined in equation (29) according to whether the system (33) 
is referred to as solutions of equation (27) or (28). And 


Kn can be determined so that the product of the second inte- 
gral and qn satisfies the condition (30). 


In view of the fact that the second integral in (33) 
does not constitute a family of solutions with the second in- 
tegral given in (31) or (32), it is very desirable to define 
a new function as second integral which will be continuous in 
v ав well as in T. Let Е (т) denote the first integral 
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F(a,b; cp; T). As а second integral, take the linear combi- 
nation of the solutions: 


тубт) = K, (P = ер)Гба)Г(ъ)в (т) + Г(1 - ey)T( + a 


i-cy 
„ваъ ejr zn} (35) 


where 


Y+ boz est 2- cy; т) 


EU = F(1 +a- ey 


This is evidently a solution and valid for all values of v. 
The constant Ky is determined subject to the following con- 
dition: 


a?’ F(T) = 1 for TsO (36) 


The value of K, then is found to be 


<2 


X s (28e, Г(е, - 1T(1 + a - e )P(1 +b- c) 


Using the relation 


T(ey)P(1 = ср) = т ese сүт 


equation (35), when multiplied by q^", will define a new 


function G(T): a, b £ - n 


v 
y(t) = 7 Г(а)Г(ъ) т E) 


sin суп Wey ley - 1)P(1 + a - e, + b - cy) 


= — ا‎ (37) 
T(ey - 1)Г(2 - ey) 


When v takes integral values, the expression in the 
bracket vanishes; however, the limit of the ratio exists: 


G(T) = Qm, Sy) (38) 
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The usual definition of the limit of a quotient gives 


(т) cue Г(а)Г(ъ) т? Fp(T) ugs чыш) ] 


OP Plv + PCT  w)P(d - 9) PP ECG = эз, 


By considering separately the first п terms in po as 
Г(1 - 0) has poles at ven, а straightforward reduction 
yields: 


(т) = on T? log T Balt) + Tq? (т) + р (2)(7) (39) 
where 
Cage 


Сау Е. [ + wr 
Sa WO" Dantes „асат Ыы L DES ICON) 


Ma + ш) Г(Ъ + n) та 


- We, + m) - v(m + 5] 
P(e, + m)P(m + 1) 


P (ә) (т) = 1 i (21) l(a-n«n)' (b-n«n)P (n-m) E 
Ёле T(n)T(a-n)P(b-a) us T(n +1) 
(-1 ran (o) 


Su. TORE + P(e aE) 


and W(t) denotes the derivative of log (t). It can be 

seen that the difference between (33) and (39) lies only in a 
constant multiple of the firet integral which has been absorbed 
in Q, 3)(7). 


In the following discussions, the two fundamental solu- 
tions of the hypergeometric differential equation will be 
taken as zc) and q-23V G (T). The normalization condi- 
tions given by (30) and (36) are chosen for the continuous 
passage of a compressible to an incompressible flow. Ultimate- 
ly, these functions are again defined in terms of power series 
which are absolutely and uniformly convergent within the do- 
nain IT| <1. However, since the maximum value of T at- 
tainable by the fluid is unity, the continuation of the solu- 
tions beyond the unit circle will not be discussed here. 
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Thus B,(T) and q ?"G,(T) denote the two independent 


integrals of equation (27) where v із any positive number. 
The particular solutions of equation (22) are then: 


а?Е (т) [p cos v? + a, C? sin ve | . $28 (1) [By eos vê 


+ s (9 sin ә] (40) 


where 0), >а), 2,2, and B, (2) are constants. Sim 
ilarly, those cf eouation (23) аге 


a8 (т) [59 cos vò + a) sin v | s “а ST) [js eos ve 
+ By?) sin »] (41) 


where EG) and q 38 (T) are the two independent inte- 
grals of equation (28) and A,(1), A,(2), 502), ana B,(2) 
are constants. 


In addition to these solutions, there are two other inte- 
grals each of which is a function of one variable only. 
Assuming Y = V(q) ог W(), then equations (22) and (23) 
yield respectively: 


c; 9 and fo = т) a (42) 
ё, ә апа & Га aye at (43) 


which correspond to the fundamental solution of the Laplace 
equation. 


As со approaches infinity, all these particular solu- 
tions reduce to the familiar harmonic functions: namely, 


Dfa eos vd + Ay (33 ein ”], a? [By eos vd + xy 3 gin ve | (44) 
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and 


eid, ca log a (45) 


This property which is the consequence of (30) and (36) is 
essential in the method presented in this report for connect- 
ing a compressible flow with the incompressible flow of simi- 
lar configuration. 


In the subsequent calculations, another integral will be 
encountered for the function х4,9) which corresponds to 
the imaginary part of w log w еіп ог q log q sin 9$ 
-q(7 - à) cos Ò of the incompressible flow. Suppose the so- 
lution po sses the form: 


X(q,9%) = X,(q) sin Ф - Xs(q)(n - 9) cos ò (46) 


By substituting the expression in equation (23), X, and Xa 
are found to satisfy simultaneously the following differen- 
tial equations: 


q2X,"(a) + ú - 2) (x! - х) = 3 G - x, (47) 
"يي‎ + G = 5) (a%_' = X,) = 0 (48) 


Equation (48) can be easily integrated by putting Xa = aqkg(q). 
The condition that X;— q as co —>™ requires ka(q) to 
be a constant. The second integral of equation (48) is just 
the second of (43) which, in the limit, tends to log q. Thus 
Ха = q is the appropriate solution. With this solution, it 
is possible to proceed to solve equation (47) by assuming 
X, = qk,(q). The equation for ki(q) is again integrable by 
quadrature, and the result is 

т 


ka(q) = ——L_ [ee +1) log tets n fa - T)- at]. Es (49) 
2(8 + 1) + y 


where K, and K, are the constants of integration. Hence, 
the desired particular integral is 
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X(q,9) = ак, (т) sin ð - q(m - 8) cos 8 (50) 


The correspondence between solutions for compressible flow 
and for incompressible flow is summarized in table 1. 


4. The Properties of the Hypergeometric Functions 
of Large Order 


The behavior of Fla. by; с} T) for large positive 
values of v has been discussed by Chaplygin in connection 
with the question of convergence of his series solution for 
the flow of a gas jet. However, his discussions are limited 
to the subsonic flow and, for this reason, the value of T 


is restricted to the interval 0 < T < — 

s 7 28 + 1 
general problem where both subsonic and supersonic flow may 
exist, the whole interval O < T < 1 has to be considered. 
Furthermore, both integrals of the hypergeometric equation 
are involved, as will be shown in part II. Asa preparation 
for the proof of the convergence of the solutions, the prop- 
erties of the hypergeometric functions of large order in the 
extended interval will be discussed presently. 


In the more 


Chaplygin (reference 6) introduced a new function 


v 
ту 007) defined as the logarithmic derivative of T? т.т 


namely, 


v 
vt (7) = 212 log 8 E (r), оўо (51) 


where ЕЁ (T) denotes the first integral of the hypergeonet- 

ric equation (27) or (28) and v can be either an integer or 
not an integer. Then in the place of equation (27) or (28), 

the corresponding differential equation for ty is a Riccati 
equation: 


x(t) = 


1-08 2ء‎ | = 0 (52) 
1- т 


where the lower sign corresponds to equation (28). Аз shown 
by Chaplygin, P (Т), although an oscillatory function, 
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can have no root in O<T< ar T and, consequently, [6.2] 
* 

is finite and continuous in the same interval. Moreover, it 

can be deduced also that fy(0) = 1 and t,'(o) = -B. Since 


(т) à t chi ign in О<т< 1; (т) 18 
Eu CT) oes not change sign in УЗА Жс ss t 


monotonic decreasing and eventually vanishes at Т < T*, T* 
being the first root of the hypergeometric function for 

v > 0. Since T* ів a decreasing function of v, when v 
becomes large, T* and consequently To will differ from 


жет by a small quantity. 


Chaplygin's theorem,- In Oc T < oat" if a monotonic 
+ 
continuous function Т„(Т) satisfies (1) 1,,(0) = 1 and 
(14) X(n) 2 0, then 


REGO (w ea (5з) 


The proof 1в given in Chaplygin's paper (reference 6.) In 

the case of the second integral F (T), the theorem is still 
true with the signs of inequalities reversed because it can 

be verified that Х( |) = 0, where f(T) corresponds to 

the case of Fy(T) instead of Fy(T) in (51), and {_(0)= -1; 
therefore (t y(T) is negative in O < T < 


v BB qr 
Gorol ij d» OE ET the functions 
了 u(T) and G(T) fall respectively between the limits: 
a) т,?(т) < XU) < т (т) (54) 
1 — 2 
Sp =R 
(4%) Dy, (т> Gt iS NM (T). »>1 (55) 


мһеге 


^ i. free + 1) 

Ti) stii- il freee (56) 

Ta(7) = st Е ey ts »]2 (57) 
2T. 


‘Two-dimensional irrotational mixed subsonic and supersonic flow of a compressible fluid апа... 47 


26 NACA TN No. 995 


This can be verified easily by choosing Ty to be 


f (E RM. c.) As, evidently, in O < r< —_ 
1- T ish 
when 
1 — (28 + 1)т В 
ж / رم > 227 قد‎ > )1 T) (58) 


-(3)/ 28 + 7 Xr; bo old (59) 


and furthermore, X(N) 2 O are satisfied, consequently, 1t 
follows the results, 


and 


Corollar: 52).- In O< T< 1 » the absolute value 
POUTU A 

of the logarithmic derivative of Flay. by; Cy: T) divided by 

v, ів bounded both above and below - that is, 


м, (т) < Bley + 1, by + 1; ey + 1; т) < Ma(T) (60) 


了 (avvboi ey; T) 


where Mi(T) and Ma(T) are independent of v. This really 
ів a consequence of (58) and (59). 


It shall be noted that the results established in the 
foregoing are applicable to Ё (т) = Fla, + B, by + В; ey; т), 
provided v is large, because then the two equations (27) and 
(28) tend to be the same. 


Obviously, Chaplygin's theorem ceases to be true when 
1 1 


2B +1 
tions of the hypergeometric equation are oscillatory and, 


T> For in the interval 


<T<1, the solu- 


hence, within any closed interval in <T<1 the num- 


pen! Sew 
28 +1 
ber of roots of (т) will be proportional to v. (See ref- 
erence 17.) When р is large, there will be a large number 
of roots in the interval. As a consequence, the function 
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ty(t) will have there an ever increasing number of simple 
poles, and a finite interval in which {,(T) remains finite 
for all v does not exist. 


a 
28 + 1 
the method is modified. Let Ё (т) anà F(T) be two inde- 
pendent solutions of equation (27) or (28); and let the lin- 
ear combination be denoted by 


To carry the investigation over into Sons T 


Pot (T) = 了 u(T) + i 了 u(T) (61) 


The complex function is, of course, a solution of the same 
differential equation. In terms of its modulus R,(T) and 
argument DT). the function may also be expressed as 


+ 中 (T) 


TCT) = R (T) e (62) 


where both R (T) апа Ф(т) are continuous functions with 
continuous derivatives. By comparing with (61), it is neces- 
sary to have 


тт) = в (т) cos $ (т) (63) 


Fo(T) = Ru(T) sin Ф(т) (64) 


According to the Sturm separation theorem, tq and FO 
never vanish simultaneously in any closed interval and (т) 


never vanishes in жт < Т <1 and remains positive in 
+ 

the whole interval. Then corresponding to (51), a complex 

function É,*(T) can be defined as follows: 


v 


а jog TŠ 了 u*(T) (65) 


" 

T = т — 
ъ by (1) = 2745 
which satisfies the same equation (52). On separating into 


real and imaginary parts, the Riccati equation for £,*(T) 
becomes 
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x. e) = BG) * = Du J tata) 


+ (28 + 1)T - 1) -0 (66) 
1-т 


„щы, etu. а 8 gu x t, Ot, G) = o (в?) 


where 上 G) anà io &re real continuous functions of T 
defined as 


(TD = EGG) + а 602) (т) (68) 


Their connection with R(T) ana Фф (т) separately are giv- 
en by means of (65): namely, 


v 

» tr) = are log TŠ В (т) (69) 

UG) = атаа. Ф (т) (70) 
v ат "v 


Now equation (67) can be integrated in terms of $ (ey) 
and whence f, (а) (т) can be eliminated from equation (86). 
Then the equat bons for 6:27 ana fy are 


v 


x (1,0?) = t G) R i £o + = [te 


T xcti) dk 
EE MEUSE DL asa A fot Tis. eem 20 (71) 
1- T 


(1) ат 
pone = -to(1 - D? e” РА by » the ——— 
(Ta? вь‹т„)) 


(?2) 
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Equation (71) together with the condition £,(1)(0) = -1 de- 
termines uniquely the solution Ё; `1! (т). The actual value 
of ty G0) can be expressed, of course, in terns of the 


known hypergeometric functione. Res the problem on hand is 
to determine the properties of Ly 1)(T) for large v which 


are given by the following theorem. 


Theorem (52).- If 0,93 (0) is continuous and monotonic 
in To < T < 1 and satisfies Х, (1(2)) 20, then for all 
` > N 


ny (r) > byl) ¢r) (73) 


The proof is given in appendix А. 


Corollary (53).- In To < T < 1, the following inequal- 
ity holds for the modulus of E(t): 


T v/a 
BUR) < (32). v> x (74) 


where 


(2B +1)To -1> 0 


Toda тоет уу, {у e dr. ара henas, m Teo: 


satisfies the condition O > ty(3)(7), which gives (74) by 
integration. 


Now, since tu(az)(T) is bounded by zero for all v # O 
in To < T« 1, it is implied also that 


R(T) < TP(T) (78) 


t 
where 1,(T) = ED Here the constant t, can be determined 


by joining T, at T = To with T; or Ta defined by 


equations (56) and (57). Then from equations (63) and (64) 
it follows that for р>} 


ES > 2g) 7( (76) 


|е] е (т). are De (77) 
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PART II 


CONSTRUCTION OF THE SOLUTIONS FOR 
COMPRESSIBLE FLOW AROUND A BODY 


5. Chaplygin's Procedure 


In the previous sections, the particular solutions of 
the differential equations in the hodograph plane are ob- 
tained. Since the differential ecuations in the hodograph 
Plane are linear, superposition of solutions is allowed, 

In other words, if these Particular solutions are multiplied 
by different constants and then added together, the sum is 
again a solution of the differential equations. By this 
procedure, general solutions can be constructed from the 
particular solutions, 


However, there is a difficulty in such a method of 
constructing the general solution — the difficulty of making 
а proper choice of the multiplying constants for the partlc— 
ular solutions so that the resultant solution vill give a 
flow satisfying the boundary conditions specified in the 
physical plane. This can be seen from the fact that the 
Space coordinates x and y are obtained from X which is 
not explicitly connected with %, the stream function. In 
fact, to obtain the coordinate x and y directly from № 
would involve ап integration іп the hodograph plane. Thus 
the linearization of differential equations in the hodograph 
Plane is obtained at the expense of the simplicity in boundary 
value problem. To guarantee that V and X do actually be— 
long to the same flow in the physical plane, an additional 
condition besides the differential equations for V and X 
has to be satisfied, This condition will be discussed in вес- 
tion 11. 


Chaplygin (reference 6) suggested an ingenious method 
of solving this difficulty by using the well-known solutions 
of the incompressible flow. The first step in this method is 
to find the incompressible flow around a body "similar" to 
the body concerned. (The meaning of the word "similar" will 
be made clear in the following paragraph.) 


The stream function Vo, for instance, is then expressed 
in terms of the speed q and the inclination 0, The function 
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Vo (4,0) can be expanded into an infinite series each term 


of which is of the form q? cos nè ог q° sin né, For the 
flow around a body with constant velocity U at infinity 
the function  l,(q,9) has a singularity at the point q 
0 = O in the hodograph plane, since there all the stream- 
lines, or lines of constant Ù, originate, Thus, there are 
two forms of the series expansion of No: One is convergent 
within the circle q = U; while the other is convergent out— 
side of the circle q = U, The first, or "inside," series 
must be regular at the origin of the hodograph plane,  There— 
fore, only positive values of the integers n can occur, 

The second, or "outside," series can have both positive and 
negative v,  Chaplygin'!s method is to use the inside series 
for Vo as the starting point for obtaining the desired 
solution for the compressible fluid, He suggested 
choosing the multiplying coefficient of the particular sol— 
utions for the compressible flow by the condition that for 
the limiting case of infinite sonic speed, or incompressible 
fluid, the series will degenerate to the inside series of 

the incompressible flow already obtained, The series for 

the compressible stream function W so constructed can be 
called as the inside series of V, Тһе outside series for 

V then can be obtained by the method of analytical continu- 
ation with the aid of the "outside series" of the incompress— 
ible flow, 


U 


These solutlons so constructed for the compressible flow 
contain the Mach number of the undisturbed flow as a parameter, 
They constitute a family of singly infinite solutions, In- 
cluded in this family of solutions is the limiting case of 
zero Mach number of the free stream, This limiting case will 
give the incompressible flow around a body used as the starting 
point of this method, For other values of the free-stream Mach 
number, the body contour is generally different from that corre- 
sponding to zero Mach number, Thus, if the compressible flow 
around a given body is desired, the body shape for the initial 
incompressible flow must be slightly different from the given 
body shape, However, if a geometric parameter is included in 
the solution, such an adjustment is not difficult to make, 


It may be stated here that owing to the regularity of the 
solution at the origin of the hodograph plane, only the first 
solution of the hypergeometric differential equation appears 
in the inside series, For the outside series, both the first 
and the second solution of the hypergeometric differential 
equation are necessary, This is in direct analogy with the 
appearance of both positive and negative exponents of q in 


Two-dimensional irrotational mixed subsonic and supersonic flow of a compressible fluid and ... 53 


32 NACA TN No, 995 


the incompressible outside series. This fact is particularly 
important, since preyious investigators seem to be unaware of 
1t. Chaplygin himself did not use the second solution of the 
hypergeometric differential equaticn, but that is simply be— 
cause, for his problem, there is no singularity in the hodo— 
Braph plane and hence only the inside series is needed, 


6. The Functions for Incompressible Flow 
Following the procedure outlined in the previous section, 
the analysis starts with the functions required in defining an 
irrotational incompressible flow, For this case, the sonic 


speed c, tends to infinity, and the equations for the veloc- 
ity potential o (x,y) and the stream function Vo(x,y) all 


became harmonic: 
49, = 0 (78) 
av, = 0 (79) 


where A stands for the Laplacian operator, If Wo (2) is 
the complex potential, it can be shown that 


Wolz) = po + іу (80) 


° 


where 
zex+iy 
If w denotes the complex velocity u-i sç it is connected 


with Wo (z) by 


PEEL us) (81) 


w s S 
dz 


If wi(z)fO, it always is possible to solve for z in terms 
of w; namely, 


z = zo(v) (82) 
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In general, this solution is not single—valued and will be 
discussed later, By introducing this relation into equation 
(80), the complex potential function in the hodograph plane 
can be obtained 


W (w) = e (u,v) + 1 V (u,v) (83) 
° ° 
In case equation (82) is many-valued, this would correspond 
to one branch of the function, 
It is clear that in this case (u,v) is aleo a 


harmonic function, Let o,(u,v) be the conjugate function 
defined by 


Dto = ор 
m S (84) 
Hence 
(=) = X= Y о (86) 
where 


w=u- iv 


Thus A. (v) is an analytic function of w. Prom equation 
(13) the derivative of A (w) with respect to w must be 
z, That is, 


ay 
tavi Soa 


But zo(w) already has been found from equation (82). 
Therefore, 


Ao(w) = f o * constant (87) 
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The real part of A (w) gives x,(u,v) as required, accord— 
ing to (86). 


7. Conformal Mapping of Incompressible Flow 
on the Hodograph Plane 


Before the construction of solutions for the compress i— 
ble flow, the general character of the solutions in the 
hodograph plane should be examined. This can be done easily 
by investigating the behavior of the transition function 
з (э) for an incompressible fluid. To start with the 
simplest case first, consider a steady irrotational flow in 
an infinite, simply connected domain D bounded by a curve 
C in the z—plane, with s parallel flow at infinity (fig. 1). 
At every point z of D there is one, and only one, velocity 
vector Q. If the curve C is mapped into C and infinity 
corresponds to a point P on the axis of reals of w within 
C, then the domain D 1з mapped into D by a mapping func- 
tion 


w = w(z) 


defined in (81), where w(z) із an analytic function of z. 
The inverse function 


z = 200%) 


will set up a continuous one-to-one correspondence between 
w— and z—plane, provided the mapping is conformal. This 
requires that w(z) is analytic, simple within D, and 


w'(z) # 0. 


However, for most problems these conditions cannot be 
satisfied throughout the field of flow. In the first place, 
the function w(z) is generally nonsimple, for example, in 
the case of a uniform flow, w(z) = constant, thus w'(z) = 0 
and the whole z—plane corresponds only to a point in the 
w—plane. Furthermore, the complex velocity for a two— 
dimensional boundary—value problem generally can be put in 
the following form: 


w = ws + w*(z) 
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where wo is a constant. The boundary condition requires 
that w*(z) = O and, as a consequence, w'*(z) = 0 as z 
becomes infinite. Therefore, in all cases, the point P 
in the w-plane, ів a singular point. It is a branch point 
at wo if z (м) is many-velued; or a pole, if otherwise, 
In practice, fnere &re two kinds of singularities that play 
a dominant role in the problem of two-dimensional flow. 
These singularities will be investigated presently. 


Branch point of order ds It may be recalled thet, 
when a closed body is present in a uniform flow, there 
always exist two stagnation points both of which correspond 
to the origin of the w-plane. If a streamline PS is fol— 
lowed, for instance,(see fig. 2) from + to S, the por— 
tion SMS! and then to —=, a curve PS in w-plane would 
be described twice. This indicates that the function zo(w) 
possesses two branches of Riemann surfaces joining together 
about the branch point P, In order to make the domain D 
single-valued, a cut is put along the axis of reals from 
the branch point to +®. Then one portion of the z—plane 
is mapped into a definite branch of the Riemann surfaces 
in the w-plane, and this will be defined as the domain D. 
If the body is symmetrical with respect to the coordinate 
axes with parallel flow at infinity, then the domain 
D:Riz < O will be mapped conformally into D оп one branch 
of the Riemann surfaces and D':Riz > 0 on the other, where 
the region within C is excluded, 


Logarithmic sin ularity.— The flow over a wavy surface, 
for instance, placed parallel to a uniform stream has a 
periodic nature. For such flows there are infinitely many 
points in the physical plane that have the same velocity, 
Hence, there are an infinite number of branches in the w— 
Plane, each of which corresponds to a definite portion of 
the z-plane. The function 2,09) must have а term log 


( - z) and the point P now is a logarithmic singularity. 
If, however, a cut is introduced from the branch point to 
+® and — m < arg ( - Э < п, then the domain D ів again 


made single~valued, 
c .. s 

The function z,(w) 4s said to have a branch point of 
order k at w = wm if its inverse w(z) contains the 
part w* which has a zero of order k +1 at z= о 
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8. Construction of a Solution about the Origin 


Stream function.— From the considerations of the last 
section, the domain within a circle with radius Iwl = PS = U, 
where U is the absolute value of w at infinity in z—plane, 
is in all cases single-valued. If a function Wo(w) is as 一 
sociated with a definite flow in z—plane, from section 6 it 
is an analytic function of w and regular within the circle 
iwi =U. Consequently, the following Taylor expansion exists: 


Wo(w) = > An Iwi< U (88) 
n= 0 


where Ajs are, in general, complex, Since м = qet? 


and by (80) the imaginary part of Wolw) ів equal to in 一 
compressible stream function Vo, it can be written as 


Volas?) = Im {ыо} š > $ {м cos ETE зев) 
n=0 


According to Chaplygin's procedure, the corresponding 
compressible solution can be obtained by simply replacing 
the function q" in equation (89) by the corresponding 

(r) 


n 
q E, (т) as shown by (40). The second integral is ex 一 


cluded by the regularity requirement at q = 0, However, 
in order to preserve the proper singularity at the point 
(0,0) in the hodograph plane, the compressible stream 
function ү is written ав 


` 1) (3) 
Wlad) = > а^ (+) S cos nà* A, sin ne} (90) 
n=o 


where 


a) < (Т) _ _FCanvbnicniT) 
T2 


EGO SS б а< 0 (91) 


RanvbnicniTi) 
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v? 
and T; = > кэш ы the value of T, corresponding to the 
28 с 
° 
free—stream velocity U. It is seen that if с ә ©, then 
(r) 


T = T,—0, and $ (т) 291 апе to the normalizing con- 
dition (30). Thus the solution is reduced to the incompress— 
ible form. Furthermore, if q >U the character of the sol- 
ution is exactly like that of the incompressible solution. 
Hence, all the specified conditions are satisfied, Of course, 
for the mixed subsonic and supersonic flow, the free—stream 
Mach number is always less than unity. Thus T, < 1/28+1. 


For later analysis as given in part 1 it is convenient 
to write V ina different form. Since LA T er) daa purely 


real quantity, a complex function M(wiT) can be constructed 
as 


W(viT) = X ^s i» w, lvl<U (92) 
r=0 


Then, similar to the relation between equations (88) ana 
(89), W(q,6) can be taken as the imaginary pert of the 
new function W(w;T). Thus, 


Y(q,9) = Im {сет} (9з) 
Transformed potential function.— Similarly, it is 
possible to construct another function Л(м;т) defined by 


o 


Met) ) K ÉQ) acu (94) 


n=0 


In this expression, the coefficients i, are obtained from 
the expansion of A (v) for the incompreseible flow (87): 


Ag) = 2 га v^, || <U (95) 
n=o 
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and 
ESI. АС) (эв) 
(т) 


Equation (96) is the result of equation (91) and the equation 
of compatibility given by equation (24). Then the function 
x(q,8) for the compressible flow is given by 


xl ad) = a1 faio} (97) 


The functions W(wiT) and A(w;T) are actually regular 
at the origin and satisfy the imposed conditions. However, 
the following question may be raised: Do the series (92) 
and (94) converge and represent the functions W(q,8) and 
X(q,9) in the domain of validity? To settle this question, 
it is necessary to prove the following theorem: 


Theorem (88. 1f the constante A, and a, are given in 
equations (88) and (95), while Y (т) апа pt (т) ere 


defined respectively by equations (91) and (96), the series 


(92) and (94) are uniformly and absolutely convergent in the 
same domain as those of (88) and (95), The proof is given in 
appendix B. 


9. Analytic Continuation of the Solution 
Branch Point of Order 1 
Stream function.— As proved in the appendix B, the series 


(92) absolutely and uniformly convergent and does represent 
a regular function W(w;T) for every T in 0 €T ST, and 


on the circle of convergence it agrees with Wo(ue*®), of 


which the Fourier expansion existe: 
© 
= п ت‎ 
wy(Ue 739) = 3 kg gene (98) 
n-o 


60 BARK 


NACA TN No, 995 39 


In the present section, it is proposed to continue 
the solution (92) analytically outside the domain |м |< U 
with the initial value given by equation (98). The domain 
outside |w| <U is generally many-valued, To fix ideas, 
discuss first the case of a branch point of order 1. Gen 一 
erally, the function W (w) has other singularities besides 
the one at w = U. However, such singularities lie outside 
the region of interest and thus need not be investigated, 
Let the nearest singularity be given by Iwi= V >U, Then, 
the domain to be considered outside |м| =U ів an annulus 
with a cut joining the two singularities, The proper repre— 
sentation of Wo(w) in such a region which has a branch 
point of order 1 аў м =U, is 


w (v) = iv Ë te) (99) 


where W. (w) ів single—valued and regular within the open 
annulus U <| w| < V. Hence, in any closed domain 


U+é6<|wisV—- 5, 65 


being a small number, there exists a uniformly and absolutely 
convergent series: 


LI 


iet) = > P. ure ° | (100) 


п=0 


which, оп substituting іп (99), мі11 give the continuation 
of the Taylor series (88). 


ЪЁог instance, in the problem of the flow around an 
elliptic cylinder treated in part V, there are two singulari— 
ties of the Wo function given by equation (280): namely, 
w= 1 and w= 1/є®, The first singularity corresponds to 
the flow at infinity and is the singularity under discussion, 
The second singularity corresponds to a point inside the circle 
of the {—plane, the plane of the circular section. Since only 
the flow outside the circle of the €—plane is of interest 
here, the singularity w=1/e? need not be investigated. In 
other words, it is necessary only to expand the Wo function 


in the annuler region 1 < | $ | < à 
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The solution for a compressible fluid, which has the 
same character of singularities as W (w) and is valid 
in the annulus U < |w| < V, can be obtained from (100) 
by introducing the proper hypergeometric functions согге- 
sponding to each exponent of м. That ie: 


= 
м(9) (аут) = 1 > Es Eyl Tw" + O * aiv] (101) 
n=0 
1 
which is the continuation of x мут). Here v ened, 
n being a positive integer; EG) and q^?" SG) are 


the first and second integrals of the hypergeometric equa— 
tion; and Ba" and ° are constants. It should be 
noticed that the coefficients B,* and C,* in the outside 
series for the compressible flow are not equal to Bn and 
Cn in equation (100) for the outside series of the incom— 
pressible flow. The outside series of the incoppressible 
flow is used only to give the proper form of W'O/(w;T) 

for the desired branch pong characteristics; while the 
exact determination of W'Ó'(wiTr) has to be made by the 
conditions of continuity, which will be discussed presently. 


Since the partial differential equation considered here 
is of the second order, to ensure that ¥ ° (мт) 4s the 
analytic continuation of wi (wir), two conditions have 
to be imposed at the boundary of the respective regions of 


convergence, that is, the circle q = U, These two condi— 
tions are the following: 


WAY (que, +) = 0 (ue; 71) (108) 
[2 yc] = [55 vedo] (103) 
a T=T ёа tati 


On account of equations (102) and (103), there are two 
relations which have the imaginary parts: 
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^ v 
T P: Ey) U 


© 
* av = 
+ 0% G(T.) U cosV = 一 An U sin nd 
0 <0 < 2п 


Y [Bf u э (ату, (т,)) 
n=0 


+ cf 0 (vedo) 27 240,7] cos vê 
= ' 
5 EA (ту) 
= 一 Y aG mL) 
n-o 


Here the prime denotes differentiation with respect to Т. 
Evidently, the coefficients on the left-hand side can be 
solved for in terms of the known constants Ap» They are: 


BE EAT) U+ og бт) 0 = 一 上 Уһ "(ed 2) aoo 
m=o 
Be UY WET, I+ 2r Br, )) + 0g 0? (—>0(т,)+ 27, 8, 0,0) 


1 
Se ae mU Ea (6+ mv (105) 


From these two equations, the constants EH and C$ сап 
be uniquely determined, provided the determinant AlE pT) 


does not vanish, These results are: 
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о 8»(1) S aset DR ) 

avec LE У etu o) aen 
了 Fv(T1) 

cru етс) E n ,)ر(‎ )) aen 


= 6 
as the Wronskian 4(F,,F,) = 一 2 q sr (1-7) + O and 
(т) is defined in (51). 


The solution is again formal. To prove that the 
function W(w;T) is a regular function in the annulus 
region, the truth of the following theorem must be first 
demonstrated, (See appendix 0.) 


Тһеогеш (98). If the constants BR and C$ are determined 
according to (102) and (103) and if the series (100) con— 
verges uniformly and absolutely in a closed domain 
U+6<SitwiSV-— 5, then the series (101) will converge 
uniformly and absolutely in the domain U + 6 < |v < V — 6, 
86 > o, 


Transformed potential function.— By a similar procedure, 
the continuation of (94) is 


AC) (мут) = а > Ë: F(T Dw + бр б (т) v] (108) 


where £T) and Sy) are the first and second integrals 
of equation (28) and the constants Bs and Gs can be 
similarly determined; namely, 


5s u” 
Ёт.) (т) 
еу 


(109) 
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a SEE EES Gu Go GU) 006) 

anv( 1-7, pem Ў mev ш-р = 1 


(110) 


The solution determined so far is understood to be the 
principal branch of the function W(w;T), It was assumed 
that the flow at infinity is parallelto the x-axis. If, in 
addition, the body is symmetrical with respect to the co— 
ordinate axes, the expression for the seccnd branch of 


(мут) will be identical. However, in a more general 
case where asymmetry exists, the two branches will require 
separate consideration. 


10. Continuation — Logarithmic Singularity 


Stream function.— Consider now the second important 
type of singularity: 1% is assumed here that the only 
singularity possessed by the function LAE in the finite 
part of the w-plane is a logarithmic branch point at w = U 
&bout which infinitely many Riemann surfaces are joined. 


By analogy with (99), wW of) now can be conveniently written 
as 


Welw) = мем) + мо (м) (111) 


where W3(w) is a regular function in the entire domain with 
possibly an essential singularity at infinity, and hence 
generally is given by a Taylor series ог a polynomial in м, 


and Wo(w) = $ 004.2) + av о09,) is an analytic function 
which characterises the singularity of Wo(w). Thus, aside 
from a constant factor, 


Wn) = i log ( - > (112) 
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If a cut is laid from +U to +2 and the argument of 


( - > is restricted in — m < arg Q - 5 <w, then 


the function Wo(v) will be single--valued in the whole 
cut plane. 


The question of constructing a solution for the com- 
pressible fluid consists, therefore, of two parts: W*(w) 


and KOE However, the construction for мн) is, in 
principle, exactly the same as that of (92) and hence only 
W (w) will be considered, First, let Wo(w) be developed 


into power series in the respective domains of validity. 
The imaginary parts are: 


s(t) — п 
V6 (а, 2) > HE) cos nó, q< U (113) 


n=1 

„(о) ` -n 

V ° lad) = = 108 3+ у; HE cos nó, Q>U (114) 
n=1 


The corresponding expression for V (q,%), accordingly, will 
be: 


- = n 
wo ca) = > An Fn(T) (2) cos nd, q< U (115) 
n=1 
~ T = - 
suus з [ a-ni Ў e. 0X8) СЕРА n), q> U 
Ta а. (116) 


where En(T) stands for 了 (anvbni cniT) and G(T) is 
defined ty (39). 
The function SY) may be regarded as the complex 


potential of a complex source situated at м = U, It is 
known that in this case the normal derivative of Volas d) 
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on |м| = U ів a constant, except at м = U, where it 
becomes infinite. This boundary value can be expanded 
uniquely: 


= У cos nd =L, ó фо (117) 


n=1 


The corresponding problem in the case of compressible flow 
gan be put in an analogous manner: to find a function 


V(q,9) which is continuous together with continuous partial 
derivatives and the normal derivative of which on |wi=U 

is constant. Thus, the conditions (102) and (103) in con- 
Juction with equation (117) demand: 


EQ (Т1) A — 8, (7,) c, = O (118) 
[sz canon 2,0, | Ay 
+ Ë S.C) EU. 04  ] Ca = 43(1-7,)^ (119) 


where the constant В сап be determined when the normal 
derivative Valasa) on |мі = U ів assigned, By solving 
equations (118) and (119) and using the relation of the 


Wronskian of the two independent integrals of equation 
(27), there is obtained 


„= Z B 0.07.) (120) 


Blo 


Ca *— 3 E, (7,) (121) 


Thus the function Wq,8) is completely determined. 


Transformed potential function.— The associated function 
X(q,9) can be similarly constructed. As Aj(w) is derived 
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from (87) by integration of the inverse mapping function, 
1% must involve a term ( - 8) log Є - х) which represents 


the singularity of the function Л (w). As in equation (111), 
Alw) is split again into two parts: 


A) = Де) + Kw) (122) 


where Ağ(w) ds an entire function and Ag) is 


~ 1 м x 
А00) “20-2 1 (1 - E) (123) 
Now the solution corresponding to log @ 一 Э) сап be 


determined in exactly the same manner except that the 
hypergeometric functions involved are E (r) and & (r) 
instead of F (T) and G(T). The part that will require 


special consideration is the term т log Є - 9. Let it 


be denoted by Xow) = x 一 19,: 


Lv 1 
K.G) -- 2 × ه1‎ (1 - ¥) (124) 


This function is also multiple-valued, Let the argument of 
€ - Э) again be restricted in — п < arg 人 一 Э) <от; then 


in the cut plane the result will be 


A n+1 
RU ES »iG VETT (125) 
nci 
aprep ере am 
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According to equation (86), the function Xo(a.8) is 
defined as the real part of  Aj(w). That part represented 
by equations (125) апа (126) 1s then 


PARTES =- a EEG sin nê (127) 
3 
uM q q 
(9,9) = š log y sin 3 一 б (т—4) cos ð 


rao" sin në (128) 


The particular solution corresponding to 


E: log 2 sin $ -4 (n=) cos ð 


already has been given in equation (50). Hence the solution 
for the compressible flow is 


pr = = p n 
Аг, = >: k, E (т) @ sin n д (129) 


Llad) = @ щт) sin û — 8 (1—8) cos è 


+ y & & (7) ON sin nà (130) 


where 


к(т)= 


—B ат 
TEE — [oen log ج‎ Fali | (i-7) Sk 131) 
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The conditions (102) and (103) together with an expansion 


© 
lain ò+ > 11. изв ð= (m—%) cos ð 0< 8<2n 
2 n+l n-1 
n=e 
require that: 
(vk #6(7,) 6 = EE (132) 
T0 31! an та ? "n me)  n-l 


Ë EA T) аъ Б 7] ^n 


+ É & cr) 27 то] б = 


апа 
z 1 
Gilt) 6 = E (134) 
[- т, + 27 #90] бу + 27, k'(7,) = 2, n=1 (135) 


By solving (132) and (133) for a, and G , there is 
n 
obtained: 


8 - 
£ 02-71) б 
ышы чы xo etn л, 


(a-ak (т,)) р207,), п #1 (137) 


by using the Wronskian of the independent integrals of equa— 
tion (28). With б, given by (134), the constant K, can 
be solved for from (135); it is 
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$c) 

Xi-2- (a1)? Ë + BT, + (в+1)т, a (138) 
G(T1) 


The solutions WY(q,8) and X(q,9) in the whole domain 
under consideration are uniquely determined. Since the 
dominant properties of the hypergeometric functions discussed 
in section 4 hold, in general, the equation of convergence 
can be similarly settled. 


11. Transition to Physical Plane 


In the previous sections, it has been proved that, for 
a given incompressible flow for which two associated functions 
Vo(q,39) and X(q,9) are defined, there exist two associated 
functions V(q,$) and X(q,9) for the corresponding com— 
pressible flow, depending upon two parameters Y and Тү, 
The question is whether the associated functions W(q,8) and 
X(q,9) belong to the same flow pattern in the physical plane. 
To answer this question it is necessary to fall back once more 
on the equation of compatibility (24); since when wW(q,8) is 
given, (q,8) is known by solving equations (20) and (21). 
Hence, 1f X(q,0), satisfying equation (23) and approaching 
Xo as Co —»9 is to be associated with W(q,8) for the 
same flow, then it is necessary that the equation of compat i— 
bility be satisfied, Except in the case of logarithmic singu- 
larity in section 10 where the complete V(q,)) function was 
not discussed, this condition has been properly considered, 


Once the relationship between (q,#) and X(q,9) із 
established, the next object is to calculate the flow pattern 
W(x,y) = constant in the physical plane corresponding to 
Wlad) and X(q,9). In the first place, the fact that the 
transformation defined by equations (9) and (10) is generally 
one-to-one must be recalled. Suppose that in the hodograph 
plane there is a line defined by 


V(q,9) = constant = K (139) 


which will correspond to a definite streamline in the physical 
Plane or a definite part of it. The streamline can be obtained 
by eliminating one of the two variables in x(q,9) and y(q,®). 
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To do this, first the equation (139) is solved for à; 
namely, 


$ = Xa,K) (140) 


provided Valad) # 0. Introducing this relation into 


equation (13) which, when transformed into polar coordinates, 
are 


òX sind dx 
x= و‎ —— 一 一 一 (141) 
cos 5а š 38 
ya sine 2X, 9989 dx (142) 
да q әд 


gives a parametric representation of this particular stream— 
line corresponding to W(q,8) = К in the hodograph plane, 
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PART III 


IMPROVEMENT OF THE CONVERGENCE OF SOLUTION 
BY THE ASYMPTOTIC PROPERTIES 
OF HYPERGEOMETRIC FUNCTIONS 


12. General Concepts 


The significance of the general solutions constructed 
in part II of the present report when viewed from the prac- 
tical point, reste in the fact that they constitute an ex- 
istence theorem. It shows that an irrotational isentropic 
flow about a body can be obtained from the corresponding 
problem of an incompressible fluid, 1f the free-stream Mach 
number is not too high. However, the solution in the form 
of a slowly convergent infinite series cannot be conveniently 
used to obtain numerical values, as the labor of computation 
would be prohibitive. 


By examining the infinite series obtained in part II, 
the essential difference between the compressible flow solu- 
tion and the incompressible flow solution is seen to be as- 
sociated with the fact that, while in incompressible flow 
solution the individual terms of the series are of the forns 


oie vd cos Vý 


sin vd 2 sin vd 


in compressible flow solution the individual terms of the 
series are of the forms 


v cos và cos оў 
EQ) 97° G(r) 
sin và 


a 


If it were possible to write 


a? кб) = [aca], aco выт = [ato] ° 


there would be no difference between the incompressible flow 
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solution and the compressible flow solution except the "dis- 
tortion of the speed" q by the new scale Q. In fact, 
this possibility is realized under the special condition of 
Y = -1 as shown by von Kármán (reference 1) and Tsien (ref- 
erence 9), 


For the case of isentropic flow with the general expo- 
nent Y there is no such scale factor Q. However, if v 
is assumed to be very large, then there is such a function 
Q, at least to a first approximation, In other words, the 
leading term in the asymptotic representations of F (T) 
and б (T) does give the desired form. On the other hand, 
the use of asymptotic representation necessarily implies an 
approximation, But this defect is not difficult to remedy 
as the difference between an exact hypergeometric function 
and its asymptotic form can be added to the approximate so- 
lution as a correction term. Since there are an infinite 
number of terms in the series form of the solution and each 
gives a correction term, the correction terms also constitute 
&n infinite series. Therefore, the original infinite series 
is now transformed into a closed function plus another in- 
finite series of correction terms. At first sight, such a 
transformation seems unable to give a result that will avoid 
the difficulty of prohibitive computational work, But actu- 
ally, owing to the good approximation given by the asymptotic 
representation even for moderate values of v, the correc- 
tion series converges very rapidly. A few terms seem to be 
all that are necessary. Thus, for all practical purposes, 
the original infinite series is now converted into a closed 
function with "speed distortion" plus a few correction terms. 
The fundamentally interesting point is that for the case of 
a general exponent Y, the simple method of speed distor- 
tion will not give an accurate enough solution. (Cf, ref- 
erence 8.) 


The change in type of the differential equation at the 
sonic speed also introduces a singularity in the speed dis- 
tortion function Q. However, by using the correction terms, 
the effect of the singularity can be limited to a very nar- 
row range in the neighborhood of sonic speed, and no practi- 
cal difficulty is experienced, This will be made clear by 
the numerical example given in part V of this report. 


13. Asymptotic Solutions of the Hypergeometric Equations 


Let Uy(T) and V(t) be two new dependent variables 
defined by 
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vti 
Vy) =T (1 - Uy (T) (143) 
25i - 
X(t) =F 0-7 (ту (144) 


The differential equations (27) and (28) reduce respective- 
ly to 


Uy (T) - É еб) + ppl) | vol") =0 (146) 
vy" (т)- [>* ol) +e (7) | Yu(T) = 0 (146) 
where 
ф(т) -1- (28 + 1)T 
4т2(1 - т) 


(т) = BT(PT + 2) - (1 - 1)? 
Рав т ата (1 - T)? 


Both equations (145) and (146) involve a constant paran- 
eter v which is real and positive but otherwise arbitrary 
for any fixed constant Ё. In the interval O<T<1 in 
which the flow takes place, the functions q(T) ana Psp (T) 


are finite and continuous except at the extremities Т = O 
and T = 1. To avoid the repetition, let equations (145) 
and (146) be replaced by 


Va, 007) * [? (т) + PalT) аа, (0 = 0 (147) 


where Ug,y(T) = Uy(T) when a= B; and U_g,y(t) = тубт) 


when а = -B, In the interval 6 < T< ут - 8, 8 > 0, 


p(t) is bounded from zero and is positive. F, Horn 
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(reference 18) showed that when v is a large positive num- 
ber, a pair of solutions of the following forms exist in the 
interval concerned: 


a,v 


DIOE: [e + s G, + fil) с,» п] (148) 


v 
eo ~ ark [5% tas) + faai aln) а е SAE d (149) 
where 
T 
x(t) - Гео ёт, 0<T< TE: т (150) 


A constant in equation (150) was left out, as it can be ab- 
sorbed in the constant factor in equations (148) and (149). 
This representation can be shown to be unique as long as v 
remains g ? ter than a large positive number N, By substi- 
tuting Ug, tT) and ud? (т) in equation (147) and choosing 
the coefficients fz tr (r = 1 and 2; and s=1, 2, 8, ...) 
to make the individual terms vanish, equation (147) reduces 
to 


Ц ' " - " 
2K fi S+1 *HE fier = Pe fis fs (151) 
ак £2 LE E: а-ро fo gt fag: ва 0,1,2 (152) 
2,841 3,941" Са tala fa, u* VES acc 
- £ 
where f,,o(7) = fa,o(T) = *. The coefficients fr,a(T) 


then are given successively by a first order ordinary dif- 
ferential equation and their determination does not involve 
any difficulty, The problem is thus formally solved. 


Obviously, the. solution is of the exponential type when 
p(T) 1s positive E the range concerned and of an oscilla- 
tory type when is negative. Now in the interval 


6<ST S1 = 6, 6 > 0 where p(T) 2 0 when т5 т both 


types of solution exist. It is evident that in the neighbor- 


hood of T = SET & change of character of the solutions 
* 
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must take place, but the manner in which the transition oc- 
curs cannot be deduced from equations (148) and (149) de- 
cause of the failure of the representation of the solutions 


in the neighborhood T This is closely related to 


LL. 
28*1 
the Stokes phenomenon. 


The method was extended by Jeffreys (reference 19) to 
include the case where Q(T has, a simple root in an inter- 
val under consideration and can be applied suitably to the 
first order of approximation. The general problem has been 
treated by Langer (reference 20) in a series of papers, con~ 
sidering both the case where V and т are real and that 
where v and T are complex, Attention was given especially 
to the Stokes phenomenon, and a law of connection of the so- 
lution valid on each side of the critical point was explicitly 
stated, In the present case, however, only the first approx- 
imation is used and Jeffreys' method is adopted for conveni- 
ence. 

It is seen from equations (148) and (149) that the 
f &pproximation depends only on q(T » and the effect of 
pa (T is felt only by the higher order terms, Hence, for 
the first approximation only, equation (147) can be written 
as 


шу(т) - v? ф(т) (т) = 0 (153) 


where Up, = U-8,v 7,Uy. Thus, when v > N, the dominant 
terms of the asymptotic solutions are 


(t) Ly $ „>к Ë + 0 6) ] (154) 
о<т< 1 


s sya enm. +0 Gs) | 291 (156) 


Here 0 Gs). in each case, denotes the fact that the term 


is uniformly of the order v ` when v is sufficiently 


large in an interval § < rT <s _1 - 8, 6 > 0 and is a 
28+ 1 


function of v-?, 
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where eG) < O and K is a pure imaginary quantity iw 
where w is real, the dominant terms of the asymptotic so- 
lutions must be a linear combination of equations (148) and 
(149) anà must be of the forns: 


002005) - 21 cos (vw + ey) (156) 
009927 $$ sta oe e); ak та (187) 
Š ' 28+1 


where Cı, Ca, and €y are constants to be determined. 


The question of determination of these constants is ac- 
tually the same as that of determining the mode of continua- 
tion of the asymptotic representation of the solutions in the 


range Le 6 $T$1-65. This can be done, according 


28+1 
to Jeffreys, by considering the solutions valid in the neigh- 
vorhooa of T= —l.—. Iet Ёа т - 1, When Ë ds suf- 
28+1 28+1 


ficiently small and V is large, equation (153) can be written 
approximately as 


Uy" (t)+ v? o'(o) t u(t) = o (158) 
(n) 
BEYA О tuts S kusa ak Stops equation. 
n! p'(0) 


The independent integrals are 
Ы af?) 
3 


t Palen ; with t= n ор'(0) e (159) 


0) (2) 
(t) аза x (É) are the Hankel functions of 
order i Consider as two independent solutions the follow- 


where 


ing linear combinations: 
oe) «рор dao (160) 


( 
£ 
s з 
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s) й 09) * (а) 
k; 


= 上 ( з= 8G) (161) 
з 


Ав POR) and FO &re analytic functions in the 


whole? t —plane, this immediately provides a means of iden- 
tifying the asymptotic forms that represent the same func- 
tion. 


Suppose first that for arg Í = O, the solutions are 
given in equations (160) anà (161). The same solutions for 
which ага Ё = п and arg t= i. are 
vto Q al? (ey t abu (ү oF) (162) 

з з 
w^ (0) ont ui?) (t JO. ja в(*) (t +) (163) 
3 x 


ns (t Es е") = 2 a?) (t JA 


ті 
and when Í ів large and -n < arg (e? < m, the dominant 


terms of the asymptotic expansions of zu (t =) ana 


00) ass 
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By substituting in equations (162) and (163) and neglecting 
the term of lower order in f, there is obtained by expand- 
ing at the same time equations (160) and (161): 


ane (t - D— Быз (164) 


ЗЫ sin (t * 2 g (165) 


Here the arrow is used to indicate the transition of the as- 


ymptotic representation of the same function from the left- 


-+ - 
hand to the right-hand member. For small f, & ~ Фф + 
and Í ~ -vu; (156) and (157) finally become 


(1) 2 т 1 
vy (т) poe (vw - i) 1+0 Ө) (166) 
И сз. Terg 
(a) 28+1 
U, (т) ~ - cos (vw + i) {a +0 Ө) (167) 
o* v 
with су = 2, ca = -1, and ey = -L. Under the hypothesis 


4 
piu made, the pair of expressions (154), (166) and (155), 
167) actually represent respectively the dominant terns 
of the two asymptotic expansions of the solutions vo т) 
апа ГАЯ) fora v which may be any positive but large 
number. 


14. The Asymptotic Representation of Flay, bo; cys Т) 


and Fle, + B, by + B; eyi T) 


(аў Тһе dominant terms of the asymptotic expansion of 
1 
uy (T) ana vle) (т) are given respectively by (154), 


(166) and (155), (167). By evaluating the simple integrals 
in (154) and (166), the explicit expressions for the firet 


approximation of f(r) and v0) are 
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= £ v+ 
uf?) (+) - (aF = (e> rE P(r) (168) 
a 
>(0-1) à ovt oste 
s^) ~ (ap) 2 [20-17 т go РӘ Cao) 
i 
v^) ~ 3 щы тЁ oos (vw - 2) (170) 
) i zii T<: 
ul? (т) ~ (ыш à cos (vw + z) (171) 
where 
à a 
E al - т) + (1 - аат 
m*(7) = | 2 
(а -т)#+ (1 - азт)® F] 292) 


г 2 
w(t) = а tan" [u - tan^! (== 


Тһе values of the function up are given in figure 3 to- 
gether with the function p(T , defined by cos u = 1/M. 
In the respective ranges of validity, each pair of expres- 
sions differs from the exact solution only by a constant 
factor which can be determined to satisfy the normalization 
conditions (30) and (36). By substituting equation (168) 
into equation (142), these were found to be 


= Оез و‎ zv 
с_ = ف‎ (28) 2 — шша 
=> " JE (1+а)2 

Thus, the expressions for the desired asymptotic forms, when 


v» > Н, are, for the interval 0 S т < Sau 
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ROE 2°(r) (173) 
а 007 z (>) a (1) (174) 
where A à 5 
二 十 二 + а 
هد( م" ل )ء‎ [ма- о? а-а? J (175) 
(1- аат) Qta)” (1-T)%+ (1- aaT) 
For the interval т < т < 1, they аге 
F(7 = f(7) T(r) cos (vo - 2) (176) 
gU) ~ E(t) vr) соз (w+ л (177) 
where Bei < 
(1- т) (28) 1 
f(t) = 2 » (т) = 2 2 — (178) 
y (o?1- 1) ° s. WETS 


The values of T(t) are given (fig. 4) ав a function of T 
together with the local Mach number М, 


Similarly, as from (153) Talt) ~ Yu(T)， corresponding 
expressions for F(a, + B, by + В; cyi T) are: 


E) ~ g(t) T(r) (179) 
OS FS 
& (1) ~ et) P(r) ERA (180) 
where zB. 3. 
2*4 
g(t) = Uer) (181) 
(2 - а?т) 
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and 
EC) ~ g(t) TP (0) cos (vw z 1) (182) 
——<+<1 
ë (1) - elt) T) A ЕЕ ( 
Els ~is T) T(r) cos (ww + 1) 183) 
where ; S + 
1-7 
elt) = а -一 一 一 一 一 (184) 
(аёт - 1)* 
Here 1,(7) denotes invariably tho first integral 
-2v 


Flay, byi oyi T) while e т), wben multiplied by q ^", 
denotes the second integral p. (ry; defined by equation 


-(37) when v із not an integer or by equation (39) when v 
is an integer, since the asymptotic expansions are valid for 
both integral and nonintegral values of v, provided р > N. 


In the domains of validity, the asymptotic expansicns 
may be differentiated with respect to T with the same order 
of approximation, Hence, for v > N, it can be shown that 


for OST< 
H(t) = alr) T(r) {a +0 (D) (185) 
& 0 = h(r) (T) (1 + 0 (9) (186) 
where aa 
-1 


(187) 


w à | 


һ(т)=2 (1-7) د‎ art [a-n + (1~ a?r) 


چ وچ کے 
and for TES š‏ 


т. (з) e RU) e tv) WEN c “pe Э) ñ +0 (3) } (188) 
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& 0 ~ 2 x(t) mv(T) cos (w+ BEE) {2+ 0 (2) } (189) 


where 2 


à 


һ(т) а а(1-т) * (a*T-1) © (2r) * 


‚ ьт) = cos" (190) 


The values of the functions g(t) and h(t) are given in 
figure 5. 


It is interesting to note that when Y = -1 the con- 
stant а vanishes and onl yis exponential type of solutions 
exist. In the case of Yy(T the solution is exact, namely, 


for P= - 
2 


т\т) = (191) 


Е 007) = 2 (192) 


of which the first is in agreement with the result obtained 
by Tsien (reference 9), while for x, 0) the solutions which 


are not exact reduce to 


Ё (т) - Ë + =| 2 EXC d +0 () } (193) 
lw € + х) ox 
г Ф me 


Em = Ë + zx] 2 em f +0 © ) (194) 
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This may be the cause that destroys the analogy between the 
coordinates of the corresponding compressible flows and the 
incompressible flows. 


For Y = 1.405 and v = n + i n being a positive 


integer, the three groups of functions zn (D), т VU Ё (т), 
E (т); апа Е. (т), By (т), together with their asymp- 
totic expressions were calculated for T varying from 0 

to 0.5 and n from О to 10. The results are presented’ 
in tables 2 to 18. The behavior of the approximation is il- 
lustrated in figures 6 to 11, It can be observed that the 
degree of approximation of the functions increases, on the 
one hand, with v for any fixed T, On the other hand, for 
any fixed n, the approximation becomes worse as T ap- 


proaches the critical point T = ТЕШ corresponding to 


the local sonic speed. On the whole, if the critical point 


T = EPI is not reached, the agreement can generally be 
+ 


regarded as excellent, especially for larger values of n. 


15. Transformation of the Function W(w;T) 
Branch Point of Order 1 


The function W(w;T) for a flow that possesses a branch 
point of order 1 was given in sections 8 and 9, The forms of 
representation, as can be seen, are not, in general, suitable 
for practical calculation, Тһе difficulty is twofold: First, 
the series involves infinitely many hypergeometric functions 
which themselves are, in turn, defined as infinite series, 
The convergence of hypergeometric series generally decreases 
with an increase of the parameter v. This means that it is 
very difficult to compute the value of the later terms of the 
series fer W(w; T). Secondly, the convergenoe of the power 
series defining the function W(w;T) itself is, as expected, 
very slow in the neighborhood of the singularity. To in- 
crease the convergence, the following method is used: 


Observe that the corresponding function for the incom- 
pressible flow that has the same character of singularity is 


‘Two-dimensional irrotational mixed subsonic and supersonic flow of a compressible fluid and 85 


64 NACA TN No. 995 


© 


os - > An ¥, || <U 


° 
n=0 


which is absolutely and uniformly convergent in any closed 


Хх) 
domain in |w] <U. Now, if in (92) E (т) is replaced 


by 


zo) е 20). So) OTK (195) 
n £(7,) 2841 


T 1 
her {т by hypothesi 9 «cv. 4x ; 
where (= 二 对 түй a8 by hypothesis, " "TEL 


then it is clear that 


uie) в z, d. Ag (tw), [wl <u (196) 


n=0 
which is also absolutely and uniformly convergent in the 


same domain as W. (w) and, consequently, (196) will be de- 

noted by £ Wo(tw). In doing this, however, the re- 
fit, 

striction that (195) holds only when n is greater than a 

large number N is violated. The error can be removed by 

adding to and subtracting from (91) the quantity given in 

(196); then it follows inmediately that 


x GÀ in) = м (un) + Pun) (197) 
where (т) 
f(T 
Wi (wiT) = Zr Wo(tw) (198) 
(4) ` 
wa (мут) = 2: Ap 9.07) v^, fw] e v (199) 


with nee 
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=) f(t) „п 
a(t) = z (T) - "US t (1) 


Here n is a positive integer. The function W(w;T) then 
is represented by the sum of two functions Wa (ui T), which 


(4 

is of closed form, and üç turp which is the difference 
of two convergent power series and hence is also convergent 
But, according to the theory of asymptotic expansion, Ga (T 
tends to zero as n approaches infinity. In fact, 6, (7) 
ів of order n^i; therefore, the convergence of W(wiT) is 
increased by the order of n^. This actually is the gist 
of the whole problem, 


As the form of the representation of the hypergeometric 
function given in equation (195) is valid for all T in 


0 < +< Wi(w;T) given by equation (198) holds auto- 


a РНЫ 
28+1’ 
matically even outside the circle |w] = U., For this reason, 
Wi(wiT) should be identical in form with that derived from 
equation (101). That this is the case can be seen from the 
following consideration. For, in addition to equation (195), 
if it is assumed that 


8 (т) = #(т) т (т) (гоо) 
1% follows that 


tTa) = tue (201) 


phen санд оце (106) and (107) yield, by equations (108) ana 
(109), 


s S 9 -v .z 0 v 
Bz mu Uy d zt (202) 


By using these sets of approximate coefficients and replacing 
2)7 and 8° (т) by their respective asymptotic expression, 


te Fon ane relation is obtained with the aid of equation 
100 
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(0) 
V Gay eid S ae (203) 


where 


(0) = о) v (ә) -v 
Wa (wir) = 4 ûy (r) e to, (т) w ) (204) 
245 


. . 
In this case the ccefficients Bn and On, as well as the 
functions ET) and G(T) used in deriving ibm. are 
approximate, Hence, if both are corrected, E" (7) and 
of) (т) should be of the forme 
E 


B - 
ol) (r) = аву (т) + Fy Un) ав (0) 
(205) 


Li с 
009) (т) = aog о, (т) + тру ro ag (7) 


where 

азр = B. - = T(t), azu(T) = ECT) - f(T) т°(т) ) 
(206) 

&б =o, - TER т?(т,), ag (т) = g (т) - (т) 77? (7) 


* . 
Here the differences 4Bn and ac, depend upon the condi- 
dition at infinity for any sets of constauts Bn and On, 
while those of AF (т) ana 5б (т) аге functions of T 


only and, for this reason, can be tabulated once for all. 
It also can be shown that the order of A32 is at least of 


n-* and therefore the convergence of (204) is again increased 


by ami 
(4) 
Consequently, if wW(q,8) = Wy(q,6) + ya (q,8) where 
the superecript (1) denotes either (i) or (o), and if 
the coefficients are real, the stream function for the sub- 
sonic flow is according to (93) given by 
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V.(a,9) = TA Vo(ta.6), о<т< 1 (207) 


( = 
v? (2,89) = ~ y AnGn(T) q? sin nê, q < U (208) 


and in U<q<V 


° (a,9) = у [s а? + of?) (7) a” fos v8 (209) 


n=o 


with Ü restricted by O< @ < 2m, This result is striking 
in that for 7 = ту, W(U,8) =¥,(U,8) as 6,(7,) = 0; 
that is, the function Vi(q,8) represents the correct sin- 


gularity of the exact function, Far away from the singular- 
ity the tern «D (4,0) (1 = 1 or 0) gradually comes 
into prominence, especially near 7 = geet but the con- 
vergence there is already so rapid that a small number of 
terms is enough to secure a high accuracy in W(q,90 


It is interesting to estimate the magnitude of the sec- 
ond Pere of t stream function, By noting the ests that 
Gn(T1) = 0, Gy(T1) = O, the expansions of the G (T) and 
Gy(t) are 


Gy 0r) «gu MOT CTT ОК 0<т< т, 


вот) = б, (4) (1 - 5) 8... ., u€7*all 


Then from corollary (52), it is shown that for $4 0 
y a 
全 人 
90 4-0 


In other words, the second part of the solution is of the 
order of magnitude of (T - T,). However, the magnitude of 
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(т = тү) depends essentially upon T, for a given incom- 
pressible flow. If T, is not small, then when T = O, 

IT ~ Тү! will be large. Thus for large free-stream Mach 
numbers, the second part of the solution Ya cannot be neg- 
lected, This means that for high free-stream Mach numbers 
the correct solution for compressible flow is considerably 
more complicated than the usually assuned sinple speed dis- 
tortion rule would lead one to believe. Thus, any theory 
based upon such a simple rule cannot be accurate enough for 
transonic flows. 


Es E 
28+ 1 
then the value of |T = Ti! for Т = О is small. Further- 
more, if the maximum velocity of the flow is well below the 
sonic velocity, then the maximum value of T also is small, 
thus |T - Тү! for the whole flow is small,  Tnen the sec- 
ond part of the solution №, is negligible. However, even 
then the solution for the compressible flow cannot be ex- 
pressed as the solution of the incompressible solution by a 
simple distortion of the velocity scale, as is generally ав- 
sumed in the so-called hodograph nethod. (5 this would be 
the case only if the multiplying factor f(T)/f(7,) is 
identically equal to 1, Since the multiplying factor is a 
function of the magnitude of velocity, the streamlines of 
the compressible flow and the streamlines of the incompress- 
ible flow cannot be made to correspond to each other, On 
the other hand, equation (207) shows that if Vo 1s zero, 
then V, ів also zero, Thus there is this one streamline, 
the zero streamline, in both flows satisfying the require- 
ment of direct mapping. Since the zero streamline generally 
is chosen to represent the contour of the body, on the sur- 
face of the body in purely subsonic flows, the velocity of 
the compressible flow can be calculated from the incompress- 
ible flow by a simple "correction formula." This formula is 
given by equating the velocity q of the incompressible 
fluid to the velocity function tq of the compressible flow, 


Thus 
(9 7 z т(т) 
=) = + s — — 
U/ o 1 T; 2(04) 
where the subscript 0 denotes the quantity for incompress- 
ible flow and T(T) is given by equation (175), This for- 


mula is the same as that suggested by G. Temple and J, Yarwood 
(reference 11). This coincidence of Temple's theory with the 


On the other hand, if T, 45 small, or Т, < < 
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present investigation can be considered as a further substan- 
tiation of the nethod, 


For the supersonic regions, LE and g, 0 in (101) 
should be replaced by 


Е (т) š £(7) P(r) cos (vw - 2) (210) 


—— <1<1 
28+1 


L (т) т-?(т) cos (vw + z) (211) 


m 


g(r) 


where f(T), T(t) and w(t) are given in (178) and (172); 
then by writing 


1(vw- 1) -i(vw- 2) 

Bt) #2 e(r) ta T e. $ ) 

and substituting as before in equation (101), it leads again 
( 
to the sum of Wi(w;T) and V I Me where 
-v 
W,(w;7) = ii az v f. (вме)? + On (two!) ] 
3 fs. tiwe E + Cn (cy? | 


n=o 
and 


28+1 


2 (1) (2) 3 
Wa(wiT) = 1 ) Oy (т) we ay (т) м "Ll  —L—«r«1 
2 u ) 


According to equation (100), W,(w;T) also can be summed: 


-zi ті - 
Wy (wjiT) = if É * wo(twe 1) + e 4 Woltwe m (212) 
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furthermore, from (178) it can be seen that |tw | = AU, A 
being a constant given by 


A PEC Жаа: mua (213) 


(а+а)® (әвт,)® т(т,) 


which is a function of the Mach number and the characteristic 
constant В of the gas but independent of the shape of the 
boundary. The value of this function A is given in table 
14 and figure 12 for Y = 1,405. As a consequence, the func- 
tions constituting the stream function for the supersonic 
flow are 


Wa (4,8) 
z f(r) (4*u)* y, (0-0) + 9, (04+ w) (3~w) | (214) 
е SOL [e oratori = 
%-о>0 
Vala, d) 
= (1) v, ala) -v 
= Y Doe sof) a?) сов va, eae (Can 
n=o 


Here the functions Yo and Ф„ are defined, on account of 
(213), by 


ў (ёш) = у(х, деш), ф,(8=ш)= p (AU, Stw) (216) 


where ç, and V, аге the velocity potential and the stream 
function, respectively, of the corresponding incompressible 


(1) (2) 


flow. The functions Gy (т) and Gy (т) are the same as 
defined in (205) except that oF (т) and Аб (Т) пом are 
given by 
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ag. (7) = Е (т) - 209 T" cos C - z) 


(217) 


ag (т) = g (r) - £e) T7" cos (vw + Э) 


Unlike the previous calculations, 06?) (7) in (211) is 


not of the order of due to the presence of 1/2 in front 


of f(T) т? cos иш - This, however, does not offer a 
serious objection, А series in which it appears already 
converges with (ta)®, t being less than unity, 


It is worth noting, moreover, that in the hyperbolic 
domain the function W,(q,8) depends, aside from a factor 
f(T), only on the two independent families of characteristics 
defined by 


[=ф+ш, n=- (218) 


This result is most striking, as it shows that the main part 
of the solution satisfies the simple wave equation and thus 
clearly demonstrates its hyperbolic character. With both 
the incompressible stream function Vo and the incompress- 
ible potential function Фо appearing in the solution, it 
is impossible to establish a simple relation between the in- 
compressible streamlines and the compressible streamlines. 
Since such a simple relation is the foundation of the so- 
called speed correction formula for a quick estimation of 
velocity distribution in compressible flow from that of in- 
compressible flow over the same body, this idea cannot be 
extended to supersonic regions, On the other hand, this 
also indicates that although the differential equation for 
W(q,9) is hyperbolic in the supersonic range, it cannot be 
reduced to the simple wave equation by a mere distortion of 
the speed scale as given by the function w(t). For if this 
were the case, then VW, (4, 8) í constitute an exact so- 


lution without the additional РЕ ds) This fact is all 
the more important as the po еса Va (að) is not 
small in comparison with W,(q,6) for the mixed subsonic 

anà supersonic flows, especially for the transitional region 
near sonic velocity. However, in the case of pure supersonic 


flow, v(9) a) might be small; then W,(q,8) alone may 
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be used as a satisfactory approximation. Of course, when 

Y = -l, then, as in the corresponding case in subsonic flow, 
the exact differential equation for the stream function can 
be reduced to the simple wave equation, In this case, the 
appropriate form for the speed function w is 


wla) = - tan” (219) 


where the subscript 1 denotes the conditions at the point 
of tangency of the true isentropic curve and the approximat- 
ing tangent. This agrees with the result obtained by N. 
Coburn. (See reference 21.) 


16, Continuation: Logarithmic Singularity 


In the case of the logarithmic singularity the function 
W(wiT) was broken up into two parts of which only the one 
that characterizes the singularity was given in equations 
(115) and (116), As an example, it is proposed to show that 
thie problem can be treated by the same method. If the same 
approximation is introduced as in equations (195) and (201), 
then the coefficients defined in equations (121) and (122) 
become approximately: 


-n n 


QiT (0) "EN Y, 
m'a) Y E a fu) (320) 


2 
with B f (т) = i, so chosen that the form of equation 


(207) is again preserved. With these coefficients and if 
there is written for the function inside the circle q = U: 


2013. 2 ~(i) 
v (9,9) = alq, 8) + ya (а, 2) 


Equation (115) reduces to the sum of 


бузун Л V (tq, 2), o<r<— (221) 
f(n) 
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~(i) = 1t a ) 
Vs lad) = X 1 G(r) ® сов nd, q <U (222 

n=1 

where 

š, AE (т) 
> РЕД СНЕ 223 
аСт n EC) ag, 0) + f(T1) T^(7,) Jas: 


with 
AE (т) = ELO) = #07) T (0) 

(224) 

Sn) 


SOY £7 (0) Cy) 
1 


20 (ту) = 


Similarly, in the case о? equation (116) it reduces to 


(o) (o) 


$ (ad) = fala, d) + фә (а,ә) 


& ~( 
Here Wi(q,?) is again the same as (221); while vo^ tod 


T 
(о) 1 f Par, flr) ta 
Va (q,9) = - PIN (1 -т) F+ TON log 本 
1 
a(o) -2 
+ 3 l&^ (8) соз nó (225) 
n=1 
where 
609) (2) = ® (т) ав (Ta) + 271071) T(T,) ag (т) (226) 
with 


рабту) Pin) 


-n 
P) Ga)! Аб (т) = 6 (7) ~ (т) 77"(1) (227) 
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Unlike the previous case, W(q,8) = Vola, 9) when, and only 
when, co tends to infinity. Because of (221), however, 
the singularity of wW(q,8) remains unchanged. 


Again, if in (116) 


° (т) s + f(T) т^?(т) cos (aw + z) 


is substituted for & (T), it can similarly be shown that 


E 
V. (а, 2022 ° HY, 5, +(س+۵)‎ ў, (6-0) - $9 (9*0) + 508-0] (228) 


9 - ш> о 
E 
B E 
M taa s k s (1-7) $1.27? £o (log ^- w) 
а (Ta) v. д f(T 
E s 
cO s ay" coe nd (229) 


nti 
where VV,(9 +w) and (ð +w) are defined analogously to 


(216), ana 48 (T) in 809) (т) is пом given by 
ag (т) = б (т) = } £(7) s^" (7) cos (aw + z) (230) 


This seems to indicate that the results obtained so far 
for Y,(q,9) are quite general: It may differ for different 
Cases, at most, by a constant factor. The general property, 
however, is not shared by Ya(q, ð), the character of which 
Changes radically with the nature of the singularity and the 
shape of the boundary, Hence, its importance in the present 
problem is evident. 
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17. The Coordinate Functions x(q,ó) and y(aq,9) 


Whenever the function X(q,6) for а boundary problem 
is determined, the coordinate functions х(9,9) and y(qa,ó 
can be calculated according to equations (141) апа (142). 
Suppose, for instance, & boundary is assigned with the prop- 
erty that the function A(w;t) is truly described by (94) 
and (110), of which the real part X(q,9), defined within 
the circle iwl =U, is 


X(a,9) = T K. EU) аз cos nd, ао (281) 


n=o 


where the constants ay in (94) are again real and are re- 
garded as known, and Кет) = € (00/2, G1). 


As the series is absolutely and uniformly convergent in 
q < U, it can be differentiated partially term by term with 
respect to q and 4$. When the differential coefficients 
Xala) and Xg(q,û) are calculated and are substituted in 


equations (141) and (142), there results: 


x(q,0) = > n a, i? a? cos (n - 1) 8 
nzi 
S ( 
-BT $ n An aang) (т) 427 cos nd сов 9 (232) 
a= п 1 
a<v 
bs (z) 
y(q.0) = - n K E qh^! sin (n - 1) 9 
n=1 
= (с) 
-BT b n An š = i f£ (т) an cos nd sing (233) 
n=1 


ж") Gee Flap + B + 1, bp + B+ 1; op + 1; т) (234) 
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xo(q,9) = $ n a 4271 cos (n - 1) 6 
and 
¥o(a,8) = - M n i, 9271 sin (n = 1) 9 


aola, ð) = y Ãn a” sin nò 
nzi 


by introducing the approximaticn given by equations (179) 
and (185), that is 


alr) g(T) п 
стот 
TETE ста 
28+1 
s(r) = h(t) n 
Paes (т) = f t (т) 
by defining 
(1) 
x(q,9) = х; (9,0) + xa (а, 9) (235) 
(1) 
y(q,8) = уз (9,9) + ya (9,9) (236) 


it сап be shown by the same manner that 


= £(1) BT һ(т) 
xı lq, 8) т(т;ў (т) хоба fU) olta, ð) cos 9 (237) 


Жу oes тй 
28+ 1 


уі(9,9) = 01) it) yo(tq 8) BE BC) o (quia) sind (238) 
f(t) а f(1,) 
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and 
е 
XO (q,8) = > n An бү(т) асов (n - 1) 9 
nzi 
E 
- BT D n i, 8 i0 q^! сов nó cos à (239) 
n=1 
q < U 
= 
;Q (4,9%) = - > n in Watya "V sin (n - 1) $ 
ae 
- Br n Ky G, (7) q ` cos në sin à (240) 
n=1 


where 


Gr) = Pn t 5 bn t Bi од: T) _ elt) her) (241) 
Flan, Opi Opi 7i) £(7,) 


^ ET Е(ар+ В+1, bp*B*l; cp*liT) h(t) п 
baa (T) n+l Flay, bni сш; 74) rm) Wr аза) 


до 
Do(q,3) = an (243) 


On the other hand, the expression for X(q,0) valid 
outside the circle of convergence is 


хаа) > [Bg Bn) a? spa aP] sin ve cae 
n=o 


provided the coefficients By and G7 in (110) are real. 


The functions x(q,8) and y(q,8) corresponding to (244) 
can be found similarly, These are: 
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x(q,9) = 2: (an, (т) a" sin(v-1)3+u GE, (7) P? etn (ora 
n=o 
© 
02 неъ. e 
n=0 
+ Ur É [n (т) е, sin v) соз Ó (245) 
U<qev 
= 
y(q,9) = Ў {зды 99-2 соз(р-1)9 - 000 (т) Preston] 
nzo 
E 
e [XR ERHES os 
nzo 
+ tg جى‎ iO oot bats vd sin 9 (246) 


Here the constants EM and of satisfy the relations 
(109) and (110) and can be reduced to 


3 G 
Зх €*—— езү, у. 8; گ2‎ r” (r) (287) 
ET ÉLUS 9100) < f 


Provided the same approximation is made as in (202). Further- 
more, 


è 
xo(q,9) = PBa 49-1 sin (o 1)8 + ve, q7U-1 gin (оъ + 15 
n 


n=o 
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yo(a,9) = » СА a’? cos (0-1) d- vé, 2 cos (v+ эз} 
nso 


and if EG) and 1,10) for the high-order terms are 
substituted by the asymptotic forms: namely, 


Bins є(т) тубт), E, (т) 8 n0) FD, °< r< 21 
yä 


then in like manner (245) and (246) can be transformed and 
can each be represented by the sum of two functions x,(q,%), 
Yi(q,9), and xga(q,9), ya(q,90), where x, and y, are 


the same as (237) and (238); while xa and ys are: 


Pu eh} = ys v (s! ew lsin(u-1)9+ 8j Chia (ona) 
nzo 


Š 
- вт У» 802) (a Еж 608) (т)а Уи ) sin vd cosó (248) 
n=0 
ToS 1€ w 
2B+ 1 
w ) 
Ss it Vetja” teos (v-1)0- &* (а? cos (v4) 9} 


n= 


o 


- Вт » 6 80 êlan v9 sin (249) 


zla) 


where G; 


g(a) 


and бү are defined by: 


> А. a B = n 
8 )( = OB, ËÊp(7) + Î т^?(т,) АЁ (т) 
$ (250) 


sa а = Sn 
Gy (T) = ac, ET + f) 7 Pry) AG, 
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$826) „аё; 2213, (т) + رہ عق‎ аб (ту 
ы Dye] v, f) 1 "У,у 

(251) 
ala) Z9 p= y 2 Sls c» 
$5,101) = 46, "CI $a * e T (74) AG. Ax 
with 
aF (т) = LE (т) - (ту т?(т) 
Di vel v,1 
(252) 
z pti -v 
ag, ot) Den By. gt) = h(7) 7T "(7) 


20 2 
while AB, and АУ (т) are defined just the same as those given 
in equation (206), 


Similarly, if the hypergeometric functions involved in 
the high-order terms are substituted by 


E, (1) Eel) m eos (vu- 2), Ë, D 5007) Teos (vw- u- 2) 


8)7 su e(t) T "cos (w+), б) =1 h(t) Tess (vues) 


and by resolving the products of the trigonometric functions 
into sums: for instance, 


2 sin (v - 1) ? cos (vw - х). sin [wor w) + (»-2) | 
+ sin [o-n - ш) - (0 -2)] 
2 sin (u + 1) ð cos (vw + 1). ain [e (o (ь- 2)] 


* sin [ws 1)(8-w) +(w- 2] 
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& brief reduction gives when = < T 1, 


х,(9,9) = ҷо ga [xs + o) +Xo(3 - °) | cos G - ») 


- d +w) - Yo(8 - «)] sin G = 9) 
mí Pees + OG ~ w) ] cos (+7 


- [609 +o) - ev - 2)] sin (z + ) | 9 (253) 


Вт 
“г 


› 
yx.) 2T E m se +0) + Yol - w) | cos (1-9) 


+ [xot +w) - Xo(9 - »)] sin @ - °) } 


Br h(t) T 
-ER а [we + o) + asto n] (ES) 


-[%(ә + w) -eol - u)] sia G - )} sin $ (25%) 


by the fact that qt = AU in the interval under consideration. 
Here 


X (9 + ш) = x (AU, 8 + w), Y ($+ ш) = y, (XU, 9 + w) 


86c( +w) SO,(AU, 9 + ш), Q, (9 + o) zQO(XU, 9 + ш) 
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where 8X, 
8€,5(q,3) = FUE 
and 
o) 
ха (a,8) 


e fata) ~(a) 
a ZG: (nq? ein (6-1)9+ бу (т) ein кә) 


-BT » С (туа > + lore} sin рд cos à (255) 
nso 
i < $ < y 
38+1 
(2,0) 


$ 50) 0-1 (2) -v-2 
= ZO (r)q cos (v-1) -G, (TDa cos (y+ эз} 


n=o 
е 
(1) ~(a) dim 
-BT У v (iem б 10704 a} sin vd sin ð (256) 
n=0 
gia) ala) 
where (T) anà ка 10) retain the definitions given 


in (250) and (251) except that ak, (т), 5® (т), 48 бт); 
апа ag, (T) are replaced by 


ав (т) = EG) - 2 g(t) т? cos (ww = 1) 


(25%) 


104 郭 永 怀 文集 


NACA TN No. 995 83 


respectively. It must be noted again that the orders of 
oy (т) and ёз) (т) are the same as those of АР (Т) 
and AR. SUN respectively, because of the way they are de- 


, 
fined in (257). For the same reason as stated in section 15, 
this again cannot jeopardize the basic assumption of conver- 
gence of the series. 
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PART IV 


CRITERIA FOR THE UPPER CRITICAI MACH NUMBER 
18. Limiting Line and the Breakdown 


of Isentropic Flow 


The solutions constructed in the previous sections are 
known to be regular in the hodograph plane except at a few 
singular points. It is also known that for the limiting 
case of infinite sonic speed, or Co — ©, the solution 
will give the desired flow pattern in the Physical plane. 
When the sonic speed 1s finite or when the Mach number of 
the free stream is different from zero, there is no guar— 
antee as to the behavior of the solution in the physical 
Plane except the probable continuity of the flow pattern 
with respect to the free-stream Mach number, It is found 
that such continuity in the flow pattern actually exists 
up to a certain Mach number. In other words, the pattern 
of the compressible flow is only slightly different from 
that of the incompressible flow up to a certain Mach number 
at which the so-called limiting lines appear, At the limit— 
ing line, the acceleration of the flow is infinite and the 
flow is reversed. It was shown by Tollmein (reference 13) 
and Tsien (reference 2) that, without considering viscosity, 
the flow cannot be continued across the limiting lines, and 
a forbidden region is created in the space where no fluid 
can enter, In other words, continuity of flow pattern exists 
up to a critical Mach number beyond which no isentropic flow 
is possible with the imposed physical boundary conditions, 


The breakdown of isentropic flow, or the compressibility 
burble, can be effected in two ways. First of all, the ac~ 
celeration in the neighborhood of the limiting line is very 
large. Thus each one of the following factors gives арргесі- 
able alterations іп the dynamic relations: 


(a) Viscous stress due to ordinary viscosity of the 
fluid (reference 22) 


(b) Stress due to expansion or compression of the fluid, 
or viscous stress due to the second viscosity coefficient 
(reference 23, pp. 351 and 358) 


106 BARK 


NACA TN No. 995 85 


(c) Small but appreciable relaxation time required for 
the vibrational modes of the molecules to reach equilibrium 
state (reference 24) 


(à) Heat conduction from fluid element to fluid element 


Secondly, the isentropic flow also can break down through 

the appearance of shock waves. The breakdown of isentropic 
flow is associated with the introduction of vorticity to 

the flow, Thus the flow becomes rotational with part of 

the mechanical energy of the fluid converted into heat 
energy. All these factors tend to increase the entropy of 
the fluid and finally to increase the drag of the body. 

Thus the critical Mach number so defined is of great physical 
importance to the aerodynamic characteristics of the body 
concerned, 


Of course, the isentropic flow might break down due to 
the instability of flow fluid with the final appearance of 
shock waves. Furthermore, the action of boundary layer and 
possible condensation of one component of the fluid? on the 
flow might lead also to the premature destruction of the 
isentropic flow. On the other hand, shock waves can appear 
only in supersonic flow; thus, if the speed of the fluid is 
everywhere subsonic, there is no danger of the compressibility 
burble, Hence, the free-stream Mach number for the first ap- 
pearance of sonic speed in the field is called the "lower 
critical Mach number"; while the free-stream Mach number for 
the first appearance of limiting lines is called the "upper 
critical Mach number." (See reference 2.) The latter is 
always higher than the former, due to the fact that limiting 
lines appear only in supersonic flow. The actual critical 
Mach number for the compressibility burble must lie between 
these two limits and depends, among other parameters, upon 
the Reynolds number of the flow. 


19, The Condition for the Limiting Line 


At the limiting hodograph, or the hodograph of the 
limiting line, it was shown (references 1, 2, 12, and 13) 


that 
x.y) __ уроа [2 _ e 1 2]. 
u,v) = =) [ve (e z) ` ] o (258) 


rhe phenomenon of condensation shocks due to water 
vapor in the air flow around an airfoil was first brought to 
the attention of the authors by Kate Liepmann, who observed 
them in wind-tunnel experiments. 
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a 
Since the factor before the term M is positive for 


supersonic regions only, c <q, where р # О, the 
limiting line can appear only when the local speed exceeds 
that of sound. It should be noted that the vanishing of 
the Jacobian is the condition for the failure of the hodo— 
£raph method, as the transformation (9) and (10) would no 
longer be one-to-one and continuous, Thus, the appearance 
of the limiting lines is then the physical counterpart of 
the singularity of the transformation. 


As W(7T,8) is known, equation (258) defines two lines 
in the hodograph plane: 


1-17 
2т - = 0 259 
Ë=) ۷, ¬ A (259) 
27 [=F Vv, + 由 =0, > —. (260) 
a?r-i ы 2841 


Geometrically, this expresses the fact that the streamline 
V(q,9) = constant and a characteristic curve belonging to 
either family has a common tangent (reference 1). The 
problem can then be formulated based on this property: 

the necessary and sufficient condition for the existence 
of a limiting line is that there exists a solution between 
the two simultaneous equations 


2T [x v. - V. = 0 (261) 
v = 0 (262) 
or 
гт ЕЗ + ړا‎ (263) 
у= 0 (264) 


where W(7,8) is а definite branch associated with the 
largest possible Т fcr а given boundary and a free-stream 
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Mach number. The zero streamline is chosen, as it generally 
gives the highest velocity and is the place for the earliest 
appearance of the limiting line. 


Generally, these equations may not possess a solution 
for a known function W(1T,8) when the parameter M, is 
assigned, This means that there will be a system of bounda— 
ries corresponding to a sequence of values of M,, for 
which the limiting line does not occur. The first Mach 
number for which equations (261) and (262) have a solution 
will be defined as the upper critical Mach number and the 
corresponding boundary as the critical boundary. 


The actual solution of the equation is, in general, 
difficult owing to the fact that W(T,8) is, in most сав 
Tepresented by an infinite series. However, if the stream— 
lines are determined in the hodograph plane for the calcu— 
lation of the shape of the body, a simple graphical test 
of whether there is a point of tangency between the zero 
streamline and the characteristic can be easily made. On 
the other hand, if the form (214) and (215), for instance, 
is used, an approximate analytic solution can be obtained 
without involving much labor. 


20. The Approximate Determination of the 
Upper Critical Mach Number 


Wad can be seen from section 15, the importance of 
° 


V (7,8) relative to V,(T,9) will decrease as т 
2 


recedes from the critical circle T = 2 7 towarà the 
+ 
supersonic region. For the first appearance of the 
limiting line, T is almost always high, especially when 
the boundary is a slender closed body. Let this be the 
°) 

case; then Wz (7,8) can be neglected in comparison with 
Vi(7,9) and a great simplification is possible. The zero 


streamline then can be represented approximately by 


Wr) = V7.8) = 0 
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Furthermore, a simple reduction shows that the two pairs of 
equations, (261), (262) and (263), (264) reduce respec 
tively to 


o (5) + Yan) = 0 (265) 

SLE + PLE) = O(n) — V.(n) (266) 
or 

OE) + Vt = o (267) 

On) — V4) = P(E) + V (bD) (268) 


where Ё and n аге the characteristic parameters defined 
in equation (218), This reduction is made possible by the 


fact that f(T) never vanishes in the interval 


< T«1. 


28+1 
Whenever the stream function Vy and the potential 


function Фо of the incompressible flow are given, the 


functions Yo and ©, can be easily obtained by substi- 
tuting AU for q according to equation (216). Then, 
since À decreases with an increase in the free—stream 
Mach number M, as shown in table 14 and figure 12, the 
upper critical Mach number will be given by the largest 
value of À that gives a solution either of equations 
(265) and (266) or equations (267) and (268). An analytical 
solution can be made, as the functions Y алі Ф are 
quite simple. 


There is, however, an interesting direct geometrical 
interpretation of these sets of equations in the physical 
Plane of the incompressible flow as shown by figure 13, 
According to equations (216), the functions o anà LP 
are the stream function Vy, and the potential function Po 
at the constant value of the speed AU. Since À > 1, for 
the body shown in figure 13, the constant speed AU curve 
Cx forms a loop symmetrical with respect to the y-axis, 
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The variables are really the angle of inclination of the 
incompressible velocity vector, Along the constant speed 
curve CA from the point Sa to P, the angle of 1пс11па— 
tion of the velocity vector is monotonically decreasing. 
Therefore, the parameter of the angle of inclination can be 
replaced by the distances along the curve б. Let equation 
(267) be satisfied at the point S = Sa; then 


OSa) = - (453) (268) 


This means that, at the point S = Sa, the rate of change 
of the potential function Po along [Y is equal to the 


negative of the rate of change of the stream function Woe 


Since potential lines and streamlines in incompressible 

flow form an infinitesimal square mesh, this condition 
requires that the angle between the tangent to the curve 

C, at 5 = Sg be 45°, as shown in figure 13, This is 
easily seen by remembering that from Sa to P, the value 
of the stream function increases while the value of the 
potential function decreases, because of the indicated flow 
direction. Thus the point 5. can be easily determined by 
this graphical condition, Equaticn (268) can then be written 
as 


bals) – yo(S) = Ф (5) + y (sa) (270) 


If this condition is satisfied at a point Sy, then the 
condition for a limiting line is completely satisfied, A 
similar graphical interpretation for the equations (265) 
and (266) can be worked out for the side of the constant 
speed curve lying to the right of the y-axis. From these 
considerations, it is clear that the upper critical Mach 
number is the lowest free-stream Mach number which gives 
a constant speed C, containing two points, S, and Sz, 
defined by equations (269) and (270). 
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PART V 


APPLICATION — ELLIPTIC CYLINDERS 


21. Preliminary Discussions 


This part of the report is devoted to the application 
of the general method, developed in part III, to the study 
of the flow of a compressible fluid around an elliptic 
cylinder. According to sections 8 and 9, if a solution 
were constructed about the stagnation point, the continua— 
tion of this solution would require that conditions (102) 
and (103) and, hence, (106) and (107) be satisfied. These 
equations involve two sets of hypergeometric functions with 
parameters m and m + 1/2, as well as their derivatives, 
To shorten the lengthy calculations, in view of the limited 
amount of time available, the following approximate procedure 
was adopted, 


Given the domain D, the solution valid in the annulus 
region, rather than that about the stagnation point, was 
first constructed, The constants which determine the Laurent 
expansion of the solution, B* and Cx, for example, are 
now assigned and, consequently, the set of hypergeometric 
functions with integral parameters is not immediately re— 
quired, The difficulty, however, ig the question of whether 
it is possible to continue the solution within the circle of 
Convergence. This continuation may not be possible owing to 
the stringent continuity conditions given by equations (102) 
and (103), and to the requirement that the function must be 
regular within the circle q = U. 


This, however, does not offer a serious objection from 
the practical point of view. In the first place, the summed 
function (,(q,8), for instance) actually holds even within 
the circle of convergence q <U, and the correction function 
Vala, 8), ів generally small compared with W,(q,8) due to 
the close asymptotic approximation of the hypergeometric 
functions in the elliptic domain, In other words, although 
the solution within the circle of convergence strictly repre— 
sents a different flow, numerically it approximates very 
closely that defined in the annulus region. In the second 
Place, since this region q «U is relatively unimportant 
in the case of mixed flow, where T, is very much less than 


1 
ETS 一 that is, for free—stream Mach number considerably lese 
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than unity - the inaccuracy of the solution is limited to a 
small region in the hodograph plane. Furthermore, the most 
interesting phenomena of such a flow, such as the appearance 
of limiting lines, always take place in the annulus region. 
Therefore, this modified procedure, although unsatisfactory 
from the general view point, is an expedient capable of 
yielding an interesting result and furnishing в test of the 
Practicability of the proposed solution. 


The situation also may be considered from another angle. 
The procedure used in this section can be derived by replac- 
ing the functions 940) and Bayt) with the approximate 


values given in equation (201) in the expressions for the 
coefficients involved in the solution within the annulus 
region, that is, (106) and (107). Thus the procedure may be 
regarded as an appropriate method of approximation. The 


error introduced is generally negligible if Ty < < zeit 


This is ináicated by the fact that the correction function 
Yala, T), for instance, is very small in comparison with 
Vi(q,9) when q SU. 


Another simplification is made by using the elementary 
integral q^?" Fy (т) instead of q^?" G(T) in the con- 


tinued solution, as, in this case, F_y(T) 1s a well- 


defined function. In doing so, the asymptotic behavior of 
the second solution remains unchanged because the first term 
in @,(1) is always small in comparison with the second. 


If, however, all the required hypergeometric functions 
are computed, there is no difficulty in carrying out the exact 
method developed in part III of the report for any accurate 
study of two-dimensional flow. For this reason, the expres- 
sions for the hydrodynamic functions derived for both the 
exact and approximate procedures for the problem at hand are 
given. 


In the numerical example, detailed calculations are made 
for the flow of air about a cylindrical body derived from the 
incompressible flow about an elliptic section with a ratio of 
the minor and major axes equal to 0,6. The calculations were 
carried out for two different free-stream Mach numbers, 0.6 
and 0.7. 


22. The Functions zo(w), Wo(w) and Ag(w) 


The irrotational flow of an incompressible fluid about 
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an elliptic cylinder with the velocity at infinity parallel to 
the major axis is represented by the complex potential 


Wol zo): 
ERE t+ (271) 
with 
e? 
s. "= t + + (272) 


For convenience in practical calculation, all the physical 
quantities 20, q, and р, will be normalized consistently 
thrcughout the present part, The major and minor axes of the 
section are respectively 1 + ea and 1-— eê, where 

€ <l; q71 at infinity and р = 1 when q = 0. This will 
automatically render the hydrodynamic functions dimensionless 
and the constants U and Po will be eliminated from the 
formulas in the succeeding sections. 


By differontiating (271) with respect to Zo» the di— 
mensionless complex velocity of the flow is 
2 
t -1 
we 
gh 
Thus 
L = so a 
e- E "| 11 — е1 Фо (273) 
~ 


This function is two-valued with two branch points at м= 1 
and м = t7?, In order to make Z(Y) a single—valued 
function of w, the expression (273) is supposed to be the 
Principal value so that lerg(1— w)| <n and 1 <|wi< е2, 
The condition le? v| <1 must be satisfied, for м = c^? 


corresponds to {= O, which is another singularity. With 
the principal value so defined, 1f the negative sign in (273) 
is taken, then the domain 2 corresponds to the half plane 


RHE x0 asa ILLS. On the other нана. since the trans 
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formation (272) is one—to—one when [Ci >1, then the 


domain D, which is R} Zo <0 with the region inside 


the section excluded, corresponds uniquely to D. 


Consequently, the inverse mapping function zo(w) is 


fe 
„Те а [ 1w Ie 
100%) { m ] + 上 Eo (274) 


which will be single—valued, provided a cut is introduced 
to Join the branch points in such a way that the argument 
of (1-и) is restricted to —m < arg(1-w) < п and 


l€ wi < 1. On separating into real and imaginary parts, 
it is found that as О = 9 < 2n 


1/2 
x9 *- Цас + laa} 


a 17i 
+e {а eon) i (275) 


1/2 
z(a.) =e LETRI жа} 


2 
1/2 
Е ef 1,04,9) + 170,9) ] (276) 


with waq a А where the functions I(q,9), I¢(q,4), 
and J(q,9) stand for: 


2 
1-(i*e?)q cos 9 + € 42 


(q.8) = (277) 
1= 2q cos 9 + q? 
а 
Оо Е tet д (278) 


1- Zef cos ó + eq 
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ET 22712148 
269,9) -| | Pe 
l - 2 q сов 9 +42 


On the other hand, substituting equation (273) in equation 
(271), the function Wo(zo) is carried over into D; namely, 


Wolw) = [eT + Eat (280) 


Now Wo(w) = po(q,8) + iyo(q,8)， and similarly 


(a9) = 3 MM + Een eee? Jem 


Vola, 9) = alten чо). Lues rao}? ә 
2 


By integrating zo(w), according to (87), the trans- 
formed prtential function Mo(w), aside from a constant, 
takes the form: 


Ag(w) = 2(1-w)Ë (1-ew)} (283) 


The principal value of this function is again defined 
by restricting the argument of (1-w) to -n < arg (1 w) <v 
and iwi < € 一， Within this domain D, the real and imaginary 
parts are: 


Xola, 9) = 2È [к(а, 9) + L(a,9)JŠ (284) 
O< $< an 


oo(q,8) = - 2È [-к(4,9) «1(q,9)]À (285) 


as Ao(w) = Xo(q,9) - io0(q,3), where the functions K(q,9) 
and L(q,9) are defined ty: 
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X(q,9) = 1 - (1*c?)a cos 9 + c? q? cos 2 à. (286) 


L(q,9) = [1-2 q cos 9 + а) [1-2є2 q cos 9 +с%42]& (287) 


23. Expansions of W (w) ana A,(w) 


The function W. (w) defined in (280) is single-valued 
and regular everywhere in iwi < 1 and, hence, possesses the 
following expansion: 


Wo(w) = - > An va， Iwl<l (288) 


n=o 


where the coefficients An are real and given by 


An = 25010). )1 en) st) ani (289) 
Ao = asit) = 2 
with Я 


А Aa T(n-m+3)P(m+3) am 
sit) (es) à» зше, 
m=o 


However, in the region outside Iw! < 1 the function 
Wo(w) is doubled-valued; and when a cut is put between the 
branch points м = 1 and м = ¢”, the principal value is 
discontinuous along the positive axis of reals within the 
annulus region. To cbtain the desired expansion, the function 
is written in the following form 


2 
viv) = it 2 - (1+є2)ҹ 


r e REL RE ae o 
we (1-w-2)2 (1- av Ë (290) 
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= Je 
Now (1-w^) 8 (1- eaw ) à is single-valued and continuous 
within the annulus region; its Laurent expansion is 


Q-eyà (1-e2wy4 


as y > s? [ean аА v]. PT (2933 
n=. 
where a 
(os) 2 2 Г(п+ш+#)Г(п+#) 
Pa, fe? >) F(neme1)P (mri) an (age) 


m=0 


-i -4 
Substituting (1-w) $ (1-c2w) $ from (291) in (290), the 
expansion for Wo(w) in the annulus region is 


Wo(w) = > EN сапу? 4. c. y? ]. l«4wr«x7 (293) 


n=o 
when the constants Bn, Cn and the exponent 0 are de- 
fined by: 


Bn = 2 e st) - (1+ 62) 8°) 
cn = 2 sl?) - e) 509) (294) 
b= n + 


Similarly, the transformed potential function Ao(v) 
can be expanded and is: 


olw) = 2 > Ka wn, ам 1 (295) 

= n=o 

when the constants Ay are 
Xn = 5010). (ae?) s(1) + ea s(3) 


x (296) 


- 3 (2462), R. = 3 


and sli) за given in (289). 
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On the other hand, in the annulus region the expansion is 


E 
Alw)=— 21 ) Ë EN =] 1 < |w | < c-3(297) 
neo 


with the constants 8, and G, defined as 
ker) casn st etie, ава 
$2250 2) so (298) 
e. Е atar = (aee?) E + ee dd 


where 58°” (е2) 4s defined in (292). 


24, The Stream Function Ҹа, д) 


The relationship between the domain D and D is 
thus fully established and the functions corresponding to 
such domains are also given. From the general scheme de— 
veloped in sections 8 and 9 the solutions for the similar 
motion of a compressible fluid can be constructed, First 
of all, the stream function vlad) governing the subsonic 
flow is the sum of V,)(q,9) and Walq,ð). According to 


tl 
28+1 


à 
Vlas’) = E 5039 {a + 2:0] 


22 1(т,) 
- [ _ I tq,3) + oso]! (299) 


(207), (208), and (209), for OST < 
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where the functions  I(tq,8), I¢e(tq,0) and J(tq,9) 
are obtained from I, I,, and J in (272) to (279) by 


replacing q by tq, t being defined in (195). For 
а < 1, the function Wa(q,6) is 


4 
« ae) = > A, 6207) q^ sin n 9 (300) 


nzo 


where A, ів definod in (289) and б (т) in (199). Рог 
а > 1 and in subsonic region the function ITE 


(o) (1) Ag 
va (ad [aos 
£ 
+ oC) d cos v à, Of 6 < 2n (301) 


(0) (2) 
where G, (T) and Gy (T) are defined by (205) with 


the constants B, and O0, defined in (294). 


When the motion becomes supersonic, the continuation 
of W,(q,0) defined in (299) gives 


i £C) 
т(71) 


[< эзен, [0 0. 


H 


Valasa) = [- TADEO] [x04 Je Qut j 


* 


- [чорео of- [0.0 «10.0! NS 


1+ 


I(A,n)*J(X,n) H, Taya) + sh EYA п t (302) 
€ 


according to (214). Here { and m are the characteristic 
parameters defined in (218). The upper sign in the last two 
terms corresponds to т > О while the lower one, to m « O. 
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(o) 
The accompanying function Va '(q,9) is 


(o) e ce rj 
DECEM É (т) ев о? 


v 
n=0 


+ o0) aq eon ®%, 25 e (303) 


1 
28+1 


(1) г) 
Неге the functions G, (т) and G, (т) are defined by 


(205) in conjunction with (217) in such a way that (303) 
will be the continuation of (301), It also should be 


noticed that the variable is restricted to ENE 5 


aie 
28+1 
<t<te*, ав т,є-* is generally 


instead of 
28+1 


greater than unity, which is impossible for the actual gas. 


(4) 


It should be remembered that №. (q,9) ів always 
negligible compared with Vi(q,9) within and on the unit 


circle q = 1 when Т is small in comparison with == 
V(q,9) can be approximately represented by W3(q,8) alone 
throughout the interior of the unit circle. As a consequence, 
the calculation can be simplified considerably by constructing 
first a solution for the annulus region by using F (T) in- 
stead of б (Т) and making an approximate connection across 


the unit circle. In that event, the stream function will be 
reduced to 


Wasd) 2 y lasd) (304) 


when O< q S 1; here W,(q,0) is again defined in (299), 


On the other hand h w 
and, when T. < T < Deri" 


(0) 
wla,d) = Vila, ð) + Ya (9,8) (305) 
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where the function ee) which is small on q = 1 


is given by 


© 

Veg, а) = Y [sch ا‎ CIN na | cos v 4 (306) 
п=0 

Here the functions Gy(T) and G (Т) сап be shown to be 


(m rs f(7) 
G(T) =F, SUTE ta GI. (т) 


^? (307) 


and the coefficients B, and C, are defined in (294). 

The continuation of Yi(q,8) is naturally the expres- 
sion given in (302) while that of (306) differs only 1n the 
definition of Gu(T) and O0 ,(T) which are 


a(t) = BOP (4) -3 AD, e cos (ve z ) 


oat ifr). " 
(т) = Е CY iT] t cos no 


25, The Coordinate Functions x(q,8) and y(q,9) 


With the functions z (w) and Al") defined in 


Sections 22 and 23, the corresponding functions A(w;T) 

and consequently z(w;T) for the motion of a compressible 
fluid can be constructed. The coordinate functions derived 
from A(w;t) are given respectively by the sum of two 
functions x,(q,8) and y,(q,8) which, according to equa— 
tions (287) to (238),are 
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xi(q,8 = 一 +07) ger). [irao + icon]! 
2% (тү) 
+ oc? [сао + maa] 
BT h(T) t sin 2 г а 
“лб е аА) УЛ t q сов ё — є 
+ J(*q,8) + «e? 77? G0) (309) 
yi(q,8) = SET) BUT. Ë I(tqx9) + J( tq of 
E 1(т,) 2 ? 


e É L(tq,8) + 77 con] 


т h(T) t sin? 
f(T) LASTE 


f- arae tq cos -ê 
8 —1 
+ J(tq,9) + € J (tq,8) (310) 


where G,(tq,9) is obtained from c, (q,9) in (285) by 
replacing q by tq. The functions хь* (а,$) апа 

i 
ye (4,9), according to equations (239) and (240), are 


œ 


(4) ie = 
ха (9,8) = 2 2 n An Ga(T) q” сов (n1) + 
n=1 
= 
= 2Вт х Án 02,107) g™* cos n ё сов è (311) 
i 


2*1 
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yaye) = - 8 У а Ñn G, (T) 48-2 ein (а-1) 9 


- 28T > n Án Gn, i(T) 91-2 cos n ð sin $ (312) 
n=1 
Here the functions G,(T) and G,,,(T) are defined by equa- 
tions (241) anà (242) and the constants A, by (296). 


The same functions valid in the annulus region are 
again represented by the sums х; (9,9) + xa 9) (9,9) and 
yıla, ð) + у{°)(а,9), where x,(q,9) and y,(q,9) are 
defined by equations (309) and (310), respectively. When 


те т<, x(9) (q,2), and yf°)(a,9) are 


= 
x§°) (4,8) = =й 7: v [570 cn 40-1 sin (v- 1) 9 
E 
+ 5 coqui ora |+ авт у v [82 ева 
п=0 
„( 


+ Кё) eem sin v Û cos д (213) 


MORET =- 2 X v СЕКЕ (0-1) 8 


п=о 


+ già, q "cos (+ 1) °] 


© 


01 一 ~ -y= 
+ 2pT ) v [ea ы alela v pes оў зіп $ (314) 
n=o 
The functions 609) (т), G(Gl(T) are defined, in equations 


(250) and (251) together with equations (252) with the con- 
stants Š, and бп defined in equations (298). 


On the other hand, when Secu т <1, the continued 
+ 
expressions of x,(q,3), yi(q,9) across the critical circle 


T = ET are, according to equations (253) and (254), 
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t(T) er) à 
alana) IUE RT [16.08 504 ;] 


Ar ро + чы] + [оон ој? 


e [146 * Pow] соя G- ) 


+ 
t(t) g(t) ар 
7 5575 (71) [- 10,0 0,0] € [ TCA, 6) 


+ 


+ m I(A,n) + sou] + e[- LO. un) 
a a a 


x (- loca Wide ева t= KS Ê 71040) 


* 


y dcmum. 1+4 e A cos n-«* + J(X,n) 
oo(N\,n) 


9) сов С + D- [ted SR 


x Є — 4 є А сов р + ¢ + (А,В) + c 70,0) 


P 


A si 
I d 1— 4 @ л сов n £ € + J(A,0) 


X.(X,n) 
Ë Gm) | an (+ 3} (315) 
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P 
3 
g Ca 83. = sets) BCD) [- цә!) + О = frat) 


+ 


€ 


а 9 eU 


* mop) Ë A,n) + sam] e Ë (Ayn) 


J7 fom | nu G-)+ i — з к -[.o 


* sot] =e" bon + map]? 


+ 


+ [ran + oa] ec алов] 
人 
othe 


x (- 1+ 4€ Y cos E — c? + 00,0) + “гэ н) 


À 
эмал, + 4e2 X совт – е + y 
o (A mn) 


ы E» cos С + 3 - [s SML 1- 462 À cost 
o LI 


c? 


+ JOSE + e° 70,4) - ع‎ 1-4 eA сов n 
XS) 


2 + Stand + ea о ,л))] sin С + D} (316) 
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While x2(q,9) and у,(9,9) remain to be defined by equa- 
tions (313) and (314) except the functions #2) (4) and 


ёб) (=) аге replaced ty those given іп equations (250), (251) 
together with equations (257). 


By the same argument as that used for the stream function, 
the practical calculation of х(9, $) and y(q,9) can be sim- 


plified by neglecting x‘!)(q,9) ana у(1)(9,9) when q < 1; 
namely, 


x(q,9) Z x,(q,9) (317) 
y(q,%) = y,(q,9), O < q S 1 (318) 


where x,(q,9) and y,(q,9) are defined in equations (309) 
and (310); and in the annulus region 


xla, d) = х,(ч,д) + ×) (a, 9) (319) 
Ta Te 
y(a,9) = y,(q,9) + s? (4,9 (320) 
Неге x,(q,9) and y, (4,9) are either given by equations 


(309), (310) or (315), (316). The terms xlo) (а, 9) and 
у(9)(а,0), om the other hand, become 
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ST = -2 »[&& coe a ein (v = уа 


neo 
= 


+ Diot 777: sin (v + va] + 2 Br 3. 


[nîy coe 
n=o 


xx s [AM 107) p sin 0$ cos ð (321) 
, 


Xa = ca E [sa q'7! cos (v — 1) а 
nzo 


—6,8 y(T)q7 "7? cos (v + ve] + 287 > v[88, en 


n=0 
Wa 858 V. en] sin vd sin $ (322) 
Tor ту <т < ari the functions б\т), & (7) аге 
defined as 
A zn (т) ж oz z (x n 
G(T) = (T) Т e Glr)=f = EVIL st 
vit) 2 TEN di E Sea O) 
быб) © 22 iG) S a? 
v “vy. #(т,) 
2 (324) 
6 (т) = E) т) - Bit) QU 
-9,1 Py, 1 m. f(T1) 
1 
For eT < el 
Bor) уса, t 
бт) = BG) - ع‎ e eos (vw - 2) 
(325) 


быт) = Hr) -$ E25 +” en (o i 
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G(r) У 00 -1 щт +” cos (wo =u 1) 
， 1 


о +1 ve 2 f(T 4 
(326) 
о +1 (т) h(t) ,-v л 
@_,. (r) SUIT Zea) атаў t cos (vo + р + 2 


CONCLUSIONS 


As an example, the motion of air past a oylindrical body 
was considered by taking € = 2. The flow patterns in the 


T,$— plane for two free—stream Mach numbers M, = 0.6 and 0.7 
have been calculated and were given in figureg 14 and 15, It 
should be noticed that there is considerable distortion in 
the shape of the bodies in the compressible flow from that in 
the incompressible flow, If the compressible flow around a 
given body is desired, a series of computations should be made 
with various geometric parameters €, во that the desired 
body shape at a definite Mach number M, could be picked out. 


These computations definitely demonstrate the practica— 
bility of the proposed method. They also show that, in the 
case of two-dimensional motion of a compressible fluid, the 
mixed subsonic and supersonic flows exist within the field of 
an irrotational isentropic flow about a suitable body, and the 
transition from one to the other is continuous and reversible, 
Furthermore, the breakdown of the irrotational isentropic flow 
depends solely upon the occurrence of limiting lines which, in 
turn, is determined by the condition at infinity or the shape 
of the boundary, while the magnitude of the local speed at— 
tained is immaterial. In the case of M, = 0.6, the irrota— 
tional supersonic flow continues to exist up to the local Mach 
number М = 1,25; whereas for M, = 0.7 it breaks down as 
soon ав М = 1.22 is reached. The singular behavior of the 
streamline is marked by the point of tangency of U = O with 
a characteristic at M = 1.22. 


The calculation of the flow pattern in the physical plane 
is yet to be completed. When this is done, the pressure dis— 
tribution can be compared with that over the same body of the 
incompressible flow. 


Guggenheim Aeronautical Laboratory, 
California Instituto of Technology, 
Pasadena, Calif., April 17, 1945. 
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APPENDIX A 
PROOF OF THEOREM(52) 


To facilitate the discussion, equation (71) is first 
written in the form: 


x G0) = (ту + Ehho 


where 
( T 
0.07) =. to Wer) + =E + (1) 
б) = tyr) + е ЕЕЕ - тубт) 
апі 
2,2 28 + 
чыт) e (ZB + 1T 4 B?r ;4 SOS) ) 
nr v»? - т) T? в9(т) 
when v 1s large, the character of Ste functions Í and ts 
1/-plane (fig. 16) by neg- 


can be easily studied in the umm 


lecting the third term under the radical sign. This can be 
Justified in the following manner: Consider the case when v 
1s positive and large but not an integer. In the interval 


Ge E E EQ(T) << F, because F (T) ~ 17” 
28 + 1. E ^ 
equations (35) and (55). Then «8 а (т) ~ T3 7,7. There- 
fore, Te By(T) >> 1 when v 1s large. But both Eo(7) 
and Fy(T) are continuous with respect to v; so the fore- 


going result applies equally to the case of integral v. 
Hence, the third term in the radical for Ү„(т) сап be neg- 


lected for large v. 


v6) by 


Owing to the manner in which Жу is defined, correspond- 


ing to each р there is a line T= To » — 1 such that 
28 + 
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(т) 20 when т< T,. Ав а consequence Í, and fa are 
real or complex conjugate according ав T s Wes Їй 
OX 7X To, li = 0 and Ü, = 0 will give two l-parameter 


families radiating from (0, -1) and (0,1), respectively, and 
joining together at a point where Y,2 = 0. If O<T< To, 
the product буф а may be negative or positive according to 
whether the point lies to the left or the right of the curve 
ta = 0 and fa = 0. On the other hand, if T > To, (ila 


is always positive. 

Now t0 = B, while the initial slope of (, = 0 
is в(1 - 2), the integral curve must lie above t, = 0, 
and below (a = 0. If it were not, the integral curve would 


cross the curve Í, = 0, ta = 0, where AGE = 0, and 


t0 would be negative somewhere in 0 < T< —1  . 
У ooo oS 


This is not possible, for „°? - Es by an argument simi- 
lar to that used for determining the magnitude of та R,(T) 


and according to (55) - I>) >-(1- TP in 
ay 


ESE ROWERS OSS AE A 
^38 + 1 by j ЕТЕ шуу "" 


602) continues to increase until it intersects with [у = O. 
1 

After it crosses the curve {у = 0, ty 1) < O and never 

changes sign as fta > O in To < т < 1. Consequently, 

t, 00) is monotonic and decreasing in the interval 


To < T< 1. When v is sufficiently large, To will ap- 


proach very rapidly to =i and Tg = ———— when v 
becomes infinite. 28 +1 28 +1 


Proof of theorem (52).- Form the following identity: 


xii EVO N EG EO Ge э Lv в 


Lar 
a 
(2) (i), ат Т 
-v (т ) 

+ ay + - uf ъъ thy T sinh » fay 

To 
ty) 8220 (ar) 

т 
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It can be shown that the differential expression possessew an 
integration factor 


(n, 93) 0(7 Q Q т)-эб ва ss (42) 


By = втер (a E уе) 
a 

Sy = SyCT,)exp [OIM X xn 
Yo 


It will be noticed that the sign of (A2) is determined by the 
first factor (nyo) - 600) only. On multiplying (А1) by 
(A2) and integrating the resulting total differential from To, 


to T, with a suitably chosen initial value 1(2)(т,) = AEREA] 
it is found that 


where 


la) Da . P ңа вз, + {э ва (тузэ (To) 


和 
x [= » fa - DENET |> 0 
To 


which is positive 1f and only if ny?) „{ О) > 0 every- 
where in To < T < 1. Since both 60) and n O) are con- 


tinuous and monotonic, the condition is both necessary and 
sufficient. Furthermore, it should be noticed that the condi. 


tion ny ir) = ty Go) is purely a convenience. If 


foU to Ur Y. ehe valiattyof the-thaosencle mee in 
the least impaired, 
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APPENDIX B 


PROOF OF THEOREM (88) 


Consider the first series: Multiplying throughout the 
inequality (58), namely, 


by = and integrating both sides from т to T, shows 
that 


£o < t2(7) 


T, (1) 
where 6; (т) = nOD Z1. Then it follows that 


(r) n n 
An Eg (T) w"| < |An(taiv) 
о 
Мом a Ay (tw) | converges when j|t,w| < U due to 
n-o 
equation (88). By Weirstrass's theoren, the series (92) is 
uniformly and absolutely convergent if It,wi = tiq < U. 


Мом t,(T,) = 1; thus t,q із equal to U when а = U ana 

= ү. The term t,q із zero if 9 = O and remains positive 
for O <q <U. By the definition of T,(T) given by equation 
(56), 1% can be easily shown that 


a 

T > 

aq tiq 0 

for 0 < T < ту. Thus tq increases monotonically from 


zero to U inthe interval OS T < Tı. Therefore, the 


series (92) is uniformly and absolutely convergent in any 
closed domain in Iwl < U. 


Similarly, the convergence of the series (94) can be 
established. 
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APPENDIX C 
PROOF OF THEOREM (98) 


It is observed that the following identities exist 
among the constants involved in (98) and (99): 


» 1 mfi 1 
-— — — * 
Ba Iae 2v" у d G id 5) ») 
m=0 
© 
-v 1 m L 1 
бл LE s a, U Cx +5) (=) 
што 


Now, by the inequalities (58) and (59), the functions 
yT), #_„(т,) can ve bounded doth above and below for 
all v0, when 0 ST < "UE And if a smaller value of 


O(E,.F,) is taken, it can be deduced that 


. | Bp | 
B | 5*5 — 
| = FACT) 


where M, and Mg are constants independent of n. On the 


other hand, from the inequality (58) 


P 
t 008-9, = t< ss 
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it follows that 


ET v 
Ыз, саг; r, < r < — 
EKEN 28+1 


Consequently, the first part of (101) can be dominated: 


[з FCU v| = [Co | 


TD 


where ta(T) = 
T4) 


The continuation of this inequality 


for т> 


сап be easily done by defining a new tg(T). 
28+1 Ç 


By hypothesis, ‘i EN Gv)" | converges if |taw|< V. 
п=0 

Since ta(T) S t4(7,) for T, ST < 1, the inequality 

{taw|< V із uniformly bounded. 


Similarly, it can be shown that 
Jor ocr) w?] < fo (e “| 
Sa, сео бы 


= 
| nd 

But e, (tiw) converges if |tjw|» U, Since on 

Е 0) = 1 аһа È logltivl > 0 when o«T«—l. 

aq 28+1 


Iw] = 


or È |t,w| = 0 when -1 < т <1, the condition 
dq 28+1 


|tawl>U holds for all т in тү < Т <1. Hence, by 


Weierstrass's theorem the series (101) converges uniformly 
and absolutely in U + 6 Slwl SY — 6. 
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TABLES OF THE HYPERGEOMETRIC FUNCTIONS 


The values of the hypergeometric functions given 
in tables 1 to 5 are calculated from power series for 


Y = 1.405. The function Ë , (T) in table 6 is con- 
， 


i F E h 
nected with Ë (т), E(t), and Ë, (т) through the 


following equation: 


BU) gn) Fn) 
2(0-1) v — 1 


F g -P 
3j) Е 107) PU = (1-1) 


This is simply the Wronskian of the two independent inte— 
grals of the hypergeometric equation and it helds every— 
where excopt at the singularities T = O and T =1, 
Tables 7 to 12 contain the corresponding approximate func- 
tions as indicated. 


The numbers in these tables are expressed in terms of 
appropriate powers of 10, However, a notation was devised 
in which only the powers are given while the base "10" is 
omitted, Thus, 6.14159 x 10" = 3.14159, m. Here m may 
be either a positive or negative integer, or zero, Unless 


indicated by the sign Í on the heading, accidental errors 
were detected and eliminated by the differenca method. 
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TABLE 1.- CORRESPONDING PARTICULAR INTEGRALS FOR THE SOLUTIONS 
OF COMPRESSIBLE FLOW AND INCOMPRESSIBLE FLOW 


Compressible Incompressible 
— ا جیا‎ dE ME uel AME жакы: dati tici cem eM 
v cos 09 v cos v6 
а? EC sin v6 q sin v6 
-v cos v6 -v cos v6 
q б„(т) sin vo ! q sin v6 
v(a, 6) 
J (1 = D at log q 
+ 
8 | 8 
— E بات‎ E) 
۲ cos vê v cos v6 
а? EOD sin vê a sin v6 
ж cos v6 -р cos 06 
377 B, 7) sin ve a sin v6 
x(q, 0). | 
f a ех” т log q 
8 8 


The functions E (t), q^?"G,(:) and Ў„(т), q-2vG,(7) 


are respectively the two independent integrals of equa- 
tions (27) and (28). 


TABLE 14 

т — 

M 
1.0057 
1.0412 
1.0763 
1.1111 
1.1457 
-54870 +22 1.1802 
. 6730 <2 1.2145 
. 80391 .2 1.2498 
+25 | 1.2830 
. 9+062 +26 | 1.3172 
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Figure 1.- The mapping of the whole plane D. 
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Figure 2.- The mapping of the half plane D. 
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Figure 10.- F - 3/2(*); v = 1.405. 


Figure 9.- F(7); y = 1.405. 
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ON THE STABILITY OF TRANSONIC FLOWS ) 
BY 
Y. H. KUO 


It has been theoretically established that the potential flow of a compressible 
frictionless fluid can actually accelerate or decelerate smoothly through the sonic 
line in a transonic field as long as the limiting line is not present. The lack of 
experimental confirmation, however, leads some investigators to question the 
existence of such type of flows. A. Kantrowitz [8] and J. P. Brown [1] studied 
the one-dimensional channel flows. The most interesting result is that, when a 
disturbance characterized by a compression wave travels upstream in a decelerat- 
ing field, it approaches a stationary state and the wave becomes a shock. The 
flow is then concluded to be unstable. 

In the present paper, a two-dimensional motion is considered. For practical 
interest, the problem is restricted to a flow around a thin body and hence can be 
solved by iteration process. By expanding the potential function, taking the 
thickness ratio as a parameter, the successive approximations can be determined 
by solving a set of differential equations subject to the prescribed boundary con- 
ditions. The equation for the zero-order term is non-linear. Those for higher 
order terms are all linear but inhomogeneous. 

As a disturbance, a special motion has been assumed. It can be shown that, 
in the case of a plane wave, if the characteristic curve on which both the disturb- 
ance potential and its partial derivatives vanish is chosen as a new variable, there 
exists a simple exact solution. This gives a velocity that at any moment is a 
linear function of the coordinate т, вау. This solution can therefore be used to 
define a triangular velocity-wave form, which terminates in a discontinuity at a 
definite maximum velocity to be determined later. The advantage of such a 
wave is that it is, from the very beginning, discontinuous. Therefore, the singu- 
larity encountered by B. Riemann in his study of propagation of plane wave of 
finite amplitude can never appear. By tracing the history of the wave form 
during its propagation upstream, it has been found that the slope of the velocity 
at the tail of the wave decreases with time and approaches zero as time becomes 
infinite. The velocity of the wave-head also decreases with time but remains 
always finite. It is clear that once this wave is introduced, it will disappear from 
the field after a sufficient length of time. 

As for the first approximation where the equation involves functions depending 
upon the shape of the boundary, the body has to be specified. For its simplicity, 
а slightly curved wavy surface is chosen. In this case when the free-stream 
Mach number is 0.9 with a thickness about four percent of the wave-length, 
supersonic regions are locally established at the crests of the surface, as was found 
by H. Gértler [2]. The mathematical problem is to solve an inhomogeneous 
Partial differential equation subject to the given boundary conditions. By вирег- 
position, a solution can thus be constructed. When the velocity of the disturb- 

72 
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ance-flow is determined, the Rankine-Hugoniot relations can be applied at the 
wave-head to give a shock-velocity. Since the shock is curved, the strength is 
restricted to be very weak so that the change of entropy can be neglected. For 
physical interest, the history of this wave is again traced and the deformation of 
the triangular wave, due to the presence of the body, is also evaluated. 
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THE PROPAGATION OF A SPHERICAL OR A CYLINDRICAL 
WAVE OF FINITE AMPLITUDE AND THE PRODUCTION 
OF SHOCK WAVES* © 


BY 
YUNG-HUAI KUO 
California Institute of Technology 


1, Introduction. When a mass of gas is set into motion by a sudden rise of pres- 
sure which possesses either a cylindrical symmetry or a spherical symmetry in the 
case of an explosion, pressure or density will be propagated into space as a cylindrical 
or spherical wave of finite amplitude in a manner different from that of the propaga- 
tion of sound. The most conspicuous phenomenon of such a non-linear wave motion 
is perhaps the appearance of a shock wave. In the case of plane waves of finite ampli- 
tude, the problem was studied independently by B. Riemann! and S. Earnshaw.? It 
was shown that when a compressed slab of gas is released, two progressive waves are 
produced travelling in opposite directions, with constant deformation in the wave- 
form during the course of the propagation. Eventually both waves develop into shock 
waves. 

With regard to the spherical or cylindrical compression waves, the situation is 
quite different because the amplitude of the wave falls off at a much greater rate than 
for plane waves, while the wave propagates from the center of disturbances. The 
question is wliether this rapid diminution of amplitude would prevent the formation 
of a shock. J. J. Unwin* has calculated a specific example of motion produced by a 
sudden release of a compressed sphere of air, and concluded that there is no indication 
of the development of a shock wave. Inasmuch as he adopted a numerical method for 
one special case, the concludion reached cannot be regarded as general. In fact, 
W. Hantzsche and H. Wendt* considered a similar problem, where the sphere had a 
finite radius and expanded with the speed of sound into still air. The motion, in its 
early stage, is supposed to be continuous in pressure or density and velocity. But after 
a finite duration, the wave-front becomes a discontinuity surface characterized by an 
infinite velocity gradient in spite of the diminution of amplitude. 

In view of these disagreeing results, it is felt that it is desirable to investigate this 
problem from a broad standpoint taking account of all initial boundary conditions. 
The problem of explosion such as the burst of a bomb is only one of many similar 
problems and, to be sure, the most interesting one. According to G. I. Taylor, the 
physical process taking place during an explosion can be treated, as a combination of 
two problems. The first problem is concerned with the effects produced in the atmos- 


* Received May 15, 1946. 
1 Riemann, B., Über die Fortpflanzung ebener Luftwellen von endlicher Schwingungsweite, Abhand- 
lungen d. Gesellschaft der Wissenschaften zu Göttingen, Math.-Phys. Klase 8, 43 (1860). 
? Earnshaw, S., On the mathematical theory of sound, Phil. Trans. Roy. Soc. London, 150, 133 (1860). 
* Unwin, J. J., The production of waves by a sudden release of a spherical distribution of compressed 
air in the atmosphere. Proc. Roy. Soc. (A) 178, 153 (1941). 
* Hantzche, W. and Wendt, H., Zum Verdichtungsstoss bei Zylinder- und Kugelwellen, Jahrbuch 1940 
der deutschen Luftfahrtforschung I, 536. 
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phere by a rapidly expanding spherical or cylindrical solid shell which compresses the 
surrounding air. In this case the motion of air in contact with the shell is completely 
prescribed by the motion of shell itself. The second problem deals with the motion 
produced by a compressed sphere or cylinder of air which is suddenly released. Each 
one of these constitutes a separate mathematical problem. To enlarge the scope of 
this discussion, the very meaning of the term explosion will be understood here as 
any process that is capable to create a pressure disturbance with spherical or cylindri- 
cal symmetry, propagating as a wave of finite amplitude. 

An explosion is assumed to take place, during a short interval of time, in an in- 
finite space which is filled only with air not abstructed by any solid bodies. Since the 
coefficients of viscosity and heat conduction for gases are generally very small, so 
long as the motion is continuous, the air may be regarded as non-viscous and non- 
conducting. The thermodynamic change of state of a fluid-particle along the path is 
then adiabatic; and if, initially, the entropy of the air is uniform throughout the space, 
the motion is isentropic. For the first problem stated above this condition is satisfied. 
Namely, at the moment the shell starts to expand, the outside air may certainly be 
assumed to be at the standard conditions. After the shell has started to expand, it 
compresses the air and, thereby, sets it into motion; but, during this process, no heat 
has been imparted to the air, its thermodynamic state must remain on the same 
adiabatic curve. In the case of a compressed sphere or cylinder of air, it is reasonable 
to assume that the pressure or density was built under adiabatic compression at all 
points. Hence as long as the motion is continuous, it will be isentropic. 

The present study reveals that such a continuous and isentropic motion generally 
does not exist in the whole field. This type of motion breaks down when a “limiting 
line” appears, which would make the solution multi-valued. This would be impossible 
unless the motion is discontinuous. Hence, the appearance of a “limiting line” serves 
to indicate the necessity of presence of a shock wave in the actual motion. After the 
shock is formed, the Rankine-Hugoniot theory asserts that the process through which 
a fluid-particle has undergone by crossing the shock-front is irreversible and, conse- 
quently, the entropy increases in a discontinuous manner. The jump in entropy is 
not constant, however. It varies as the shock wave propagates, because the conditions 
at the shock change with time. As a result the motion behind such a non-uniform 
shock cannot be isentropic. Therefore once the “limiting line” appears, isentropic flow 
cannot be maintained and the resultant flow cannot be analyzed by the present 
method. 

The mathematical condition for the appearance of a “limiting line” in the case 
of a spherical or cylindrical isentropic motion is that one of the two families of char- 
acteristics admits an envelope, just as in the case of a plane wave. Along this envelope 
the accelerations of the fluid-particles are infinite. In fact, a closer examination in- 
dicates that the motion generally must break down even before the “limiting line” 
is reached. It then seems that any motion of a compressible fluid has a tendency to 
develop a shock wave and that the effect of the “spreading” in the case of a non-linear 
spherical or cylindrical wave plays but a minor role. 

2. Differential equations of motion. The motion under consideration is supposed 
to be axially or spherically symmetric, i.e., at any instant the velocity u, pressure p 
and density p depend on the time and the radial distance x only. If the effects of vis- 
cosity and of body force are neglected, the equations governing the motion are 


The propagation of a spherical or a cylindrical wave of finite amplitude and the production of shock waves 


163 


1947] PROPAGATION OF A WAVE OF FINITE AMPLITUDE. 351 


u uu, + fs 0, (2.1) 
р 


m+ uost (a 2) = 0, (2.2) 


Here the subscripts denote the partial derivatives with respect to the variable indi- 
cated by the subscript; a=1 for a cylindrical and c= 2 for a spherical wave. In each 
case, the variable x will be interpreted differently. Furthermore, it is assumed that the 
motion is continuous and that the effects of viscosity and heat-transfer in the fluid 
can be ignored. If initially constant, throughout the fluid, the entropy then remains 
constant. In other words, for an ideal gas the relation between the pressure and den- 
sity is 

p = Кр, (2.3) 


where y stands for the ratio of the specific heats and K is a constant. With a set of 
appropriate initial conditions the mathematical problem can then be solved, at least 
theoretically. However, we may understand the singular behavior of such a solu- 
tion and the conditions for its existence without actually solving the differential 
equations. 

By eliminating the pressure with the aid of Eq. (2.3) and by introducing the square 
of the sonic speed as a variable in the place of the density, we reduce Eqs. (2.1) and 
(2.2) to 


t+ uu, + s, = 0, (2.4) 
"+e Be He + *)-0, (2.5) 


where 
ps=c В=ү—1, 


and c is the speed of sound defined by Vy(p/p). This system of differential equations 
is of the hyperbolic type, the two families of real characteristics C being determined by 


(dx — udt)? — Bodi: = 0, (2.6) 


where v is positive. 

As it stands, this system of equations can reveal but little information concerning 
the behavior of the solution. To expose such properties, one has to transform the dif- 
ferential equations to a new coordinate-system and then study the condition under 
which the transformation would be valid. In the case of a steady irrotational motion, 
this is well-known as the hodograph method which has been effectively and success- 
fully applied by W. Tollmien* and H. S. Tsien in investigating the two dimensional 
and three dimensional isentropic motion respectively. By a slight modification, it 
can also be applied to the present problem. To this end, the following one-one point- 
transformation is introduced 


* Tollmien, W., Grenzlinien adiabatischer Potentialstromungen, Z. angew. Math. Mech. 21, 140 (1941). 
* Tsien, Н. S., The “limiting line” in mixed subsonic and Supersonic flows of compressible fluids, N.A.C.A. 
Tech, Note 961 (1945). 


郭 永 怀 文集 


352 YUNG-HUAI KUO [Vol. IV, No. 4 
u= u(t, х), v= (t, z). (2.7) 
We have 
x, & 
W ==, Sp s= pang: 
J 61 
f. hy 
ш= =, s... 
J J 


provided the Jacobian J(u, v) = х, —t,x„ z40. Equations (2.4) and (2.5) will then be 
transformed into 


x, — ul + ts = 0, (2.8) 
s= h bq, = SS E lo] =. (2.9) 
x 


This system of equations can be simplified considerably by introducing a function 
x(u, v) defined by 
sul = Xu, t=—x" (2.10) 


so that Eq. (2.8) is satisfied identically while Eq. (2.9) reduces to 


Хин 一 Boxe» 一 SP Qe = xe — x (2.11) 


The corresponding characteristics Г in the и, v-plane are determined by 


(: aßuv 2afuv 


= Kon jde* s= 
x 


хадий 一 etu (— + Eae =0 (02.12) 
x au х 

3. Limiting line. The relationship between the characteristics С and Г associated 
respectively with the differential equation in the /, x- and и, v-planes has an important 
bearing on the singular character of the solution and its elucidation often contributes 
much toward the understanding of the nature of the physical problem. For this pur- 
pose, we first transform the differential equation (2.6) by means of the following pair 
of relations: 


dx = (x«« 一 Xe 一 wx=,)du + (Xue ихо) до, 
di = — хии — хен. 


Substituting in Eq. (2.6) together with Eq. (2.11), we bring the equation of the char- 
acteristics C into the form 


2 пан 
)د‎ r O liic E E а (+ س‎ уы] =0 (3.1) 
£ " En P. 


This shows that if 7*0, the characteristics C in the t, x-plane correspond to the 
characteristics Г in the z, v-plane. However, circumstances may arise such that 


J(u, 9) = XuaXer — Xur хохо = 0, (3.2) 
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while 


2 ww — Xe 
( 2s 2 Ыл ade ate (< + mE) dut #0 
x x 


x au 


and the characteristic equation (2.6) is again satisfied. This means that if a point 
moves along a line À defined by Eq. (3.2), the corresponding point will describe a 
line / in the f, x-plane, having the same tantents as the characteristics C. It does not 
coincide, however, with any one of the characteristics C. This may be proved as 
follows. 


The differential equation for the path s of a fluid-particle in the 1, x-plane is 


Ө) 3 
di). be $52) 
The corresponding path е in the и, v-plane is given by 
dv Xu 一 Xe 
Qm T 
du}, Xue 


Now the differential equation for one family of characteristics, say T4, is 
(3) = Xue et VBI хө, | 
Te Xue + Мб» хь» 


du, 
On the other hand, the vanishing of the Jacobian, when combined with Eq. (2.11), 
can be written as 


(3.5) 


(ха — VBU X00) (Xue + VB хь.) = 0. (3.6) 
It is easy to see that 
*) - ©), ‚ if xs = уох, (3.7) 
or 
dv dv ы 
®- CN » if x< = — Boxe. (3.8) 


“The condition under which this result holds is both necessary and sufficient. This 
shows that the lines X, and A. are respectively the locus of the points of tangency of 
the path z with Гу and ø with T... Furthermore, the paths ø do not have an envelope 
and that of T is 


8o =0 


which corresponds to p =0 and is, of course, uninteresting. Hence, it cannot belong 
to either family of the characteristics Г. The only alternative is that it is an envelope 
of one family of the characteristics C in the #, x-plane. By analogy with the steady 
irrotational motion it is again called “limiting line," the justification will be found in 
the following section. 


4. The properties of the "limiting line." Being the envelope of one family of real 
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characteristics in the #, x-plane, the “limiting line” will be entirely in the field of mo- 
tion. It is, therefore, paramount to investigate the behavior of the solution along 
this line. 
Consider first the line element of a path s of a fluid-particle at the “limiting line" 7. 

Generally, for any line element one obtains from Eq. (2.10) 

dx = (Xuu 一 ихо» — x)du + (Xuv 一 ux,.)de, 

dt = — Xudu 一 Xevdp. 
Along a path s given by dx/dt = и, we have 

(хак — x+)du + xurdo = 0. 


Using this relation to eliminate dv from dx and dt and by regarding и as a parameter, 
we obtain the following parametric equations for the path s: 


2 
XuuXew 一 Xuy — ХХ” 


da = y gu, (4.1) 
Xuv 
XuuXee 一 Xa 一 XX: 
фа 105 М-Ж» a (4.2) 
Xuv 


According to our previous findings, J —0 yields two lines X, and X_, each of which 
associates with only one group of characteristics Г in the x, v-plane. This shows that 
on the “limiting line” dx and dt both become differentials of higher order and will 
change sign on crossing the line X. This agrees, of course, with the cuspidal nature of 
the singularity, 

Dividing both sides by dx and dt respectively, we obtain the following expressions 
for the derivatives u, and w, along s: 

Xue 
U(XuwXve 一 X= X.x..) 


(4.3) 


)4.4( س 
XuuXee — Xi, 一 XeXew‏ 
Thus on the “limiting line” the acceleration of a fluid-particle becomes infinite as Xu,‏ 
is finite there. This implies also an infinite pressure gradient [see Eq. (2.1)].‏ 

The physical state to which J(u, v) =0 corresponds can be readily deduced. It 
can be summarized in the statement that if the Jacobian vanishes, then the motion 
in the immediate neighborhood of the line J=0 is a compressive one. To prove this, 
let us consider the ratios v,/u,, wu,/v., u,/u, and т,/т„ which, according to the relations 
obtined in Section 2, equal 


v Xur _ ави) J ш Xuv 

m = fom ya um — = – и +", 
Ue X. x хь» “ Xov 
ы. Хе» D Xe у авио J 
— 1, 一 = 一 4 十 Bo 一 十 : 
v. Xue т. Xu * Xe 


In the u, v-plane, the expressions on the right-hand side are everywhere continuous. 
At the line X, corresponding to Xu, = V/Bvx.., they become 
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2. и ш и 
—d(1- <0, =1 >0, 

СА с us c 

Ue u ve и 
=-(1- <0, =с(1— > 0. 

Vs c т. с 


Ву continuity, (ће relative signs of the differential quotients hold іп the neighborhood 
of the “limiting line.” Thus, we conclude that either v,» 0, т„>0 and и <0, u,<0 
or v <0, v, <0 and u,>0, u,>0. The first case is exactly the condition for a compres- 
sive motion. Whereas the second case may either correspond to a rarefaction or to a 
change of sign of the Jacobian J(u, v). As the rarefaction does not conform to the 
geometric properties of J = 0, the second case corresponds to the second branch of the 
solution and hence can be disregarded. 

5. Lost solution. In the previous sections, we assume that the Jacobian J(u, v) 
does not vanish. Thus the one-to-one correspondence between the 1, x- and u, v-planes 
is assured and the condition J —0 is restricted to the singular line J. In a special case 
the Jacobian may vanish identically, however. This vanishing of the Jacobian estab- 
lishes a relation between v and и in the x, v-plane and, as a result, yields a class of 
solution not contained in the transformation (2.7). To study this form of solution, 
let us first set 


LI 


» = ou). (5.1) 
Тһе differential equations (2.4) and (2.5) can then be rewritten аз 
de 
wt (ut (u, = o, (5.2) 
Tu, 
dv dy 
u + (uF + o), - SH (5.3) 
zo M ds z 


This type of solution has been discussed by K. Bechert? whose main result was as 
follows. By eliminating x and t the system of Eqs. (5.2) and (5.3) can be reduced to a 
second order non-linear total differential equation, based on the existence of a linear 
relation between t and x. By a slightly different procedure it can be shown that in- 
stead of a second order differential equation one can obtain a first order one of Abel's 
type being amenable to numerical integration. The main feature of the solution, how- 
ever, can be discussed in the following manner. 
Along u=const., i.e., along 


du = ude + udt = 0, 


the slope of the curve и —const. equals 


(2) --*-:+%, (5.4) 


on account of Eq. (5.2). Since de/du is a function of и alone, on и =const. (dv/du) 


u is 


7 Bechert, K., Über die Ausbreitung von Zylinder- und Kugelwellen in reibungsfreien Gasen und 
Flüssigkeiten, Ann. Phys. (5) 39, 169 (1941). 
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constant. Therefore, the curve и =const. is a straight line in the f, x-plane. In con- 
formity to the assumption (5.1), there exists a parameter £ defined by 


x 
etd) 


where co is the speed of sound at и =0, and to a suitable constant. It is clear that 
{= const. corresponds to и —const. In other words, both v and и may be regarded as 
functions of £. 

If the determinant 27 – 8070, u, and u, can be expressed in terms of и. We have 


i- (5.5) 


ови 1 

AIR (5.9) 
оби uv 

Nee EI (5.7) 


where the prime denotes the total differentiation with respect to u. Like in the gen- 
eral case, here again the solution possesses a singular line on which the partial deriva- 
tives generally become infinite. Its other properties will be studied presently. From 
Eq. (5.4) it is found that 


while the characteristics are 


E- ut уй. 


On the other hand, where the singular line À, i.e. the line 
0° — Во = 0, (5.8) 


intersects the integral-curve 0(4), we have 


This shows that at the singular point of the solution v(u), the w —const. line be- 
comes the envelope of one family of characteristics C. Hence the envelope is a straight 
line. Furthermore, according to Eqs. (4.1) and (4.2) the parametric equations of the 
path s are = 


dx = — (и + VB — убо), (5.10) 
авт? 
й=— maw (e + VED — v/Bo)du. (5.11) 


Since each factor on the right-hand side corresponds to a group of the characteristics 
C, on crossing the line Ñ, where this factor vanishes, the elements dx and dt change 
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their signs. This proves that the line J, the image of À, possesses all the characteristics 
of a “limiting line,” 

It is interesting to note the difference between plane and spherical waves. In the 
former case, Eq. (5.8) would be satisfied identically. This lets the lines и const. de- 
generate into the characteristics. Indeed, it is also possible for one family of the char- 
acteristics which are straight lines to have an envelope; the differential quotients ts, и, 
are finite, however. Consequently, we have no “limiting line,” in the strict sense. 
This does not mean, of course, that the solution is regular. As a matter of fact, the 
solution already becomes many-valued before this line is reached. 

6. Lost solution: a special problem. From the foregoing conclusions, a compres- 
sive spherical or cylindrical wave always becomes indeterminate when a singular line 
is reached, As an illustration the following special problem is considered. 

Suppose there is a divergent spherical or cylindrical wave propagating with veloc- 
ity со into still air. On the wave-front, where the motion agrees with the outside con- 
ditions, the state-variables p, p become equal to those of the still air and the velocity 
is zero, The path of the wave-front is then described by 


x = colt + b). (6.1) 
The mathematical problem can thus be formulated in the following way: 
u=0, when xz c(( + t), 
и #0, when x < (+ x 


(6.2) 


A particularly simple case will be the one where both the pressure and the velocity 
are propagated with constant speed. In other words, these quantities depend only 
on a common parameter. 

To simplify the amount of mathematical work involved, the differential equations 
(2.4) and (2.5) will be put into the following equivalent form: 


266. 
(а = Dor — 26a — du گے‎ = (6.3) 
by introducing a potential-function $(!, x): 
u= $. a= d+ et = в. (6.4) 


In the case of a lost solution, there exists a parameter £ defined by (5.5) such that 
£=1 corresponds to the initial curve (6.1). Then, 


Фа, х) = a + f(t) (6.5) 

and hence 
u(t, x) = cof’(E), (6.6) 
des a[i- 0-207]. (6.7) 


where the prime indicates the total differentiation with respect to £, and the function 
/(®) satisfies 
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le - af — Dle” + 2477 = 0 (6.8) 
subject to the initial conditions 
AD=0, f = 0. (6.9) 


The first condition, namely f(1) =0, is necessary to make c =c on £=1. When the 
conditions (6.9) are substituted in Eq. (6.8), it appears that f"(1) is arbitrary. We 
need not be alarmed by this situation, but recall that in this particular type of initial 
value problem, the “support” is a characteristic. Physically, this means that the ini- 
tial conditions prescribed in this manner do not “know” the internal structure of the 
motion, because they propagate ahead with larger speed. It is only natural, then, that 
such an arbitrariness should arise which enables us to fit properly the physical condi- 
tions specified. This arbitrariness is only a partial one, however, since for a compres- 
sive motion the sign of f”(1) is necessarily negative; for on §=1 


(p): + рои.) = 0, 


according to Eq. (2.2). In a compressive motion (p)170, it follows that 
co 
(ua): = (1) < 0. (6.10) 


Thus, for any compressive motion the absolute value of f"(1) is determined in con- 
sistence with the physical process. 

The differential equation (6.8) which determines the interior motion of a mass of 
air, has two singular points in the £, f-plane given by the vanishing of the coefficient 
of f” (š). The geometrical interpretation is evident, when (6.8) is written as 


(c + u — cot)(c — u + cot) 


--10,.-ӦЛӦ. 1] «ә 


that is, when one family of characteristics become tangent to a line £=const., ап 
infinite curvature would occur if w is finite there. According to what has been said 
in the last section, this characterizes the “limiting line” of the solution. 

Let us push the discussion a step further. For this purpose only the first order 
terms need be retained. Taking 8 as a small parameter, one has accordingly 


J = fab) + 8h) + °. (6.12) 
Substituting in Eq. (6.8) we obtain 
[t — 0? – 89677 + 2/4 = 0. (6.13) 


This equation is free from fo; letting w /' we find 


dw w 2 


—=—— oss. Ы 
d PD sts (6.14) 


Aside from the two singular lines 


w=f+1, (6.15) 


(6.16) 
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where the slope of w is infinite, there are two additional singularities (1, 0) and (0, 0) 
where the slope is indeterminate. The point (1, 0) acts as a sort of nodal point which 
makes the initial condition insufficient. The point (0, 0) is a saddle point as locally 
the equation behaves like 


dw 2w (6.17) 
— = +; > 
di t 

which form is obtained by neglecting (w—£)? as compared with 1. 

The situation can now be summarized. The integral curve starting from (1, 0) 
rises as Ë decreases and eventually intersects with the line (6.15) where it will have a 
vertical tangent at £ <1. After it crosses this line its slope changes sign. This causes 
the curve to bend backward again. Thus, £ is seen to assume a minimum value. Owing 
to the fact that the origin is a saddle point, no integral curve could possibly cross 
the line §=0. This fact makes the continuation of the solution as far as £=0 impossi- 
ble. 

7. Continuation of the solution. The results obtained in the previous sections 
show that, in the case of the propagation of a spherical or cylindrical wave, a continu- 
ous solution does not exist throughout the domain considered and can be constructed, 
at most, as far as a singular line / in the 4 x-plane from a suitably chosen initial data. 
The line 1 thus acts as a sort of “frontier” into which no solution can enter and at 
which the solution is turned back as a second branch. The domain then is doubly 
covered. Physically, this is impossible and hence must be rejected as a solution. The 
question is: is it possible to connect it with a different solution beyond this line? 

First, consider the line À as a “support” with a given set of initial data and then 
solve the initial value problem* for a Monge-Ampére equation. Regarding ^ as а 
parameter, we have along the line À 


4 du dv 
Xt хе T Xe a (7.1) 
4 du dv 
Da Xt ех" a (7.2) 
and hence 
2, du d d 
(хах 一 Хш) Go Xa х xm 


Substituting this into Eq. (2.11) we obtain a linear relation between the partial de- 
rivatives: 


авио (dx, / dX. айы» фу 
Rea E es 3 x} pe | xe TOR au 7 x (7.3) 


Since À is not a characteristic, Eqs. (7.1), (7.2) and (7.3) are sufficient for a unique 
determination of Xuu, Xu, and Xes; and consequently a unique integral surfacc. The 
uniqueness of the solution is sufficient to show that the solution, when transformed 


* Courant, R. and Hilbert, D., Methoden der math. Physik, vol. 2, J. Springer, Berlin, 1937, p. 344. 
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back to the t, x-plane, will correspond to the very one that doubles back at the “limit- 
ing line.” A continuóus solution is thus out of the question. 

The alternative procedure would be to continue it by joining it smoothly at the 
line À to the lost solution. This is also impossible. Indeed, if this were possible, the 
line À would have to coincide with the integral curve v(u) in order to provide a con- 
tinuous solution. This is contradictory, because it is easy to show that the line À does 
not satisfy the differential equation for v(u). 

The other possibility which remains to be investigated is to identify the “limiting 
line" as a shock wave so as to construct a discontinuous solution. This would require 
the continued solution to satisfy the shock conditions. Since, in general, the "limiting 
line" / is curved, as a result there would be a non-uniform shock wave in the motion, 
for which both the speed and the strength are no longer constant and therefore the 
entropy would be constantly changing across the shock. This very fact makes the 
original assumption untenable. Hence to continue discontinuously a solution with 
entropy constant everywhere is also impossible. 

The problem might be solved, however, if the original hypothesis of isentropic 
motion is abandoned. To include the possibility that a shock wave may exist within 
the motion, the continued solution must satisfy the following more general set of 
equations: 


at + uu, + Be =0, (7.4) 
p 
аи 
pt we (ue (= (7.5) 
(p^). + ulho): = 0. (7.6) 


The task then is to construct a solution which should satisfy both the initial and the 
shock conditions in a region bounded by the initial curve, the shock line and a char- 
acteristic drawn to the initial curve through the point where the envelope first ap- 
pears. The shock line, however, is not given, it should be chosen in such a way that it 
yields a solution fulfilling all the prescribed conditions. The mathematical problem 
thus turns out to be extremely difficult. 

The author wishes to thank Dr. H. S. Tsien for his invaluable discussions and 
criticism. 
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SUMMARY 


The method developed in NACA TN No. 995 has been slightly modified 
and extended to include flows with circulation. The essential feature of 
the modified method is that in analytic continuation of the solution the 
alteration of the singularities of the incompressible solution due to the 
presence of the hypergeometric functions has been taken into account. 

It was found that for finite Mach number the only case in which the 
nature of the singularity of the incompressible solution can remain 
unchanged is for a ratio of specific heats equal to -1. 


Two particular flows, one having a finite circulation and the other 
having zero circulation, have been studied. Both flows were derived from 
the incompressible flow about an elliptic cylinder of thickness ratio 0.60. 
The free—stream Mach number for both cases was taken to be 0.60 in 
order to avoid the appearance of limiting lines. The pressure distribution 
for the flow without circulation has been compared with that of 
incampressible flow over approximately the same body. The discrepancies ^ 
between the exact results and those predicted by the approximate Von Kármán- 
Tsien and Glauert-Prandtl formulas are so wide as to show definitely that 
in this case the effect of geometry cannot be ignored, as is done in both 
&pproximate formulas. In general, it seems that the effect of geometry 
cannot be neglected and the conventional "pressure-correction" formulas 
are not valid, even in the subsonic region if the body is thick, especially 
if there is а supersonic region in the flow. 


INTRODUCTION 


This report is a continuation of the work reported in NACA TN 
No. 995. The method developed in that report has been slightly modified 
and extended in the present report to include flows with circulation. 
The general concept and method is outlined without the mathematical 
details in part I. The essential feature of the modified method is 
that in analytic continuation of the solution the alteration of the 
Singularities of the incompressible solution due to the presence of the 
hypergeometric functions has been taken into account, as fully discussed 


1) NACA Technical Note, 1948, No. 1445 


174 BARKER 


2 NACA TN No. 1h45 


in part II. It was found that for finite Mach number the only case in 
which the nature of the singularity of the incompressible solution can 
remain unchanged is for a ratio of specific heats equal to —1. Part III, 
which contains a discussion of the improvement of convergence of the 

power series, contains no essentially new material and is included primarily 
for the sake of completeness. Detailed proofs are given in appendixes A 

to F. 


Part IV contains the study of two particular flows, one having a 
finite circulation and the other having zero circulation. Both are derived 
from the incompressible flow about an elliptic cylinder of thickness 
ratio 0.60. The free-stream Mach number for both cases is taken to be 
0.60 in order to avoid the appearance of limiting lines. The pressure 
distribution for the flow without circulation has been compared with that 
of incompressible flow over approximately the same body. The discrepancies 
between the exact results and those predicted by the approximate 
Von KÁrmán-Teien and Glauert—Prandtl formulas are so wide as to show 
definitely that in this case the effect of geometry cannot be ignored, as 
is done in both approximate formulas. In general, it seems that the 
effect of geometry cannot be neglected, and the conventional "pressure 
correction" formulas are not valid, even in the subsonic region if the 
body is thick, especially if there is a supersonic region in the flow. 

The importance of this result cannot be overemphasized, as there is a 
widespread tendency in engineering practice to use simple pressure- 
correction formulas indiscriminately. 


This work was conducted at the Guggenheim Aeroneutical Laboratory of 
the California Institite of Technology under the sponsorship and with the 
financial assistance of the National Advisory Comittee for Aeronautics. 


I — CONCEPTS AND METHODS 


General Consideration of Transonic Flows 


The flow of a campressible ideal fluid about an infinite cylindrical 
body, unlike that of an incampressible fluid, depends on, among other 
conditions, the speed or Mach number at infinity. If the free—stream 
Mach number is below & certain value, the flow pattern will be very 
similar to thet of an incompressible fluid even though part of the flow 
may be supersonic. However, as soon as the limiting Mach number 1s 
reached, the situation is entirely different. The phenomenon of major 
importence in this new situation is the appearance in the calculations 
of limiting lines in the supersonic region, characterized by the fact 
that the fluid particles there experience an infinite pressure gradient. 
It can be shown that if the assumptions of isotropy and of irrotationality 
of the flow are not rejected, 1t is impossible to continue the solution 
beyond these singular lines (reference 1l). The failure of potential flow 
can be attributed to the effects of viscosity and conductivity of the 
fluid. Although the exact relation between the limiting line and shock 
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wave is still not established, there is reason to believe that in most 
cases the theoretical appearance of a limiting line necessarily implies 
the existence of a shock wave. Therefore, in practice the knowledge of 
the conditions under which the limiting lines appear for a given body 
is of paramount importance. 


Chaplygin Hodograph Method 


To solve the problem of & potential flow of compressible fluid, 
the use of the hodograph method wes first suggested by P. Molenbroek 
(reference 2) and later by S. A. Cheplygin (reference 3). The advantage 
of this method is that in the case of two-dimensional potential flow 1t 
leads to a linear partial differential equation instead of a quasi-linear 
one, such as obtained in the physical plane. The particular solutions 
of this partial differential equation were found to be very similar to 
those for an incompressible fluid except that each consists of a hyper— 
geometric function containing the Mach number as a parameter. Since the 
equation is linear, a general solution can be constructed for any assigned 
domain by the principle of superposition. The difficulty in connection 
with this method is that the solution so obtained in the hodograph plane 
may not transform to a "good" aerodynamic body. The problem of cor 一 
structing a solution in the hodograph plane which corresponds to a 
desired body in the physical plane has proved to be extremely difficult. 


The difficulty was partly solved by constructing a solution which, 
in the limit of zero Mach number, reduces to & known incompressible flow. 
Using this idea, Chaplygin studied the subsonic motion of a gas jet and 
F. Ringleb (reference 4) calculated the flow around a sharp edge. 
Following the same principle, Tsien (reference 5) for the first time solved 
the problem of a subsonic flow about a closed body, by simplifying the 
differential equation in such a manner that the difference between the 
compressible and incompressible solutions appears only in a modification 
of the speed scale. This method wes later generalized by L. Bers 
(references 6 and 7) to include the flow with circulation. In the general 
case where the ratio of specific heats у is not equal to —1, this 
simple form of speed distortion does not exist; therefore the method 
must be extended. 


Critique of a Previous Method by Tsien and Kuo 


In reference B the flow past a closed body as well as over a wavy 
surface of a gas with a characteristic constant y greater than unity 
was considered. The method was based on the determination of two 
functions: the stream function and the transformed potential introduced 
through a Legendre transformation. When these two functions are properly 
chosen, the coordinate functions x(9,6) and y(a,0) are given by 
differentiation. Consequently, with the aid of the stream function, the 
flow pattern can be calculated. 
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The difficulty of the scheme is twofold. First, whenever a stream 
function and a transformed potential satisfying the conditions of conti— 
nuity are constructed, they are required to satisfy the further condition 
of "competibility" to ensure that they actually do belong to the same 
flow. In the case of circulation-free flow, this condition brings no 
difficulty. However, for a circulatory flow there seems to be an insuf— 
ficient number of arbitrary constants to meet this stringent requirement. 
Second, the coexistence of two indirectly connected functions, such as 
the stream function and the transformed potential, automatically intro- * 
duces two groups of hypergeometric functions and doubles the number of 
sets of unknown coefficients defining the power series. All these compli— 
cations result in a large amount of labor. 


In order to simplify the procedure, the velocity potential will be 
introduced instead of the transformed potential. Inasmuch as both the 
stream function and the velocity potential are directly connected by 
simple differential equations, the determination of one leads uniquely to 
that of the other. The difference between the particular integrals of 
these functions is simply as follows. For the stream function the par- 
ticular integral contains, aside from the trigonametric function, the 


factor qYF( aysbyjoy;t ), where q is the speed of the flow and 
F(aybyicyst) is the hypergeometric function. On the other hand, the 


particular integral of the velocity potential will have only an extra 
factor involving the logarithmic derivative of F( Bysbyjcy т) . Further 


more, because of the two partial differential equations connecting them, 
both functions will have common coefficients. Thus, only one group of 
hypergeometric functions and one set of unknown constants are necessary 
for the complete determination of the two functions. 


Construction of Solution in Hodograph Plane 


Before outlining the procedure adopted here, it is perhaps proper to 
describe the mapping of an incompressible flow. In order to simplify 
the argument, the body has been assumed to be symmetrical with respect 
to the coordinate axes and the flow at infinity to be parallel to the 
major axis. Such a flow, when mapped onto the hodograph plane, will give 
rise to two branches of Riemann surfaces, each corresponding to one-half 
of the physical plane. Because of symmetry, the discussion may be 
restricted to, say, the left-half plane D (fig. 1). Because of the fact 
that the maximum and minimum velocities occur on the surface of the body, 
the whole field of flow is mapped into the interior of the hodograph D 
the boundary of which corresponds uniquely to the left-half portion of 
the body M'SM, and infinity corresponds to a point P on the positive 
exis of real values. Evidently, this point is singular. 


With such a domain in the hodograph plane, it is possible to construct 
а compressible flow from a "similar" incampressible flow. By similar flow 
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is meant that at the limit of zero Mach number the compressible—flow 
solutions will reduce uniquely to the given incompressible flow. First, 
since the stagnation point, that is, the origin S, is a regular point, 
there exists & Taylor expansion in its neighborhood. As the singular 
point which corresponds to the infinity of the physical plane is an 
interior point, it must be on the circle of convergence C of the solution. 
Second, the solution represented by the Taylor expension should be 
continued analytically for the whole domain. This can be done, of course, 
either formally by analytic continuation or by solving Cauchy's initial 
value problem, The former, however, is not practicable. As to the latter, 
use can be made of the known character of the singularity of the incom 
pressible flow to determine the form of the expansion outside the circle 
of convergence C. If the Taylor expansion is regarded as given, the 
"outside" solution can be uniquely defined by the conditions of continuity 
across the circle of convergence C. This, of course, is based on the 
assumption that the character of the singularity is unchanged by 
compressibility. 


It is found, however, that the assumption is not valid, Theoretically, 
it can be shown that, 1f a Taylor expansion corresponding to incompressible 
flow is given, then after each term of the expansion is multiplied by a 
proper hypergeometric function, the resulting solution will have a loga- 
rithmic singularity in addition to those it originally possessed, This 
means that the "distortion" due to compressibility becomes larger for 
larger speeds. It can also be shown that the character of the singularity 
is preserved for nonvanishing Mach number if and only if the ratio of the 
specific heats assumes the value of —1. In order to take this effect 
into account, the procedure is either to start with a special body to 
compensate it or to eliminate it by adding an extra term to the outside 
Solution. The former procedure is difficult. By following the latter, 
the part of the outside solution which, in the limit, reduces to that of 
the incompressible flow is regarded as known. Then the Taylor expansion 
and the extra term added to the outside solution can be determined by the 
conditions of continuity. The extra term becomes zero for zero Mach 
number. Thus, it is seen that the Chaplygin condition 18 again satisfied 
but the procedure has been greatly extended. 


The flow with a finite circulation has also been considered. In 
order to simplify the mathematical problem, the circulation has been 
assumed to be very small. Under this assumption the effect of circulation 
on the solution of the incompressible flow can be represented approximately 
by an arbitrary combination of vortices and doublets at the singularities 
of the hodograph. Therefore, to the original singularities there will be 
superposed a logarithmic one in order to define a circulation. Since the 
added part due to circulation is an even function, the resultant solution 
will be unsymmetric with respect to the major axis, 


The solution for the similar compressible flow can be constructed 
in the same manner, with the exception that the conditions of continuity 
across the circle of convergence are insufficient to determine all the 
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arbitrary constants, in particular those characterizing the strengths of 
the vortices and the doublets. These are determined from the condition 
that at the stagnation point dx = 0 and dy = 0 and from the geomet- 
rical condition of symmetry. The former condition is satisfied in all 
cases irrespective of whether there is circulation, whereas the latter is 
required only when the circulation is finite. 


Improvement of the Convergence of Power Series 


The whole problem thus hinges on the method of carrying out the 
actual computation. It should be pointed out that inasmuch as the solu- 
tions, in the limit, reduce to harmonic functions, the convergence of the 
power series, especially in the neighborhood of the circle of convergence, 
is generally very slow. This is particularly true of the part 

四 


> a sey = Vd — v;1 — vir) Sinv8 of the outside series, because 
0 


it contains the hypergeometric functions which increase rapidly with v. 
This situation can be eased somewhat by introducing the asymptotic 
expansions of the hypergeometric functions. For, after these are substituted 
in the solutions, the first- and sometimes even the second-order terms can 
be summed, As a result, the solution in each case can be broken up into 
two parts, one of which is of closed form and the other is a power series 
with improved convergence. Owing to the fact that the dominant tems give 
excellent approximation in the domain of validity, the value of the term 
given by the power series is usually of inferior order, For practical 
purposes when high accuracy is not desired, the amount of labor involved 
can be greatly reduced. 


As was pointed out in reference 8, the summed part can be identified 
as the "speed distortion" in the subsonic region; in the supersonic 
region where the differential equation changes its type, it can be inter 
preted as a "standing wave," depending only on the two characteristic 
parameters. In this case both these simple solutions are known to be 
inaccurate, especially in the neighborhood of sonic speed. For full 
discussions, see reference 8. 


It must be added that in the case of the derivatives of the hyper- 
geametric functions the dominant terms cannot give as good an approxi— 


mation, as can be seen by comparing f(1)(r) with g(1)(r) in table 1. 
For this reason, the coordinate functions which involve the hypergeo— 
metric functions as well as their derivatives have more important cor- 
rection terms and hence require the use of many more terms for the actual 
computations, 
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II — CONSTRUCTION OF A SOLUTION IN HODOGRAPH PLANE 


Trensformed Differential Equations and Their Particular Solutions 


Let u and v be the velocity components of a two-dimensional flow, 
parallel respectively to the x- and the y-axis of a Cartesian System, In 
the case of steady, irrotational, and isentropic motion of an inviscid, 
nonconducting, and compressible fluid, the Eulerian equations can be inte— 
grated to give the pressure p, the density p, or the sonic speed с 
in terms of the flow speed q: 


>N 
P = po( 1- 工 二 1 4 \7-1 (1) 
2 v? 
Реа 
e w. p [A — 21 9 \7-1 (2) 
2 га? 


(3) 


= ue + у? 


where po, po, and Co denote respectively the values of p, p, and c 


at the stagnation point, and у is the ratio of the specific heats of 
the gas. Furthermore, because of the kinematic conditions, there exist a 
velocity potential ф and stream function y defined by 


u= Ф 
(4) 

у= $ 

pu = Poty 
(5) 

рҮ = poyx 


where the subscripts indicate the partial derivatives. 
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By use of equations (4) and (5), the partial derivatives in the 
expressions for dp end df can be eliminated so that dp and dy 
can be expressed linearly in terms of dx and dy or dx and dy can 
be expressed linearly in terms of dp and dy. Furthermore, if the 


Jacobian function E im finite and nonvanishing, the correspondence 


between the physical xy- and the hodograph ub-plane is 1 to 1. Under 
this condition, by regarding u and v as independent variables, the 
relations connecting the differentials yield the following equalities: 


zo = (con پوه‎ - 22 эш ov) (6) 

Ye = oS Өфө + E cos ote ) (7) 
and 

xq = 2 (co 99. 一 = sin oa) (8) 

Yq =} (a 69, + 20 сов on ) (9) 


where Ө is the inclination of the velocity vector to the x-axis and 
accordingly 


u =q cos 0 


v 


q sin ө 


Finally, the condition of integrability demands that 


ane -Mê 
99, --2 )1 M )» (10) 
o = Saty (11) 


where М = а/с is the local Mach number. These fundamental systems 
permit the complete determination of the functions @ and v. For 
by eliminating, say, Ф(9,0), the resultant equation for ¥(q,0) is 
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СЯ ) $ ES 一 ME)yee = 0 (22) 


If (9,0) is known, q(q,8) is determined uniquely, aside from а 
constant determined by equations (10) and (11). 


The particular integrals of equation (12) are of the fom: 


¥ = yw(a)elve 


where v 18 а positive real number and the function ¥y(q) satisfies 


£25) - £a - e =0 1 
a m My (23) 


If the substitutions, according to Chaplygin, 


vyla) = oF, (r) 


and 
1 42 1 

= -一 with = 一 一 一 1h 

д 28 со d 7-1 a» 


are made, equation (13) reduces to a familiar hypergeometric equation 
and Fy(r) becomes one of the following integrals: 


F(ay;by;cy;T) 
(5) 
一 2V 
q^ ۴)1 + ay—cy, 1 + by — ev; 2 — cy; т) 
when v differs from an integer; or 
F(en,bnjen;r) 


qn remesas; log, т + Cy + Paa] (26) 
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10 


(тг) 


(ог) 


(6т) 


(өт) 


(т) 


puooos өц “zə9Əəqur из оз Tenbe зү ло шолу SIƏJJFP A TƏAM оз 3uTproooe suoT3nTos 
Tequemepuny jo вәррүүшзу 341oUT349TB OM səssəssod snyy uopjwvnbe оүлъуәшоәЭләй^Лц oul 


0> "q 
l+A= to 


(т + а)ав 一 = ^q^u 
g- A = 4 + 
UTA 


(u = Ча)д(а — Чә)у(®о)д(а)у 


一 mm a(t) = 


(Moya + (Tq) = (T + ш) — (w + Чо)д — (ш + Maya + (ш + Maya = (шеа) 


(t + ш)ј (u — Ча)уш(и — “e)3 (u)I 59 
шш чуш + u Чауш + u a)i u(t) ге т са 
Tu 
(т + m)ua(m + o) (TQ) 


T+ i (aq eyi = Кайнады 


ereya “zə9oquT ƏAT3TSOd в ST A UeUA 
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integral defined by expression (16) was found most appropriate for these 
particular parameters a, and by. The reason for subtracting 


Cafn) — ¥(en)] F(ansbn;cn;T) from the second integral defined in 


reference 8 is to neutralize the contribution of the first integral and 
the discontinuities carried by ¥(bn), as bn is negative. 


In the following discussions, the two fundamental solutions of 
equation (13) will be denoted by 9УЕу(т) and УЕ (r) when v is 
not en integer and by qPF.(r) and q-TF ү(т) when v is an integer, 
where Fn( T) is defined by the expression within the bracket in 


expression (16). The normalization has been chosen for a continuous passage 
of a compressible to an incompressible flow. The most important property 
of Е „(т) from expression (16) is that when n = 1 


түт) =1 (22) 


For this parameter the first integral reduces to 


os کے‎ toa Бунт 
тү(т) = (1,8320) zx: (1-1) (23) 


( 


The particular integrals of equation (12) are then given by 


az CO [sen] ve 


(24) 
=Y} 
a Е [ern] ve 
when y is not an integer and by 
ss (2) ра] ne 
(25) 


em uo тө 


When v is an integer n. In addition to these solutions, there are 
two other integrals, each of which 1s a function of only one variable. 
On assuming ¥ = w(q) or ¥(@), equation (12) yields 


8 end [a-ne (26) 
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Since the particular integrals of w(q,0) are known, those of 
Q(q,0) are shown to be (see appendix A) 


(1 - ry fa Ge (r) {22 ve 


(27) 
(1 = 5) 7 Gt (r) (° 
when v is not an integer and 
< 
(а - ry ang, (т) (r) 822 ө 
(28) 
(2 = т) багов (т) (r) [82820 J 
when v is an integer n. Неге the functions &(1) and k. ү! 
for any positive value of v are defined by 
` 
уву(т) = 2 = 108, TR G) 
t (29) 
NOEL E EA DM) 


The following expressions corresponding to expression (26) are similarly 
found: 


-yt -pfas 528 Q ° (30) 


Hydrodynamic Functions of Incampressible Flows 


By following the procedure adopted in reference 8, the analysis 
starts with the functions required in defining an irrotational incompressible 
flow. In the case of an incompressible fluid for which the sonic speed is 
infinite, the equations satisfied by the velocity potential @ and the 
stream function ¥ become harmonic. If Wo(zo) is the complex potential, 
it can be shown that 


Two-dimensional irrotational transonic flows of a compressible fluid 


185 


NACA TN No. 1445 13 


Wo(zo) = €, (Xoo) + 1Vo(xzo,yo) With zo = xo + iyo (31) 


In a simply connected domain, the functions 9, and # are single— 


valued and continuous; qo can be many-v&lued only when the flow is 
now free from circulation Го. 


If w denotes the complex velocity u — iv, it connects with 
Wo(zo) by 


ve тыш = (=o) (32) 


This establishes the relation between the physical and the hodograph 
plane. The inverse transformation 


zo = zo(w) (33) 


exists, provided that w'(zo) # О. This function plays an important role 


in the present scheme of solution and will be known as the transition 
function. In general, as it is an inverse function, it is not single— 
valued, as discussed in reference 8. By introducing this relation into 
equation (31), the complex potential in the hodograph plane is 


Wo(v) = qo(u,v) + ivo(u,v) (34) 


In case the solution of equation (32) is many-valued, Wo(w) will 


represent only one branch of its many solutions. When the flow is not 
free from circulation, the function w(zg) will contain Tg аза 


parameter, This extra term generally makes the transition function 
Zo(w) more complex than it would be if ro venishes. In practice, the 


complication can be reduced to a certain extent by a linear superposition 
of the two effects such that the transition function becomes 


Zo = zolo)(w) + 122002) (w) (35) 


This simplification can be justified as long as the circulation is weak 
so that terms of higher order may be neglected, With the transition 
function so defined, the complex potential may be, similarly, 


Wale) = м9) 6) + Tu 3 e) (36) 
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Here z,(9)(w) and Wo(o)(w) are respectively the transition function 
and complex potential for zero circulation; zo(2)(w) and wo(1)(w), 
which represent the effect of circulation, are known when Wo(w) is 
given. It can be shown that generally Wo l)(w) can be represented by 
vortices and doublets at the singularities of zo(w). To this order of 
approximation, it is easy to see that the circulation To is correctly 
defined. 


Conversely, when Wo(w) is given, zo(w) can be obtained by 
integration: 


zo(w) «wo = + Constant (37) 


which, in fact, is equivalent to equation (32). 


Construction of a Symmetric Solution about the Origin 


From the considerations of reference 8, if the flow about a 
symmetric body placed at the origin of the xy—plane is mapped onto the 
hodograph plane, the whole left-half plane, exterior to the body, will 
correspond to а region in the hodograph plane, of which the point 
w=U, U being the modulus of w at infinity of the zg-plane, ів 
a singularity. Then the domain within the circle |w| =U ів single— 
valued and regular. If the complex potential Wo(w) is associated with 
a definite flow in the zo-plane, it must be analytic and regular within 
[v| = U. Consequently, it has the Taylor expansion: 


Чо) = S> Au? |м <u (38) 
0 


where the coefficients An are, in general, complex, If the body 


is symmetrical with respect to both coordinate exes, then the coefficient 


аге real. Separating into real and imaginary parts yields, according to 
equation (34), 


yo(q6) = >_ Aya? sin no (39) 
2 
а<1 


9)48) = Ang? cos пө (40) 
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where w= де 19 and Aj = 0 because wi(z0) #0 at w=0. From 
now on, 20, W, p, and р are normalized in terms of a, U, Pos and 
Po, respectively. Then q = l at infinity, and р and p will be 
unity at м = 0. 


According to Chaplygin's procedure, the corresponding solutions 
for the campressible fluid can be obtained by simply replacing the 
function q? in equations (39) and (40) by gr, G)() ana 
G= т) Вар, (=) (т) (т), respectively, as shown by expressions (25) and (28). 


The second integrals are excluded by the condition of regularity at 
Чч = 0. Thus the following equations are obtained: 


(2,0) E ААР, (7) (т) sin no (1) 
q<1 
gao) =-(1- D?» Agr (© )(т)к (т) cos ne + Constant (42) 
2 


where 


r(x) Ft) _ F(ansbn;cn;7) " 
E (ту) (anybnjonirl) оз) 


and тү -5 =, that is, Tı corresponds to the free-stream velocity U. 
со 


It is seen that if Co >, then both т and ту tend to zero and 


F,()(r) > 1. Thus, the solutions are reduced to the incompressible form. 
Furthermore, if q > 1, the character of the solution is exactly like 
that of the incompressible solution. Hence all the specified conditions 
are satisfied. It must be remembered that these conditions are valid only 
for subsonic flows, and for this reason т] is restricted to the subsonic 
region. 


The series (equation (41)) constructed in this manner is actually 
convergent and represents the function ¥(q,@) within the circle of 
convergence q = 1 (reference 8). 


Analytic Continuation of Solution (Branch Point of Order 1) 


In this section, it is proposed to continve the solutions ¥ and 9, 
represented respectively by equations (41) and (42), analytically outside 
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the domain |w| < 1. The domain outside |w] S 1 is generally many— 
valued. In order to be precise, let it be a branch point of order 1. 
Generally, the function Wo(w) has other singularities in addition to 

the one at w = 1. However, such singularities lie outside the domain 

of interest and thus need not be investigated. Let the nearest singularity 
be given by w=V>1. Then, the domain to be considered outside 

|w| = 1 is an annulus with a cut joining the two singularities. The 
proper representation of W,(w) in such a region which has a branch 

point of order 1 аъ м = 1 is 


моби) = wi Wo*(w) (44) 


where Wo*(w) is single-valued and regular within the open annulus 


1 < |w| <Y. Hence, in any closed domain 1 + 5< |w| SY — 5, 5 being 
a positive value, there exists a uniformly and absolutely convergent 
series: 


Wo"(w) = b (sa + eye) (45) 
0 


which, on substituting in equation (hl), will give the continuation of the 
Taylor series (equation (38)). This is 


Wow) = (ma ent) i«|w|«v (46) 
0 


where the constants B, and C, are real because of symmetry of the 
body and V =n + À, n being a positive integer. 


In order to continue the solution of ¥(q,@) outside the circle 
9 = 1, two alternatives are encountered. Suppose, first, that the 
character of the singularities of wo(q,0) defined by equation (39) is 
unmodified by the hypergeometric functions. Then the solution for the 
compressible fluid, valid in the annulus 1 < |w] < V, can be obtained 
by introducing the proper hypergeometric functions corresponding to the 
parameter v. The continued solution would be 


¥(a,6) = > [5 6) + e V) ] cos ve i«q«v (№) 


where 
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G) F(t) 
F. (т) = 一 一 
072 Ej) 
(48) 


poc) LEGO 
rU FaGi) 


Here FG) and 472% (т) аге respectively the first and second 
integrals of the hypergeometric equation; By, ani бү are constants. 


It may be added that the coefficients Bn and Cn are not the same as 


those in equation (46) for the incompressible flow but should be 
determined by the conditions of continuity, 


Since the partial differential equation considered here is of the 
second order, in order to ensure that Vout (2,9) is the analytic 


continuation of ¥4,(4,0), two conditions must be satisfied at the 


boundary of the respective regions of convergence, that is, the circle 
q = 1. The two conditions are as follows: 


Y, (4,8) = Woat(q,0) (49) 
in be out (q. = 

3 
09) | = ўў out 8) gan (50) 


Tt should be noted that the condition (equation (h9)) in this particular 
à ә 
сазе is identical with Зная) | = Зно) |а and that the 


values taken on the circle of convergence are the limiting values if such 
limit exists in gach case, These conditions would be sufficient to 
determine both B, and C. However, the solution constructed by this 


method suffers serious distortion because, even though the values, 


Say, y and wo, agree on the circle 9 = 1, the tangent of y = Constant 


On q = 1 deviates from that of yo = Constant, This, of course, will 
affect the character of the function wo(a,0). If Wo(w) is defined by 
equation (38), the question arises as to the singularity after the coeffi— 
cients are multiplied by the Proper hypergeometric functions. The exact 
answer to this question has not been attempted, but a rough estimation 
given under theorem 1 seems sufficient for the present discussion. 


Theorem 1.— A given Taylor expansion such as equation (38), which 
has a singularity at w = l, is modified by multiplying its coefficients 


BAR KR 
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= K... ў: т 
t (т) - Eg (ra) = Ges [s neal »] mh 
Jue - m ET (1) (54) 
bl s. [^ (т) = nt, (71) | B 
Tel) — (т) | 0 u k | 


+ |, = (ту) je = 20 t (z1) (55) 


where the determinant n(tn — ёп) #0. It is observed that, as 


7,30, Du 20 and Ay AQ. Consequently, Chaplygin's condition is 
again satisfied. Furthermore, Dn = 0 also for y = —1. In that 
event, the compressible and incompressible flows will have the same 
singularities. 


The solution is formal, In order to prove that the function ¥(q,@) 
represented by equations (41) and (51) is regular in the respective 
domains of validity, the truth of the following theorem must first be 
demonstrated. 


Theorem 2.- If the constants A, and Dh аге defined by equations (54) 


and (55), respectively, and if the series (equations (38) and (46)) 
converge uniformly and absolutely in the damains specified, the series 
(equation (41)) with coefficients A, and equation (51) are uniformly 
and absolutely convergent in the corresponding domains (appendix E). 


With W(q,@) so determined, the velocity potential, as given in the 
section entitled "Transformed Differential Equations and Their Particular 
Solutions," is 


q(a,0) = -(1 - was 和 angn(z)(r) cos ne + Constant (56) 
2 
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Here the constants Aj), Bn(1), c (1), ana Dn(1) characterize the 
strength of the vortices and doublets and are determined by the conditions 
of continuity at q = 1. Generally P(q,8) із а polynamial and is 


introduced to ada to ¥(1)(q,9) а mixed symmetry. The number of terms 
required is, fron cause to effect, unknown anà may be different for 
different bodies. In the present case, only one term is taken for 
simplicity. On assuming that every series converges uniformly and 
absolutely in the respective domain of validity and tends to a definite 
limit as q 2 1, the conditions of continuity at q = 1 are 


> [sns + ey) (71) | сов ng = Aol) 
0 «6 < 2л 


> n [15,962 * esr soar | cos ng = O 


= [| Окт) - n Qs 02] cos nê = 0 
0 < 6 < 2n 
= n [s.s (s, - DDr (тк e] cos no = -8, (1 - 1,)8 
By the uniqueness theorem of expansion, since 
Dose = -8 0 < @ < 2х 


it follows that 


ar, G1) + cy DF_q(71) = eng (2) 


An(1)Fn(rl)sn(rl) + Cy (тук (ту) = 0 
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Bq DF, (r) – 2,008 103) = 0 


Bar, (ra) Enra) = 2, 77 (та) „(т1) = 2 G - r)P8 7 
The solutions are, respectively: 


A, = 0-1) sa) 


(67) 
ea = A Q0 туу s (та) (т) 
BaD «a, Eat 
(68) 


(2) 23.0) GD 
Pn Bo E 


From theorem 2, it can easily be shown that w(l)(q,60) so defined is, 
as assumed, uniformly and absolutely convergent in any closed domain in 


q<1 and 1< q« V ana that ¥()(q,e) = 0 when q = О. Furthermore, 


the arbitrary constants Aj(1), Bo(2), and co(1) are to be determined 


by the auxiliary conditions. In the first place, the condition that 
dx = dy 30 at 9 = О demands that 


as eai ouo 
Which leads, because of expression (22), to 
AO) = (1 ~ fg (D (&) 


In case there is no stagnation point, such as in the case of a body with 
a sharp trailing edge, this condition is again to be satisfied in order 
to avoid the multiplicities in x and y. The remaining two constants, 


namely, Bo(1) and co(1)， will be determined by the condition of 
symmetry and will be discussed under Determination of Integration Constants. 
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Similarly, the function Q(q,0) is 
ala0) = @(°)(q,e) + Ios 3 (0 (70) 


Here the function @(°)(q,@) is given by equations (56) and (57), and 
(2) (9,0), for а «1, is 


Ф(1)(а,в) = (1 — (۴ [z A, (llan (r)ts(7) sin no + o] + (т) 
and, for 1 <q < У, is 
Dla) = )1 - refa X | B.n (т) ts) 

= & гек a] sin ng + | = Bo (x + ө) (72) 


where 


Q = -Co(1)q2ga(r)ta(r) сов 26 


KO) s (D ы co a] Fea irae OG Е Ü H XOT 


03) 


sad (2 J XN 


a [sen «2] e 


The velocity potential thus gives, by definition, a circulation Г: 


r -中 = Гово(0) (m) 


where the integral is taken, in clockwise direction, about the branch 
point in two complete circuits. 
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Here, since By(1) = 0, the terms for n = 1 again contribute no diffi- 
culty. The constants of integration in equations (83) and (87) are left 
out because they can be incorporated in equations (75) and (77), 
respectively. 


Determination of Integration Constants 


Consider first the case when the flow is symmetrical. The transition 
functions x(q,@) and y(q,@) for such a flow are given respectively by 
equations (75) and (76) for q < 1 and by equations (77) and (78) for 
1 <q < V, involving four arbitrary constants. Of these four constants, 
Хоць 8nd yin сап be chosen arbitrarily by translating the coordinate 


axes. Indeed, because of symmetry, it is preferable to choose 


xout (90) =0 for q-ay and @=0 (89) 
Yin (9,0) =0 for q =O (90) 
whence 
Xout 7 = x = [s arem st) (re gly) 
: За] +5, (91) 
Yin = 0 (92) 


where qy denotes the flow speed on the upper surface at the midsection of 
the body. Then xout depends on +) and tends to zero with ті. 


The other two constants сап now be determined by the condition of 
continuity at q = 1, namely, 


xin(1,6) = xout(1;6) (93) 


0<0 < 2л 
yin(1,9) = уоць(1,9) (94) 
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Since both limits exist, the integration of the identities yields 


„0-1 Je Ы 1 
xs c C у= v [sss ee] cm vis 
= 3: X 
+ x v(Bn + Cn) [par - eas + Xout (95) 
Yout = 0 (96) 


The fact that yout = О is the consequence of y(a,8) = -y(q,21 — Ө); 
2xin Will be defined as the chord of the body. 


For the flow with circulation, according to the preceding section, 
there are six constants instead of four. Let those four arising from 
integration be considered first. Corresponding to equations (89) and (90) 
the following equations may be chosen: 


(1-79) | 2 
xau) "T YS etat) ose + 2] 
Ta 
= Px (ay0) (97) 
yout(1) = 0 (98) 


Then the condition of continuity at q = 1 gives 


(о) .0-ny* J = 1 1 
xin Sa x [Bat (ra) + cnt ут] lets * omi 


i 1 
ihe) come cr ао 09 


Заб) = 2,0) 4 480) 
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In order to derive the second term in equation (100), use has been made 
of the fact that F(7) — Bi = (1 — r)P, which is just the 


Wronskian of the particular integrals of the hypergeametric equation 
for n=l, 


The arbitrary constants B,(1) ana co(1)， on tne other hand, 
are determined by an entirely different consideration. The fact that 
Bo ana cQ) are different from unity and zero, respectively, as 
they would be 17 +) tends to zero is due to the fact that the distortion 


produced by compressibility is nonuniform at the surfaces of the body. 
In order to correct this defect completely, a more elaborate method 
would have been required. For the present simple investigation in which 
symmetry is not strictly satisfied even in the limiting case of zero 
Mach number, the condition of symmetry will be applied to only a few 
Belected points. First, let 1t be required that 


xout(qu:0) = 0 
(101) 
xout(qry2r) = 0 
where q stands for the flow speed on the lower surface at the mid— 


section of the body. These two equations determine uniquely ¢,(2), 
namely, 


Too (1) 2 Sa) = Slan) (лог) 
6x eə(qu) — eə(qr) 
where 
-yfe š š 
sa) + 25210 Ë ies +1) +5, (203) 


eala) = (2 — 1) Papo(7) [282(r) + 2] (204) 
The value of C (l) becomes zero with тү for 3,350 as 1140, as 
defined in equation (55). 


The maximum distortion with respect to the y-axis will occur at the 
midsection. If the required body is assumed to be symmetrical, that is, 
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III — IMPROVEMENT OF CONVERGENCE OF SOLUTION BY ASYMPTOTIC 
PROPERTIES OF HYPERGEOMETRIC FUNCTIONS 


Transformation of Stream Function ¥(q,6) 


The stream function ¥(q,@) for а flow which was derived from 
Wo(q,0) with a branch point of order 1 has been given. The form of 
representation is not, in general, suitable for practical calculation. 
The difficulty is twofold: First, the series involves an infinite number 
of hypergeametric functions which are, in turn, defined as infinite 
series. The convergence of the hypergeometric series in this particular 
instance decreases with increase of the parameter v. This means that the 
computation for the later terms of the series for ¥(q,@) will be 
increasingly laborious. Second, the convergence of the power series 
defining the function ¥(q,@) is, as expected, very slow in the neighbor- 
hood of the circle of convergence. In order to render the method of any 
practical value, the task of transforming the series into & more rapidly 
convergent one is encountered. For this purpose the following procedure 
is adopted. 


The stream function w.(q,0) for the similar incompressible flow 
18 (see section entitled "Construction of a Symmetric Solution about the 
Origin") 


¥,(a8) = > Aga” sin ne «ёз 


which is absolutely and uniformly convergent in any closed domain in 
9 < 1. Then it can justly be thought of as representing not merely a 
regular but a closed function. In doing this, of course, a large class 
of problems is automatically eliminated and those cases are then 
considered in which simple representation of both Q.(q,0) and wo(a,0) 
exists. This is justified only by the mounting difficulties faced in 
carrying out such a detailed investigation. 


It is thus observed that the difference between the stream functions 
¥(q,6) and %,(9,0) lies only in the appearance, in the former, of the 


hypergeometric functions. If, however, approximation is allowed, then, 
according to expression (223), first let F(T) be substituted by its 


asymptotic expression, namely, 


rT) ~ Het) [1 + o] n> N (1o7) 
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where (т) = i. Here the term involving f(1)(r) << 1 has been 
Т], 

neglected. Furthermore, as will be shown in equation (159), to the same 

order of approximation the coefficient A, can be written as 


Ta~ An + 0(2) n>N (08) 


By substituting the approximate values in equation (hl) it can be shown 
that 


v(a) ~ EEL (asso) (109) 
1(т1) 


That is, to this order of approximation the power series representing 
the stream function wW(q,0) can be summed and is given by expression (109) 


As was shown in reference 8, the asymptotic representation is valid 
only when the parameter n is large. Namely, during the summation of 
expression (109) the value neglected becomes smaller as n increases and 
approaches zero as n tends to infinity. This concentration of errors 
in the lower-order terms makes it especially easy to apply the correction 
if high accuracy is required. In doing this, the quantity given by 
expression (109) can be added and, at the same time, subtracted from 
W(q,0). Then а simple manipulation shows that 


V(2,9) = ¥)(a,8) + ұ2(9,0) (110) 
where 
vı(a,0) = Ê (ав) (а) 
vlas) = E G,(7)a™ sin по +з (112) 
with 
A An 
= Ж(т)лА + —— 2. Ay, 1 
Gn(t) = Fy(7)44n Har) (7) (213) 
ачызы ы. 


5А 


FCD PODE) 
(115) 


AFn(7) = Fn(T) — r(z)T"(r) 
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Here n is a positive integer. The stream function ¥(q,9) is then 
represented by the sum of two functions %1(9,0) and %2(9,0). Of 


these, Wj(q,0) is of closed form, which differs from Wo(q,9) only 
by a change of scale of q, and ¥2(q,6) is a difference of two absolutely 


and uniformly convergent series and hence is absolutely and uniformly 
convergent. In fact, according to expressions (107) and (108), G,(T) 


is of order Анх); the convergence of #(9,0) is therefore increased 
by l/n. This actually is the gist of the whole problem. 


In the annulus region 1 < q < V; on the other hand, the stream 
function wo(q,0) is represented by 


= v =v 
Volare) «у (aa + Gi ) cos ve 
and the stream function W(q,0) of the compressible flow is 


wW(q,9) = > [ses c) + caq Ry? )()| cos v0 


+ PAE -0)+ > Ваа 08202007) sin пб 
a 


Where Bn апі Cn are assumed to be given by %,(4,0), and Fy(T)(r) 
stands for the ratio of 了 v(T) to Fy(71). In this region, the hyper- 
geometric functions will be of mixed character, If the critical point 
is not reached, they are of exponential type; beyond this 


1 
To ^28 «1 
point they will change over into oscillatory type. If Tc lies in the 
range 1< q «V, the singularity of the asymptotic expansions of the 
hypergeometric functions will certainly be found inside the domain in 
question, If this neighborhood is excluded and the hypergeometric functions 
are first substituted by their asymptotic forms given in expressions (223) 
and (224), it can similarly be shown that, for T1< r< = 


Y(a,0) = ya(q8) + %2(9,0) + #з(а,ө) (115) 


ж69,9) = HE; #099) 


va(4,0) = > [Bava + euren | cos ve (106) 
0 


where 
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alae) = Bo(x — 0) + = Bag Men )(r) sin nd (127) 


and 
^ = 1 
ну(т) = Fy(T)AFy ту) + Ta GM 
(118) 
(т) = (т) Y) +—— c 
(тт (тр) 
with 


BT) ل‎ 1 
р (ттт) 


АЕ (r) = тубт) — 8007 (7) 


In equation (115) ¥(q,6) again represents а closed function 
Wo(qt,0), апа ¥2(q,6), an absolutely and uniformly convergent series 
with improved convergence. The fact that ¥3(q,6) is not summed is due 
to the fact that Da is of inferior order as compared with Ry. Even 
though D decreases as l/n, ¥3(q,6) will require fewer terms than 
Vo(q,0) although its coefficients behave like 173/2 (provided that 
the flow wWo(xo,yo) is of the nature of a doublet). Неге the functions 
ну(т) аге so defined that the functions of ту and those of T are 
separated so as to make possible the tabulation of AFy(T) and 4р (T). 


In the region mit on the other hand, Fy(T) and 
* 


F (T) are replaced respectively by 
B fO (2) cos (vo — £) 


d f(r)T™(7) cos (vo + p) 


where f(r), T(r), and a(t) are given in table 1. The factor 1/2 
is introduced before the first expression for symmetry. By writing 
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2 cos V0 cos (vo — $) - ë (cos VE + cos vn + sin VE — sin vn) 
2 cos v0 cos (vo + f) = = (cos ve + cos Vn — Sin yt + sin vn) 


with 


t=0+O 
(119) 
п= 90-0 


the following expression, corresponding to equation (111), ів obtained 


(1,0) ~ — a DEA [som + von) + Polat) - $0] 
25/2e(+1) 


where À is a constant defined by 
а/2 
入 = ee. 11 (120) 
(1 + «)%20т1) Y? т(ту) 


ав from equation (228) qt = Ш if 


< т< l. The constant А 
28 + 1 


then is а function of the free—etream Mach number and the characteristic 
constant of the gas but independent of the shape of the body. By 
eliminating the error introduced during summation, the stream function 
W(q,8) in the supersonic range "mi <т< 1 is 

¥(q,0) = %(9,0) + #2(9,0) + ¥3(0,8) 


where 


№109,9) = 22 00, [© + Yoon) + Polat) — «o (121) 
%2(9,0) = = [ Bg (7)a" + Cn (т) Y ] сов уб (222) 


Here %з(9,0) is given by equation (117) and Н (т) and H (r), by 
equation (118), except that aFy(r) and AF \(t) are defined by 
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ав (T) - FC) = f(r)» cos (vo + 4) (123) 


Unlike the previous calculations, EC) in equation (122) 1s not 
of the order of 1/v, owing to the presence of 1/2 in front of 
f(1)T" cos (vw – 2). This, however, does not introduce a serious 
objection, as the series in which it appears now behaves like ВАУ, which, 


according to equation (120) (X > 1), converges more rapidly than Bpa” 
in vo(q,0). 


In the hyperbolic domain, moreover, the function wj(q,0) depends, 


aside froma factor f(t), only on the two independent families of the 
characteristic parameters 上 and т defined by equation (119). This 
result is most striking, as it shows that the main part of the solution 
satisfies the simple wave equation and thus clearly demonstrates its 
hyperbolic character. With both the incompressible stream function Vo(a,0) 
and the incompressible velocity potential qo(a,0) appearing in the 
solution, it 1з impossible to establish в simple relation between the 
incompressible streamlines and the compressible streamlines. Since such 

а simple relation is the foundation of the so-called speed correction 
formula for a quick estimation of velocity distribution in compressible flow 
from that of incompressible flow over the same body, this idea cannot be 
extended to supersonic regions. On the other hand, this also indicates 
that, although the differential equation for w(q,0) is hyperbolic in 

the supersonic range, 1% cannot be reduced to the simple wave equation 

by а mere distortion of the speed scale as given by the function a(r). 

For if this were the case, then wj(q,0) would constitute an exact solution 
without the additional wo(q,0). This fact is all the more important as 
the additional ¥2(q,@) is not small in comparison with ¥;(q,0) for the 
mixed subsonic and supersonic flows, especially for the transitional 


region near the sonic velocity. However, in the case of pure supersonic 
flow, wo(q,0) might be small; then ¥)(4,@) alone may be used as a 


satisfactory approximation. 


Transformation of Coordinate Functions x(q,@) and y(q,0) 


From equations (75) and (76) it 1s seen that the coefficients of the 
series defining the coordinate functions x(a,0) and y(q,6) are of 
the same order of magnitude as those of the series for the stream function 
¥(4,0) (equation (41)). By analogy with the preceding section the first— 
order terms in both x and y can be similarly summed. First, let 
them be written, for q < 1, as 
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Again х2(4,0) and yo(q,@) are defined by equations (144) and (145), 
but the differences of the hypergeametric functions involved in Bay(7) 
and Hyy,1(7) аге now 


Ау(т) = F, (T) — E T cos (va + i) 
ау, I(T) = Fav, 107) — 22) n сов (vo + iP 习 


Improvement of Convergence of А, 3s and xin 


As seen from part II, as soon as the function ¥,(q,@) is specified, 


the coefficients of the inside and outside series can be chosen so as to 
make the conditions of continuity sufficient for the sets of unknown 
constants, for example, A, and lj, to be determined. Inasmuch as the 
conditions are applied at the circle of convergence, it is generally very 
tedious to evaluate A, and D, from the slowly convergent series 
(equations (54) and (55)) when By and C, are given. In order to bring 
these expressions to manageable forms, the following procedure can be 
used. 


By considering the function ¥,(q,@) the following identities 
(appendix F) for п > 1 can be deduced without difficulty 


ay 1 a (Ba + Cm)Iny (153) 
mi > (Bn — Cn) Ty (154) 
An = 4 
2-17 MBa- uu. (155) 


Furthermore, the sum on the right-hand side of the second expression of 
equation (52) can be written as 
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ТҮ — APPLICATION TO CASE OF ELLIPTIC CYLINDER 


The Functions z,(w), Wo(w), and A(w) 


An irrotational flow of an incompressible fluid about an elliptic 
cylinder with a circulation To is represented by the complex potential 


Wo(zo). 


Wolzo) = & le To jog with то f (164) 
А: t 


Where the flow at infinity is assumed to be parallel to the major axis 

of the cylinder. Here all the quantities have been rendered dimensionless 
by normalizing t by a length a and Wo(zo), by Ua. Then the major 
and minor axes are, respectively, 1+ ‹2 and 1- e, where e? < 1. 


By differentiating equation (161) with respect to Zo, the dimension- 
less complex velocity of the flow is obtained, namely, 


PE = 1 


(eee 


the inverse solution of which is 


Mro, K ‹®) -到 
2л lr 


t(v) =- (165) 


?(i- w) 


This function is two-valued with two simple branch points at w = 1+ o(r,2) 
and w = 2 + o(r 2), namely, ¥ = €2 + o(r 2). (See section entitled 
“Analytic Continuation of Solution (Branch Point of Order 1).") The principal 
value may be defined by the convention that —x < arg (1 — w) < x 

end 1< || < c7? with a cut joining the two branch points. With the 
principal value so chosen, the damain wherein the real part of zo is 

less than or equal to O, excluding the interior of the body, corresponds 
uniquely to the hodograph given by W(zo) or, conversely, on account of 
symmetry, the domain wherein the real part of zo is greater than or 

equal to O will correspond to the second branch of the function t(w). 


By substituting t(w) in equations (165) and (164), an expansion 
regarding x as & small parameter gives in accordance with equations (35) 
and (36), provided that то <<1, 
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1, 
суа = P eE] ав 
= y 
(o) -Ne 1-м VV? 
Wo!) = - شح‎ + E (167) 
2 
P а. (160) 


Wol1)(w) -=| + + log, (2) - LA - 106, (1 — «м) 


l-w 
- ent] (269) 
The functions zo[°)(v) and Wo(°)(w) are the transition function and 
the complex potential, respectively, for zero circulation (compare 
reference 1); and zo (v) and Wol2)(w) represent the first-order 


contributions, due to circulation, to zo(w) and W,(w), respectively. 
On separating into real and imaginary parts, it was found that from 


29(°)(w) and м,(9) (w) there result 
xo) == L [£o +02. P, eo) v) (270) 
yo) (a,0) = Ë [E 1(q,0) + 3(,0)] V^ E [=. + 37 (s,0)] E (272) 


and 


9909,9) =- 7 [ea + 36,9]? + [z, + 7,6) v (272) 
vo (aja) = £ | [- (ae) + 36,0] ^ - [—т,(чө) + atuej veh on) 
where 


2 2,2 
10,0) = L= (L+ eq соз ө + efa? (am) 


1 — 2q cos Ө + q? 
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(6LT) 


(өт) 


(Шл) 


(911) 


(SLT) 


5-1 b,» + Ө s09 „эс — b + 8 soo bz- 
I z b T e т 
шеу + ST +2 -= (0%) туь 


b,3 + ө воо bz — т b + ө soc bg 一 
ёч ics z t 
t ga b= tT = (ө) (туох 


Cn LO аа ST eh аа ? à: 
9 ure b,» —— sums - = (6%)ү{у т 


'(A)j?M т (а) (1) шод 'fzwtTUpG 


gb + @ so» te — T 


т\т TO sss = (00) 


b,» + ө soo bag – Т 
ECC bd ael ыы (0) >r 


zh? + 8 809 He *T1)-t 
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(чөт) 


(көт) 


(авт) 


Ъ + 8 soo bg -1] = (e*b)x 


г/т Ë 人 


Sxeun 


х + °y Pta э eae 
yey tt Ty Gr" (0°)x 
XT E 


ТЕЕ 


э, 20. + Te э 
[e е » ч г” + x] T t 2 Lo (ө%)о 
39q3 punoj SBA 3T “вулей AreuTSeuy pue [wer озир UTeBe Эиүуәләйәв uo 


э+т 


> 
FT uum т] Pot GPa aE (NY 


SPT9TA џотзәлдәзит eu; “(L9T) uoT4enbe шолу 


(а) (оом чотзошу ew) 3uf3n3T3sqne Ag (г/т) чорузпЬә шоду “z st Cy 4ueisuoo ou; әләци 


(08T) 


A 
£q рәшүјәр st (a)y uorQounr om “д xTpueddu morg 
(gb, + Ө воо baz — T) Bor š + 


Beyer Uer Nga cci ub аен ай 


[4 ° 
(gb. #9 800 Tq = 1) Son = = 8 воо 5.3 =T Ө 500 b — T == (0B)(t) À 
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к,(4,0) = [a — 224 оов ө + Ф42)1/2 + 1 - ea сов ө]1/? (185) 
Кө) = [а-а cos o + 4) - 1 + a coe |? (186) 
К,(9,0) = [e — 2674 cos Ө + ah 9 1/2 _ 1 + «29 сов e]? (187) 
Expansions of Wo(w) and zo(w) 
Ав the domain considered is complex and has two singularities at 
w =1 ant w= e”, the function Wo(°)(w) defined by equation (167) is 


single-valued and continuous in |w| < 1 but is discontinuous across the 
eut in 1«|v|« «72. The expansions, as shown in reference 8, are 


wo) (v) Е -2 A |v|< 1 (188) 


Wo(o)(v) = eid (вому + og) 1< |wl<«? (189) 
o 
where the coefficients are all real and are defined by 
An = 28100) — (1 + «2)8 40) n>1 (190) 


Ao = Bolt) = 2 


Ape 0 
with 
> n-m+$)rm+34 2а doy 
s Ы T(n- m + 21)r(m + 1) om) 
and 


- [P esa (е) -+ es, (e)] e (192) 
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(66r) en ure (, bo — ,b%q) Ke (0%) (9) 


(861) gu urs S = (eB)(o)h 
T>b 
(L6t) z — gu eoo „by = = (6%) (оу? 


:(4)(o) A 
тоду peujejqo әлә suolygnbo Эстлоттој оца “ered ArerTDemr pue [wer ози Pujjwredos Ag 


£ 
(96t) [e +%)у + 


A Xx). (cs 


-2 > lal >т “o ‘pre 


o cA s nn Ree Res wig 


“t> |a| “oz “er 31 
"pepuedre {TT swe eq uwo ‘(69T) uoTyunbe lq рәптдәр =з “®(ту°к uoj4oung өчү “(Trv[(TuTS 


(T+ mu(r +u + о) 


9 x 
(n6r) =<" (0)'S 


ma 


(Е6т) (o) s(g2 +т)- (o) S = Чо 
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vo) (,0) = Ў (вау + Cng”) cos ve l<a<e (200) 
0 
Similarly, from Wo(1)(w), the result is 


(2004,0) = -Š Ag Pq" віп ng — on (201) 
a<l 
yo(1)(q,6) = - > A (Da cos ng (202) 


where the coefficient A, is given by 


nf) (i-e *) cn 
ana 
qo(1)(q,0) = > [Da - e, Qe] sin nê — (л +6) (200) 
vo (a,0) -> [5,2 A c Yq] Soc due E 
where 
Bal) = (1 - De (206) 
(1) 1 
eU ei. (201) 


The expansion of zo(w) can be carried out in like manner, but it 
was found simpler to deduce it directly from equation (37). Then, 


corresponding to Wo(9)(w) defined by equations (188) and (189), 
zo (9) (v) is 


zo) = -> ee - (14 e) PERI (208) 
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- о 
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3842 FOBT eg? FO орыш ueeq suu osm ‹џотузлЗеђиү Јо вуџезвиоо og; Sujupurejep ur 
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By taking є EE: and Mj = 0.60, Му being the free-stream Mach 


number, the compressible flow without circulation is shown in figures 2 
and 3 in both the T,6— and the x,y-planes. The flow is everywhere 
continuous and the highest Mach number attained at the central section 
ie 1.24, The profile calculated in this case is symmetrical but is far 
different from the ellipse from which it was derived. The thickness 
ratio is 1:2 as compared with 3:5 of the original elliptic section. The 
lateral distortion thus is mich more pronounced than that suffered by the 
longitudinal dimension. The characteristic feature in the case of 
transonic flows is that the central portion of the derived body where the 
flow is supersonic is always flat in comparison with the original body. 


In order to exhibit the campressiblity effect, the corresponding 
problem of the incompressible flow over the same body must be solved. 
Technically, this does not offer any difficulty. However, in order to 
simplify the numerical work, an incompressible flow resulting from a 
superposition of a parallel flow on a source-eink combination has been 
considered. It gives rise to a body which, by adjusting the strength of 
and the distance between the source and sink, approximates closely the 
given body with an error of about 2 or 3 percent. (Compare fig. 3.) 
The pressure distributions over the same body for both campressible and 
incompressible fluids are compared in figure 1, The results calculated 
according to the Von KÁrmán-Tsien and the Glauert—Prandtl formulas are 
also given. 


The wide disagreement between the exact and approximate curves 
serves as a proof that in the case of transonic flows the thickness 
effect of the body is no longer secondary and cannot be ignored entirely, 
as is done in both approximate formulas, The inmediate cause for these 
discrepancies seems to be the fact that the point of equal pressure on 
the surface of the body in the case of compressible and incompressible 
fluids does not correspond with that of the free—etream pressure. This 
deviation has, in fact, been observed even in the case of subsonic flow 
about a Joukowski airfoil of thickness ratio 0.15 (reference 9). The 
reason is that the flow of a compressible fluid over a body is partly 
compressive and partly expansive. By increasing the free—etream Mach 
mumber, the speed of the flow in the neighborhood of the stagnation 
point tends to decrease and the speed far away from the stagnation point, 
that 18, in the supersonic region, to increase. The hodograph 
corresponding to the zero streamline then becomes longer and flatter 
as the free-stream Mach number increases. Consequently, the point of 
intersection of the compressible and incompressible hodographs will 
shift toward the small inclination of the velocity vector, that 1s, 
away from the stagnation point. This effect will be more pronounced 
for larger thickness ratio as well as Mach number. 


The general applicability of the Von KÁrmán-Teien formula has been 
questioned and examined by Tsien and A. Fejer (reference 10) from 
purely geometric considerations, and the limitations therein raised seem 
to be further substantiated by the present result. The question, 
however, remains to be answered as to whether critical conditions for 
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the validity of the Von Ka:rman-Tsien theory could be given in terms of 
the thickness ratio and Mach number. From the practical point of view 
establishment of such conditions woulà constitute a result of major 
importance. 


For the case of circulatory flow, [2 is taken to be 0.05. Here, 


for simplicity's sake, AU) = 1 ага mU = (1 - 11) by equation (69) 
во that the circulation of the compressible flow ia (1 - 71) T, 


according to equation (74). The constant c, O) could have been determined 


by successive approximations, but in this particular case it is small 
enough to be neglected. The calculated flow pattern is shown in figures 5 
and 6 for both planes. The body, as expected, is unsymmetrical with a 
negative camber of about 2 percent. The highest Mach number reached 

at the upper surface is 1.33 and that at the lower surface is 1.15. 


, 


The lift coefficient is 0.65 corresponding to an angle of attack 
at zero lift of about 2.29. For camparsion with the case of incompressible 
flow, the problem is simplified by considering the incompressible flow 
over the body resulting from the superposition of a small negative camber 
on a geometrically similar ellipse of thickness ratio 1:2. The estimated 
lift coefficient of such a system is approximately 0.45. The ratio of 
the two coefficients thus is nearly 1.5, which is much higher than the 
value of 1.25 given by the Glauert-Prandtl formula for the present case. 
Actually, 1f the oval shape is considered, the incompressible value of 
the lift coefficient would have been lower than that obtained, owing to 
the fact that the central flat portion reduces the speed of the flow and 
hence leads to a higher pressure. Thus, the ratio of about 1.5 should 
be regarded as & lower limit. 


Guggenheim Aeronautical Laboratory 
California Institute of Technology 
Pasadina, Calif., September 5, 1916 
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APPENDIX A 
PARTICULAR INTEGRALS OF 9(q,@) 


Consider the total differential dp which from equations (10) 
and (11) is 


p. p 
ap = - چ‎ (1 — É) No aq + — avg дө 


If the particular integrals of ¥ are given by the first group of 
expression (24), then 


ЕЕРЕЕ 


Po а |у cos V6 
rx Ë Fylt) | V gin ve f ae 


From equation (13) CU can be eliminated as follows: 


P, 
eg [Sese] 2} м 


d | Poy, sin v6 
* &[* Fy(T)&y(7) — cos ve [ 9 
The integration therefore gives 


Роу віп v8 
Ф = T FG) cos vg | + Constant (220) 


Similarly, the following equation corresponding to the second group of 
expression (24) is obtained: 


P, ۷ 
9 = ав (v) 4 соз yg | + Constant (221) 
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APPENDIX B 
PROOF OF THEOREM 1 


Consider a small neighborhood of q = О where the hypergeometric 
functions can be accurately represented by 


FQ) = f(T)mm(T) Ë + Lwa) 


If the complex potential for the similar incompressible flow is 
б) x p^ Ivi <1 
Mo(w) = = > Ag v 


let W(w,T) be а new complex potential such that the stream function 
for the compressible flow is given by 


Wase) = x, [wwr)] 


Then W(w,T) must be of the form 
ww) = — ix Ante)? + [£96 - £03 > "how? м< 
But it is easily seen that 
e tw 
=> щы)? = I [Wo(w) + Ao] Z 


Therefore, W(w,T) can be represented by two olosed functions 


E аэ кыре) + [sto - 463] [ы + Ag] + (220) 


(7) 


The function represented by the integral, when continued, will give rise 
to а term log, tw. No longer is w = О a regular point; the singularity 


must be either at w = 1 or at origin. 
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APPENDIX C 


ASYMPTOTIC REPRESENTATION OF HYPERGEOMETRIC FUNCTIONS 


The asymptotic integration of the hypergeometric equation for a large 
positive parameter V has been discussed (reference 8). It was shown 
that its solutions under this condition are of the exponential type when the 


variable v is in the interval 8515 1-8, where 5 > 0, and of 


the oscillatory type when + is in the interval = 46ST 51-5. 
The point T = TET is a singularity. Thus, to the first approximation, 
the hypergeometric functions for the interval are 


F(T) ~ f(r)” (т) fa + °@| (223) 
F_ (r) ~ (DTC) Ë + o(2)| von (22h) 


where 
(т) = (1 - la gy 


(225) 
Qj? > «2,8 & 


2 al (1 
(1+ ү 5 т)? (Е 21) 


T(r) = 


Неге o() in each case denotes the fact that the term is uniformly of 
the order of 1/v when У is sufficiently large and is a function of 1/v. 
For the interval de «T <1, the hypergeometric functions are 


F(t) ~ г(т)ТУ(т) сов (ve < i) Ë + 29) (226) 
了 (r) ~ ir) (т) сов (ve + Dl °@| (227) 


where 
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flr) = 2)1 r)a — iy 
(228) 
m) a a 


(1 + а)® Vepr 


a(t) = a tar? [nmi tart (ei (229) 


The values of f(t), T(r), and о(т) are given іп table 1. Неге 
the parameter У may be any positive large number. When it is a large 
positive integer, these formulas will automatically represent the 
hypergeometric functions defined by expression (16). 


In the respective domains of validity, the asymptotic expansions 
may be differentiated with respect to т. То the same order of approxi— 
mation, it can be shown that for v >N in the interval 


Fy a(t) ~ eT" (T) Ë + o(2) | (230) 
Fy ,.(t) ~ erm") Ë + (2)] (231) 
where 
" 2r(7) 

ey d 
232 

tolt) = 

and in the interval EJ - y < r< 1 
Fy, 1(7) ~ alr T(r) сов (o = °= SIE + o(2)] (233) 


Ey a) = deter) C) cos (vo + ux f) Ë + °@)] (234) 
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where 
a(t) = 200) _ 
Vagr(1 — 7) 
(235) 
ho(r) = cost [1 — 7 


apr 


Here Р, a0) and E40) represent respectively the functions 
Fla, + 1, by + l; cy + l; т) and F(1 + ay — cv + l, 1 + by — oy +1; 
2 — cy + l; т). When v takes integral values n, expressions (231) 
and (234) will represent asymptotically P_n,l(r). The values of g(r) 
and u°(r) are given in table 1. 


In practice, a more accurate representation for the functions EG) 
and т and their derivatives is often required, especially in the 


interval O <r ex The fact that this is the case is quite evident 
* 

1n part III. In order to carry the approximation to the second order, 

according to the method given in reference 8, a Simple evaluation gives 


(1) 
F(T) ~ f(r) (т) [: + 一 一 + «)] (236) 
o <+ <— 
т>” Kem a 2B + 1 
E(t) ~ (тут (n) i- £00) +) (237) 
where 
Gies FACET К _ Be? Me 
f(1)(r) ۾ عع | چ‎ to) 8 10g, (e ta) 
-l Er 
RECEDIT = 


Similarly, by differentiation with respect to T of expressions (236) 
and (237), the following expressions are obtained: 
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Fy 1(7) —в(т)ТУ(т) Ë + go) + o8) (239) 
o < v Ede 
28+1 
1) 
Fy үт) 8090170) Ë = sex + «8 (20) 
where 
eg(1)(r) = #0002) + z (1 + to)(1 = to?) (211) 


By comparison of the values of £(1)(7) and e(D)(7), the first approxi- 
mation of TG) and F_ (T) is seen to be superior to that of Fy Y(7) 
> 


and Еу 1(7). The values f(l)(+) ana &(1)(т) are given in table 1. 


For y = 1.305 and V=n + 1/2 and V =n, n being a positive 
integer, the two groups of functions F,(7), F ,(7) ana Fy,1(7), 
Foy,1(7) with their asymptotic expressions were calculated for values 


of т varying from O to 0.34 and for values of n from 1 to 10. The 
results are presented in table 2. 
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APPENDIX D 


ASYMPTOTIC REPRESENTATION FOR ty(t) AND tW,(T) 


Next in importance are the functions by) and tir), defined by 


equation (29). They are associated with the particular solutions of 
Ф(9,0), and eventually, through the latter, will appear in the various 
functions in the problem of compressible flow. As was shown in part II, 
the whole scheme is based on the stream function ү(9,0), and its 
determination depends on the efficiency of the determination of the 
coefficients of the power series representing ¥(q,0). In order to 
facilitate such evaluation, the asymptotic expressions are again powerful 
tools. In deriving these expansions, it is also convenient to start 
from the differential equation for y(r) which, from equation (13), 

is as follows: 


ty) + Bear) + a [sse ы ©] =0 [C 


This is the celebrated Riccati equation. This proves to be an adequate 
form for the asymptotic development of f(r) in the interval 


0<т < = 1. 1 Suppose the expansions are of the following forms: 
* 


(1) (2) 1 

аст а а) 
(1) „(2) 

tr) ~ o + m È E * (5) (244) 


where to(r) is defined by equation (232). Substituting these expressions 


in equation (212) and equating the coefficients of various values of v-9 
to zero yields for the interval 


(2) ar 
ET ec (sg? - 1) (245) 
slr) = Serer + 2) (1-5) £c) (246) 
toll- 7)? 20266 


The values of t(J) ana ¢(2) are given in table 1. 
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APPENDIX E 


PROOF OF THEOREM 2 


The first part of the proof, namely, the series 
5 2. 
ш) = > Kana (z)(r) sin ne "ET 


which is absolutely and uniformly convergent in any closed domain in 
q <1, can be similarly carried out (reference 1), since according 
to equation (159) 1t can be deduced that for large values of n 


I| < мај 
where M is a constant independent of n. Therefore, it follows that 
1 
for T< 39-31 and n>N 
[Kor e| < ж Сеад] 
For the series (equation (51)) it is noted that for т 5 зат 
and v > N 


Iz (| < му 


Iron] < ue 


کک 

28 + 1 28 + 1 

to be excluded. Here all the M's are different but independent of n. 
Furthermore, from equation (160), D, is bounded by 


where the region +5, where 5 > 0 is assumed 


< 


Consequently, for п > №, the following inequalities are obtained: 
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Baa ry (7| < мв, (ае) 3] at <Y 
[ese 0| < мј (ае) | qt>1 
Boe 6e «M Gay 


This campletes the proof. 
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APPENDIX F 
DEDUCTION OF IDENTITIES (153), (154), AND (155) 


Consider the stream function of the similar incompressible flow 


ә 
Yo(q,0) = > Aja” sin ng а<1 
E 
vo) = > (Bn + б”) cos v8 1«q«v 
At the circle of convergence the conditions of continuity give 


Ў зш шю = Ў (Bq + Cn) cos vo 


Ў mhn sin no IRL EIS cos ve 


Since the limits exist by hypothesis, by multiplying both sides by sin n6, 
term-by-term integration then yields 


A -二 六 (Ba + ал, (247) 
ms = Ü 5 (ва — бш), (248) 
where 
Tm "soy А 
йаа 


Ву use of appendix B, from 
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- ee [tee + 07¥ 


the following relation by continuation can be deduced. Denote this 
function by A(w). Then 


Mv) = = ie М <1 


A(w) = 1 X š (Pe -oa )- Ao log, w + Constant 1 «|w| «v 


where the constant of integration can be determined if the form of A(w) 
is known. At the circle of convergence it can similarly be shown, by 
considering the imaginary part of A(w), that 


2l Man- Cnn +4 (219) 


where the constant term is eliminated by integration. 


Moreover, if Aw) = o + 1X, it follows that 


9(2,9) =- = fagn cos nó (250) 


q<1 
X(q,0) = Ex Ange sin n8 (251) 
o(a,0) = = 2 (вау + Gna”) sin v0 + 2 log, 9 + 00 (252) 
l<a<v 


X(a,0) E 2 (3a - cna”) сов ve — Ao(z — Ө) (253) 
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TABLE 2.- NUMERICAL VALUES OF EYPERGEOMETRIC FUNCTIONS AND THEIR ASYMPTOTIC REPRESENTATION 
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TABLE 2.- NUMERICAL VALUES OF HYPERGEOMETRIC FUNCTIONS AND THEIR ASYMPTOTIC REPRESENTATION - Continued 
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On the Hodograph Method 1) 


Y. H. Kuo 

Assistant Professor of Aeronautical Engineering, Cornell University, 
Ithaca, N.Y. 

December 20, 1948 


rns mayu ances APPBAED two papers concerning the 
transonic flow of a compressible fluid about a closed cylin- 
der, using the hodograph method, by M. J. Lighthill! and T. M. 
Cherry." Аз is well known, such a flow is generally two-shected, 
with two branch points, in the hodograph plane. It is clear that 
a Taylor series is never sufficient to represent a complete solu- 
tion in this situation. For this reason, the question of analytic 
continuation of a Taylor series always arises; it is in this connec- 
tion that Lighthill and Cherry have made important contribu- 
tions, 

‘The Lighthill-Cherry method of continuation is essentially 
based on the property that the hypergeometric function Fq(r) has 
simple poles at negative integers, so that it is accessible to а rep- 
resentation by a series of partial fractions. By means of this 
form of representation the authors are enabled to transform the 
original Taylor series into one with a larger radius of convergence. 
However, this requires the coefficients of the Taylor series to be 
A.T-—"(n) rather than А „Р, (п), where A. is the coefficient of 
the Taylor series of the corresponding incompressible flow, T(r) 
a known function of 


on the circle of convergence, which is always positive and 
nonvanishing in the subsonic range, and an integer. Thus, 
the simplification in analytical continuation is brought about 
by the sacrifice of a closer resemblance to the incompressible 
flow on the circle of convergence. 

In the appendixes of both papers, a previous paper by Tsien 
and Кио? on the same subject is criticized and is, in fact, sus- 
pected of being incorrect, because the solution thereof does not 
agree with the new results. Both authors attempt to demon- 
strate the incorrectness by deriving a solution, for comparison, 
by their method. During the process, apparently, several basic 
facts have been overlooked, and, as a result, the criticism is not 
justified and should be clarified. 

(a) To show that a solution, not satisfying his condition C 
(reference 2, page 76), continued by the Tsien-Kuo method from 
a Taylor series, diverges, Cherry considers as an example the 
function 


Wiw) = VI = фа 


where ш = ge~# is the complex velocity. This function consists 
of two component parts: one is an entire function and the other 
is singular at w = 1. Therefore, Wo(w) has a branch point at 
w = 1. The proper expansion of this function is therefore 


Waw) = È Ae" +» 
5 


+ Lighthill, M. J., The Hodograph Transformation in Transonie Flow. 
111, Proc. Roy. Soe. A 191, pp. 352-369, 1947. 
* Cherry, T. M., Flow of a Compressible Fiuid About a Cylinder, Proc. 
Roy. Soe, A 192, pp. 45-79, 1947. 
+ Teien, H. S., and Kuo, V. H., Two-Dimensional Irrotational Міхей 
personie Flow of а Compressible Fluid and the Upper Criti- 
(al Mach Number, N.A.C.A. T-N. No. 905, 1948, 


for|w| < land 
Welw) = iD) Aw In7 0791 + w 
rj 


for|w|? 1. Both series are absolutely and uniformly convergent 
in their respective domains. Instead of taking the correct ex- 
pansion shown above, Cherry, to demonstrate the supposed short- 
‘comings of the Tsien-Kuo procedure, forces a second expansion of 
the form: 


Wis) = ç £ 18,2090" + Cat 0/9] 
5 


and then computes the coefficients Bs and C, by the rule of Tsien 
and Kuo. Clearly, by the lack of the proper singularity, this series 
has no choice but to diverge, and it must be noted that this di- 
vergence has nothing to do with the condition C. A difficulty 
like this can always be avoided by sound judgment, 

(b) To show that the continued solution by Tsien and Kuo's 
method is incorrect, both authors deduce a solution by taking the 
same Taylor series as Tsien and Kuo—namely, for < 1— 


Wig, ду = 
T 


but use their method of continuation, Indeed, the continued 
solution is different from Tsien and Kuo's result. The dis- 
erepancies, however, can be traced to an erroneous assumption, 
which seems to have been taken for granted by the authors. It 
must be remembered that the Lighthill-Cherry method of con- 
tinuation depends on the expansibility of F,(7) T - (ri) asa series 
of partial fractions. In thé case of F.(r)/F,(r), the method 
simply fails, As remarked by Cherry, the function P,(7)/F,(ri) is 
now regular at negative integers. Hence, the poles of the func- 
tion are the zeros of F,(). But for r < (y — 1)/(y + 1) or in 
the subsonic range in which r always lies, the hypergeometric 
function F,(r) is nonoscillatory and is positive for all real м. 
Therefore, F,(r) has no root in this interval. Consequently, 
Fa(r)/Fa(ni) cannot be expanded as a series of partial fractions. 
In other words, Eqs. (53) and (54)! and (7.12) and y** are fic- 
titious. 

It is undeniable that the Tsien-Kuo method might run into a 
divergent series if not handled properly. This is not a charac- 
teristic feature, and it may be remarked, by way of analogy, 
that the lack of physical consideration will often lead to improper 
integrals and divergence in many problems, for example, in wing 
theory. The same, of course, can be true in the hodograph 
method. Fundamentally, Tsien and Kuo's method assumes 
nothing beyond the existence of a solution for a linear partial dif- 
ferential equation of two variables. If every requirement for a 
solution to exist is met, there should be no question as to whether 
the series or integral has a meaning. At this stage of the develop- 
ment of the hodograph method for transonic flows, an important 
criterion to judge any procedure is the amount of labor involved 
in carrying out the numerical calculation. It is this aspect of 
the Tsien-Kuo procedure which was thought unsatisfactory and 
жаз improved in a later report in 1946." 

* Chapiysin, S., Gas Jet, N.A.C.A. T.N. No, 1003, 1944. 

* Kuo, Y. H.. Two-Dimensional Irrotational Transonic Flows of а Com- 
pressible Fini 


.A.C.A. Т.М. No. 1445, 1948. 
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TWO-DIMENSIONAL TRANSONIC FLOW PAST AIRFOILS ) 


By Yung-Huai Kuo 
‘SUMMARY 


This report concerns the problem of constructing solutions for 
transonic flows over symmetric airfoils. The aspect of the problem 
emphasized is, of necessity, not how to form a solution for compressible 
flow but how to simplify the initial phase of the problem, namely, the 
mapping of the incompressible flow, In the case of the symmetric 
Jcukowski airfoil without circulation, the mapping is relatively simple, 
but the coefficients in the power series are difficult to evaluate. As 
а result, the problem requires simplification. Instead of the exact 
incompressible flow past the airfoil, an approximate flow is used, which 
is derived from a combination of source and sink. This flow differs 
only slightly from the exact one when the thickness is small. By the 
same method, the flow with circulation is also considered. 


After the incompressible-flow functions are approximated in this 
fashion, the numerical calculation of the corresponding compressible 
flow, by the hodograph theory, does not present any essential difficulty. 


INTRODUCTION 


The problem of transonic potential flows has been considered in two 
previous reports (references 1 and 2). The object was, in the first 
Place, to construct a solution for a closed body, and, secondly, to devise 
а method by which the flow can be easily calculated. The method of con- 
structing a solution is essentially a method of analytic continuation. 
That is, a complex potential, which is known as a function of the complex 
velocity, is represented by a Taylor series about the origin of the hodo- 
&raph plane and by another series in an annular region. Both series are 
convergent in their respective domains and agree on the common circle of 
convergence. In the interior region, a solution for compressible fluid 
can immediately be obtained by replacing the proper particular integrals 
in the Taylor series. The new solution does not affect the radius of 
convergence and, as Mach number tends to zero, reduces to that of the 
incompressible flow. The solution for the annular region cannot be 
formed by simply replacing the corresponding particular integrals in 


1) NACA Technical Note, 1951, No. 2356 
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the outside series of the incompressible flow, because the solution so 
obtained does not agree with the inside series on the circle of con- 
vergence and, consequently, does not represent the same function. 


The problem is then not so simple as it first appears to be. In 
order to make both series represent one solution, the idea of retaining 
the coefficients in both series of the incompressible flow must be 
abandoned. Instead, both the coefficients as well as the form of the 
solution are modified to satisfy the conditions on the circle of con- 
vergence (reference 2). A different approach to the same problem is 
that due to Lighthill and Cherry (references 3 and 4). Instead of 
choosing in advance the form of the outside series » they first transform 
the Taylor series into a double series, which, on interchanging the 
order of summation, can be summed to yield a single series. As a result, 
the series is valid anywhere except at the singularities in the domain 
considered, and analytic continuation is automatically accomplished. 

The continued outside series consists of two series; one is derived 
from the outside series of the incompressible flow and the other is a 
Taylor series. 


The status of the hodograph method is then this: Ifa complex 
potential is given in series form, a corresponding solution for com- 
pressible fluid can be constructed, the body shape being unknown until 
the end of the calculation. It is apparent that the fundamental problem 
of determining the flow pattern about a given body remains unsolved. 
Moreover, even the transformation of the complex potential often poses 
many practical difficulties. Nevertheless, the hodograph method is 
still the only one available by which an exact solution may be sought. 
For this reason, there is still ground for further exploration along 
this line. 


It is the object of this report to examine a case of more practical 
interest than that previously considered, in order to discover possible 
means of simplification. As a first attempt, a symmetric Joukowski air- 
foil is studied. In this case, if the rule of transforming incompressible 
to compressible flow is strictly followed, the calculation becomes 
extremely laborious. However, if a special case of small thickness - 
which is also of practical interest - is considered, the functions can 
be simplified to such an extent that numerical calculation is practical. 
The process is, in a sense, approximate. But as far as the compressible 
flow is concerned, the merit of a method lies only in whether it yields 
а good aerodynamic body or not. It has never been demonstrated that an 
exact incompressible potential function gives a better result. From this 
point of view, this is just another way of choosing a complex potential. 
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Finally, it must be emphasized that the present investigation is 
only the beginning, as far as practical calculations for useful airfoil 
profiles are concerned. Taking the approximate function as a guide, 
refinement is not difficult to make by introducing additional terms 
according to the character of the function. For instance, when circu- 
lation is present, the hydrodynamic functions for compressible flow 
transformed from those of incompressible flow for a symmetric body will 
give a negatively cambered airfoil. The necessity of applying correc- 
tion terms is obvious. 


This work was done at the Graduate School of Aeronautical Engineering 
of Cornell University under the sponsorship and with the financial assist- 
ance of the National Advisory Committee for Aeronautics. 


FUNDAMENTAL EQUATIONS AND THEIR PARTICULAR SOLUTIONS 


A Steady, potential, and isotropic motion of a perfect gas in a 
plane satisfies a system of equations in the hodograph plane (refer- 
ences 1 and 2): 


39. _ POG _ м2) 2% 
s eh n)a 


(1) 


Here q(q,9) and ¥(q,@) are, respectively, the velocity potential 
and stream function; q and Ө, the magnitude and inclination of the 
velocity vector, respectively; p and M, the density of the fluid and 


the local Mach number, respectively; and po: the value of p at q = 0. 
(See appendix A for definitions of all symbols.) 


This fundamental system, as shown previously (reference 2), can be 
solved and, in the case of Y(q,9), the particular integrals are 


ero vo 
(2) 


~v cos 
q F_ (T). sin] ve 
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2% т) сов ve] 


(3) 
[so sin va] 
and 
e аа [T Q - 8 & (4) 
and, in the case of (q,@), are 
a- roo аша} ve 
(5) 
(a=) Pa p OR ope 
(1-9 Shere, sta ve] 
(6) 
(1 - +)" ofr, (z)ty(z) cos va] 
a-wn*-i[f'ü.9 sa ө (1) 


All these results are well-known except equations (3) and (6) which can 
be found in appendix B. Here Е;(т) and F_ (T) stand, respectively, 


for the hypergeometric functions F(ay,b,; V + 1; +) and 
Flay -Vby- w 1 = v5 т) for nonintegral parameters v. In case V 
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is an integer n, the definition of the second integral is modified. 
The new function will include a logarithmic term (cf. reference 2) and 
is denoted by F_,(+). The functions t (7) and &-у(т) are defined 


by 


vt (7) = 2r £ loge тур (z) 
(8) 
a -v/2 
vt (7) = 2r a log, TF (т) 


and the constants a, anda by are defined by 


ay tb =v-B 


Pe 
А B-1— (9) 
ау == Ву(у + 1) 
and the variable т ів 
1g? 
TAS 25 (10) 


where y is the ratio of specific heats of the gas and Cg, the speed 
of sound at q = 0. 
Furthermore, F,(+) is an analytic function of both variables т 


and v. For fixed т < 2-1 
»*1 


accordingly, possesses an expansion of the form (references 3 and 4): 


› it has simple poles at v = -n and, 


F(7) = f) -) ` REL iG)" eG) (11) 
m=1 
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where 


f(T) n w nt^ 


Tr) 2 be - e, (1- nip ES (12) 
r= = 
(a ER GC) + (a лат) Y= 


T (em)r(n + 1 - ba) 
(аа -可 rG = ъа) (а = 1)! 


This expansion is valid for all values of v except negative integers, 
When v = -n the limiting process gives 


-n+m 


Fal) = fO TG) 22 EB mM yp (7) - 
m=. 


s [nt loge T + (es) (13) 


where the prime indicates that the term m = n is to be excluded, 


From these particular solutions one can construct a solution for 
any boundary in the hodograph plane. Опсе the functions q(q,0) and 
¥(q,8) are known, the flow pattern in the physical plane is given by 
integrating D 


э - (в o 32 - 2 sin o A) 


(14) 
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and 


(15) 


= ioe o 3 - % sin o Z) 
39 
да 3 


р, 
+ 20 сов ө 9# 
p 
where x and y are the coordinates of a point in the physical plane. 
MAPPING OF AN INCOMPRESSIBLE FLOW 


The potential flow of an incompressible fluid past a symmetric 
Joukowski airfoil without circulation is determined by a complex 
function gW(z): 


gi) bee GEO r=t +Ë (16) 
where 
z=x+ іу 
t=t + in 


Here all the physical quantities are made dimensionless by dividing, 
respectively, every length and velocity by the radius of the generating 
circle and the free-stream velocity. Then € is a purely real number. 
The complex velocity w for such a flow is 


0206 + 1 + 2c) 


“" Grant + ee ny 


This equation expresses the relationship between w and 534€ 
can also be interpreted as a transformation function from the ¢-plane 
to the w-plane. In other words, if a flow field in the physical plane 
is given, its image in the w-plane is immediately known by means of 
equation (17). Since the present problem is formulated in the w-plane 
instead of the z-plane, the flow field in the z-plane can be calculated 
from the inverse transformation (w), which is given by solving 
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63 + G + ae? - 1 205 (18) 
The three solutions of this equation are: 
6109) = P(w) + Q(w) - c 
atv) = ә + ao] - мо - ai] - 252 | a» 
300) = -EW + ac] + рео) - щы] - 23€ 
where 
P(w) = -Ł (re ede tet PD 
3 l-w 
133/201 + ME _ G 9:9 1 
"aZ (1 + 26)3 
(20) 


9 + e+ 6) 
1- v 


Q(w) i (1 - e)3 + 


133/2e(1 + ат, .Q- 3+ е) ] 


(1 = м)3/2 (1 + 2€)3 


This indicates that to a neighborhood in the w-plane there corre- 
spond, in general, three distinct neighborhoods in the ¢-plane or the 
z-plane (see fig. 1). The exceptional points where two of the three 
solutions become equal are given by aw/at = 0. This yields three 


points t= 0, t= LES, and Ü = = about which two of three 
* е 
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solutions join. Furthermore, it remains to investigate how the axis of 
reals, that is, v = О, is mapped in the {-plane. By separating into 
real and imaginary parts, the velocity component v in terms of 上 


and т is: 
- 2e (t? + et +n?) [e +e)t + 1 + 2d 


(t + ot + 1) (tt + act + c2)? 


Then v = O corresponds to 
п=0 
(2 + є)Е + 1 + 2e = O 


(eget 


In other words, the axis of reals of the w-plane corresponds to: (a) The 
axis of reals of the ¢-plane, (b) a straight line through one branch 
Point parallel to the n-axis, and (c) a circle. Moreover, while u 
increases from zero to one along v = O, [2154] decreases from the for- 


ward stagnation point to negative infinity, talw) increases from zero 
to positive infinity, and £300 decreases to a negative number. Evi- 


1 + 26 


dently, branches I and II join smoothly at the line £ = - are 


2 
branches II and III meet along the circle (: + sy +12 = $, 


Branch III then lies entirely inside the circle of radius ¢/2. Hence, 
the flow over a body with a sharp trailing edge, complicated as it is, 
remains essentially the same as that over the body which is symmetric 
about two axes with two stagnation points. Finally, by substituting 
equations (19) in equation (16), the corresponding branches of the com- 
plex potential are gWi(w), oWo(w), and oW3(w). 


When circulation is present, having the magnitude required by the 
condition of finite trailing-edge velocity at an angle of attack a, 
the complex potential is 


ow(z) = (5 + e)e ® + geen et% + 2i(1 €) sina log, (b + є) (21) 
+ 
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with z = t + v and the complex velocity is 


2 -ia ia| 
EE. [lc + dente + (1 + cet] 


(22) 
(6 + 1)6 + o)? 


The inverse transformation function ¿(w) in this case consists in the 
solution of 


(e-ta z м) + [ee-ie + (1 + elo- (1 + Belut? - e(2 + e)wt - ew = o 


(23) 


The solution of this equation can, of course, be given, but the 
expressions are so complex as to make any practical manipulation dif- 
ficult. To bring out the complicated character of the Reimann surface 
it is sufficient to determine the branch points and branch lines. Now 
the branch points are €¢=0, Ú = m and 


(1+ є)(1 - e201) 02 + «b+ €+ )1+ eesa + zek + (1 + oci] =0 


of which two are inside the body; and the wind axis in the hodograph 
plane, that is, the axis in the direction of the wind, corresponds, even 
for small values of a, to curves in the ¢-plane: 


all + є)(ё +1 + 2e) + (2+ её «14 eds? + а(1+ obs- 
61-98 - (3 - гє - ee - aeree ee + b+ 
1 + 2e]n + а(1 + є) + 1)( + e)3 = 0 


This equation is of degree four in ņ and five in t. It would be 
interesting to trace this equation for given values of є and a. 

This was not done for the sole reason that the exact problem is too 
difficult, if not impossible, to handle. It should be remembered that 
the present procedure of constructing a solution of a compressible flow 
depends primarily on the knowledge of an incompressible-flow solution 
in the form of power series. Even in the case of zero circulation, as 


‘Two-dimensional transonic flow past airfoils 275 


NACA TN 2356 11 


can be seen from equations (20), the series expansion of the complex 
potential yields sets of coefficients whicn are, at least, double 
infinite series (cf. appendix C). One can easily see that the initial 
task alone is a formidable one, not to mention the later computation 
of the compressible-flow solution. This amount of labor is particularly 
unjustifiable in this problem because, even if one starts with an exact 
solution, he may still end up with a body very different from what he 
expected because of the distortion due to compressibility. For this 
reason deviation from the formal procedure is recommended wherever it 
is convenient. In this report, the case of small thickness and small 
angle of attack is studied first. 


Before proceeding further, it is mentioned that the Joukowski air- 
foil is characterized by having a cusp at the trailing edge. Although 
the velocity is finite there, the acceleration is infinite and, con- 
sequently, the analyticity of the mapping function breaks down; namely, 
dow/av = 0. In order to preserve this property in the case of compress- 
ible flow, the stream function w(q,0) must satisfy 


S o 
aa 
(2%) 
3.6 
3e 


In the case of symmetric flow, the first is satisfied identically. The 
Second serves to determine the speed at the trailing edge. 


APPLICATION TO THIN SYMMETRIC AIRFOILS 


Consider the case of a thin symmetric airfoil present in a uniform 
flow without circulation, namely, œ= О. Since the thickness ratio of 
a Joukowski airfoil is directly proportional to the parameter €, for 
thin airfoils є must be small. Suppose that the airfoil is so thin 
that terms higher than є are negligible. Equation (18) is then 
simplified to 


ee ае - eo (25) 
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of which the solutions are: 


t (v) d (1 + zo( + pon 3 


l-w 


tow) =-ф(1+ eof: х Ë: — 5 


з being of the order of magnitude unity. 


(26) 


_ 1 - 2є 


where €] = EE 


By making such an approximation it is seen that the third solution 
disappears. This is explained by the fact that the third branch lies 


wholly inside a circle of area 5 xe which, according to the present 
approximation, is zero; therefore t4) = 0. The branch points are 
now located at t = -i (1 + 2€) and 6 = «e, connected by the branch 
line (fig. 2) 22 + 1 + 2‹ = O. 


The problem is indeed simple. The question, however, is: What 
flow is represented or, in other words, how is the complex potential 
modified? By using the simplified transformation function, a straight- 
forward integration gives 


oz) =Ü + e+ _ loge ( + #) (27) 


The flow in the ¢-plane is then that produced by the superposition of 

а sink and а source at, respectively, {= O and t= -2e ina uniform 
flow. It is very easy to see that, if є is small, the vanishing of 
the stream function corresponds closely to a circle with radius 1+ € 
and center at { = -є. Hence for small values of є the curve in the 
z-plane will not differ much from a Joukowski airfoil. By substituting 
bı and 65 from equations (26) in equation (27) the two branches 


of the complex potential are 
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1 - ew 
1 + 
ож (ә) "gp Sh k 


21/2 
1 + 2 he 1- qv 
FD toe, ДЕЗЕ. T 


(28) 


l- € 
alv) = -#1 - (1 + 20 5—X 


1 + 2¢ he 
— log, |1 - —— 1 
2e u 1 + 2e 


By taking є = 0.08, the hodograph Yo(q,9) = О from equatıons (28) 
and that of a symmetric Joukowski airfoil are compared in figure 3. It 
is seen that, except in the neighborhood of the singularity w = 1, 

the agreement is quite close even for a thickness ratio of about 

10 percent. 


For the case where a weak circulation is present, by the same 
method of approximation, equation (23) simplifies to 


)29( 0= گر + 2 + 1) .2 


Here a is assumed to be the same order of magnitude as є, and there- 
fore the product of є and a is also dropped. The solutions of this 
equation are 


= 2 E € I 
talw) 2 T owl. Slopes ah -aa 


(30) 
1+2 1-e 1 1 
O2 - Jo], a М + 
2 nes EW 5:8 P Ap. 
w PR TES (х= aA 1/2 
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the corresponding complex potential is 


oW(w) = (1 - al)t + e + SHEA loge 1 + 5) + гш 1686 (t + 2e) 
(31) 


1+ 2¢ + ai ( 2€ 


The body in the ¢-plane is again a circle, provided both є and a 
are small. A substitution of бу and (5 from equations (30) in 


equation (31) gives, respectively, oml(w) and gWo(w). 


It should be noted that, in the previous case when circulation was 
present, it altered radically the nature of the singularity of the flow, 
Now by comparing equations (30) with equations (26) one can see that 
circulation has introduced essentially no complication and hence the 
problem can be similarly handled as in the case where no circulation 


exists. 
EXPANSIONS OF oW(w) 


When a = 0.- For thin airfoils, as seen from the previous section, 
the domain of interest has two branch points t = -i (1+ 2e) and b = oj 
the corresponding points in the w-plane are ч = 1 and w= E at 

є1 
each of which oW(w) becomes singular. As а result, two different 
expansions are required to represent each branch of oW(w). In the 
case of oWi(w), the origin is a regular point; for oWo(w) it isa 
logarithmic singularity. 


Consider oW,(w) for the case a.- О first: About the forward 
stagnation point || #0 and gW(w) can be simplified in the form: 


ow) = t + e+ 2226 (1+ гє) , ofe) (32) 


Ву means of the relation: 
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oWi(w) can be reduced to two elements (1 - „(у = A pe and 


(1 - w)1/2(1 - «1?w) V2 which possess the following expansions in the 
respective domains: 


(1 - wy VQ - “уле = = s, 


lw| <1 (33) 
us C - «ү >)? -Ў و8‎ 
where 
د‎ a uem 
ius (34) 
(4) i 
18, E (-1)a G (? js 2(n-m) 
and 


ü- vy -el )-м = - s, (9c, enn, 


EXE 
H 


(1 - „(у - са) = a 1820902531 + 


E )و1‎ (e 


1<|v|< | (35) 
Ы 
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8,09) = (-1)" ER 2а 


where 


NU (36) 
18,09) = (-2)" 2 (X. 2 Jaa 
+ 
A simple reduction then yields 
oO = م‎ = Ў س‎ + )( pej ca (эт) 
where 
2 
Pore : 2e to А esaa”) pa == m x ГА 5 و‎ 
(а + 23 
«s, [ + EM + (2 + )з 100) - 
2e28,(4) - s (3), 43,10 (38) 


Here Ар із zero, as is easily shown from equation (27); in the above 
expansion it would have been of the order of «c^ and hence is included 
in the symbol o(c*), The velocity potential and stream function are, 


neglecting o(e2)， 
- = А190 cos nê 


y А290 sin 00 


2 


on 
q<1 (39) 


e 
m 
" 
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If the expansions (35) are introduced, in the annulus region one will 


have 


MG) = Bow? + Bw + B +i x= (Re + cw) a<|s| < 


where 


Bo = - 


Bo = 


ву 


1/2 


2 
= Lt 2)) - s (9) - ee 


1+ 26)? 


(1 + 2€)(3 + 8e) 
Be 


(1 + 26)? 
2є 


„(1 + 2€ 3 
8e 


(o) 


= 198?! - 


3 
(1. — (51°) 


sn(o) 
十 297 G+20"(5, (о) _ Ba (9)) 


э! - 2e(5,(0) = 


(i+ 20° (5, (o) _ 


2 s (o) 
Be =) 


2 
esi(o)) E +28) 18,09) E 


1 


«1° 


(40) 


Qa) 
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Separating into real and imaginary parts, on and oW are， 
approximately, 


= 
Q9 = B aqr2 cos 20 + В 1471 cos 8 + B + 到 (ве £ cya”) sin vê 
(42) 
n в „972 sin 20 + Bat sin 8 + Y a" + cya”) cos v6 
for 1l <q < "- 
€2 


In the case of oWz(w)，as w = O is not a regular point, a Taylor 
expansion does not exist. It can be expanded, however, in the following 


form: 
Wow) = > А 


where A, is defined in equation (38) while A_,, A_j, and A_p are 


+ x Aq" + 0(2) |wl < 1 (43) 


. X + 26) 
A5 үг 
2 
Ai = (1 20) "m 
U + 293 
A-2 he 


On the other hand, in the region 1 < |wl < a the expansions are 


eu = x Band = (вуну + суму) + о(«2) ` (45) 
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Here the constants B 5, B j, Bo, By and C, are defined in equa- 


tions (41). It is clear that by circling once about w = 1 branch I 
goes smoothly over into branch II, as 1s easily seen from equations (40) 
and (45). Similarly, the velocity potential and stream function are, 


omitting 0(), 


" 

о® = P A.nq7P cos ng + m А192 cos ne 
- 

= x А1979 sin nó + E A g? sin 00 


0<9<1 (16) 


and for 1 <4 < ce? 


оъ = m B__ q7” cos nê + x: (вузу ж cya”) sin v6 
(47) 


š 
ove = ba B 247" sin n8 - ж (a, + суа-у) cos v8 


When а Z 0.- When a is finite but small in the case of a thin 
airfoil, equations (30) show that 


tr = 609) + ot, Q2 
(48) 
t = t, " at 0) 


where AG) and (09) аге the transformation functions for а = 0 


and 6,0) and 00) are correction terms due to circulation. There- 
fore, they are defined as follows: 
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(o) 1426 e| 
5 = M eS pa 1-w 
(o) _ 1+2 ER. ) 
ics wai Ме 
(49) 
{1) 1 * 
Sh ee noU 
P-¥ (Evil 2(1 2): 2 
uuu e ber ae 
t aca ue) 
Similarly, the complex potential can be written as 
3 
ойу = ou? we EA ) 
(50) 


+ 
ойр = oso? ыйы КА ) 


where QW, (9) ana (9209) are defined in equations (28) and oa(1) 


and W(t) are found to be 


ot КАЕ = 4) - 009) + — loge (o + 2) - 
i ) (+e) (D) 


= us 
55 loge бї POT) * 9 


(51) 
чш) = CO) - (0) + LEHE rog, (at), 2) - 


CER DIAD 


xiu ub. 
Be leee 2 ЖОЖДОРУ? 


which are valid if (о) # о. 
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To expand oW(v)(1), besides the fundamental forms, expansions (33) 
and (35), it is required also to consider 


loge m -200 - P se 2e)(1 - EA i 


and 
1/2 1/2 
log. [o - м) / + G - asy) P 
For the first expression let 
a 1/2 ә \1/2 
F(w) = m log, [i - 2€)(1 - v) + (1+ 2(1 - v) 
By direct differentiation one obtains 


F(w) = à Ge wa Š qu) 


By making use of equations (33) and (35), a term-by-term integration 
gives 


log, m - 2e)(1 - wl? + (1 + 2(1 = у] = 


e, est) 
a еа lv] < i (52a) 


and, aside from a constant, 


loge m -290 - 9 + (1 + ag( - «^ = 


1 
im > 1l(s, (Ow з sn(o) aenvy) TES 
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A similar method yields 
log, m a wil? + ( š a)“ а 


(4) 
EG v? + log, 2 Ivi «1 (53a) 


and 


loge [o - wile + (2 - „у! = 
{о wed E 16.09) 292,7 - ston] 1< Ml<ei2 (530) 


2 1) 


)« ا( )2,0 


= rare] CREE 
2 1 - ew 


Collecting all the individual expansions, one finds 


Furthermore, can be written in an expansible form: 


a nO = ont + > A). of) lv <a (54) 


where 


„0 = -(1 + 609) + LR. «8, (D) + 


ые stu) iG a). 


he en 


1 ۳ > a, (55) 
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Here Aj) is of the order of «^ and therefore neglected. The real 
and imaginary parts of the correction term of (W(w) are, to the order 
of approximation considered, 


ot (2) = -2x + у: Ag qm sin ng 


on m > Ag(2)q2 сов n6 


q<1 (56) 


In the region 1 < || < a, with the exception of a constant 


E 
-i Qu = v loge weh + Е M * De * 


E (v * e Qv) š: o(2) (57) 
B® м |a = : 2:609) £ 6,09) г Fi ke s (9) : 


(58) 


(1 + M 
e) = s (o - Lt 2e6,(0) - ув (о) - * Pee в цо), 


— s (0) + Lii (SO) А s 9)« 


ey 
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The corresponding functions gp} ana Gv (l) are 


(2) = е (5 - -9 - Y ) + ی‎ sin مد‎ + 


> (sv x e qv) sin V6 + Constant 


(59) 
(1) l+ he - 
EA Dip ун 1 + Г" cos n6 + 
s (s Qv + ©, ax) cos v0 + Constant 
vy ۷ 
Similarly, for the second branch the expansion is 
1 i = 
-i 6900) = cld) - Z "š - рр lowe w + = oD + о(2) Iw} <1 
(60) 
where 
o 9) = ELE lo e- g 1226,2 
«o = -hi - s) - RIEGO 840). 
(61) 


ER i 1 i 
yn eh + aSa. )) - PA * sí ) + 


1+ 00. S, aM Je 


Two-dimensional transonic flow past airfoils 289 


NACA TN 2356 25 


For the region 1 < |w| < «72, it is 


四 
-i ouo) - ES log, ¥ - log, меті + a C * Des = 


ж (s, Е сну) ge) (62) 


where a constant of order unity is again left out. The corresponding 
real and imaginary parts are: 


Q9, 0 - = (n - ө) + Y- c, Dan sin n8 
2 
q<1 (63) 
RAD " c) š 去 eear2 cn Dan cos nê 


and, aside from a constant, in 1 <q < 65, 


ow) =-Le (od) < > (+ De sin nó - 


E (Жы - e) sin vê 


(64) 


КА = - 1 he log, q + ya (2 + De cos n6 - 
he T n, 


ш (se + qv) cos ve 
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CONSTRUCTION OF A SOLUTION FOR A SYMMETRIC AIRFOIL 


The complex potential oW for a flow over a thin Joukowski airfoil 
has now been transformed and expanded in power series of w for both 
the case of zero circulation and of a weak circulation. Knowing the 
form of expansion of W, a solution relating to a flow of incompres- 
sible fluid about a certain body can be obtained immediately by 
replacing each term of the series by the proper particular integral as 
given in the section "Fundamental Equations and Their Particular 
Solutions." For instance, the complex potential in the case of zero 
circulation is 


ono? = - "ss Ag? Iv < 1 


The complex potential Wl(wT) relating to a compressible flow is, 
accordingly, 


Wy(v,r) =- > Аара) (r) n + (Ev js 


Me ө‏ م 


of which the imaginary part gives the stream function, namely, 


¥1(4,8) = mfr,7)] (66) 


Here the definition of Fn(T)(7) may be either вот) [8 (5) (refer- 
ences 1 and 2) or Fa DT (71) (references 3 and №), where 7 = ту 
when q = 1. It follows from equation (66) that the stream function is 


%1.(9,0) = 2 һат) sin n8 + Е с (713) a sin m8 - 


Agcy & (Fs sin na) o а<1 (67) 
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From equation (5) the velocity potential is 


09,0) = Ao - (1 - т) у Anara T) (т) t, (т) cos nê + 
2 


02 bucn (17171) cos m8 - Agcy Ж [any vote cos »] 


q«1 (68) 


Both series (equations (67) and (68)) converge only within the unit 
Circle q = 1. In order to have a function to cover the whole field of 
flow, both series must be continued across the circle of convergence. 
There have been two alternative methods proposed to effect this con- 
tinuation. The first method (references 1 and 2) 1s to have the solu- 
tion corresponding to the flow in the upper z-plane arranged in one 
w-plane. After the series, for example, equations (39), (42), and (46), 
are modified, they are required to be continuous with continuous normal 
derivatives on the circle q=1 (fig. 4). Оп account of compressi- 
bility, the modified solution will be discontinuous in normal derivative 
and hence Wi. and Wy can no longer represent the same function. To 


correct this, one set of coefficients is left free and an extra series 
is added to Wi. These two sets of coefficients can then be determined 


by the condition at q - 1 (reference 2). The second procedure (refer- 
ences 3 and 1) is to proceed from a Taylor expansion, equation (67), say. 
Expressing the function F(T) in the form of equation (11) gives rise 
to a convergent double series Which, when the order of summation is 
changed, is transformed into a form being convergent even for values of q 
greater than unity. Analytical continuation is thus accomplished, In the 
folloving discussion, the latter Procedure is adopted for simplicity. 


At this point, the convention for numbering the branch of ,W(w) 


is altered. Instead of dividing the z-plane fore and aft, it will be 
more convenient to divide the plane into upper and lower halves. Then 
oMi(w) indicates the upper half and oWo(w), the lower. The parts 


corresponding to the regions q «1 fore, 1 <q < qr; and 0 <q <1 
aft are, respectively, ой1-› oW], and oW]+。 


By the second method, replacing Fn(T) in equation (65) by equa- 
tion (11) and, for evident reasons, adopting the definition 


(+) = Р ( »/n (ту), equation (65) can be written as 


WT) = -f(r) 》 Ag(tw)" + = Aon Y TIR UTR). 
0 n m=. 


"n hn (f11) Vae imê _ Арсо £ [aniy we] РА 
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where t = T/T). The first series can be summed and, by changing the 


order of summation, the second series can be transformed into a single 
series. Thus 


Wi(w,) = f(r) oW,(%) - > Ca (grim) vare? (s wil W) dv + 
T. 0 
> һе (fri: Yne - heca & [env] D (69) 
п: 


0/2. 
where ¥ = tw and 如 (T) = т' Ер(т). The first term corresponds to 
that resulting from the asymptotic summation (references 1 and 2) and, 
in the special case у = -1, reduces to the Kármán-Tsien approximation. 
The integral in the second term is bounded and the series can be shown 
to be convergent for q > 1 (references 3 and 4). 


By taking a path starting from the forward stagnation point to an 
arbitrary point in the annular region, namely, 


w 
1 

Í wal Wi(w) aw = Jr wm-l wq (w) dv + d wl ону (м) dw 

0 o n 


where w is a fixed point in the annular region, a simple transforma- 
tion leads to 


W = BaPa (Ta + 4 Ула Bee * er cov] + 


(hace + 22:2 [mre]. (70) 


=2 
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by replacing oW) by the proper expansion under the integral sign, 


Where 
1 Bas = [B m tv 
vM mo cn EE lI 
m y: oI 0 —n+m * ven 


-Vw 
cv 


-V +m 


) - Boo loge Vi (n) 


The integral in equation (71) can be evaluated in the ¢-plane; namely, 


1 1 > 1 dw 
worl W, dw = wa-l y. а 
А o"l t от af t 


0 


The fact that š (Fim wet | is a solution is shown in appendix B. 


Equation (70), evidently, is the continuation of equation (65). Pro- 
ceeding further to a fixed point Vo inside the unit circle but below 


the real axis, by describing a loop surrounding the point w = 1, the 
following proper transformation is arrived at: 


№ = i hacn(Fin) ve + m A ga (r) (r) va + 


у AgF T) (0) (12) 


where 
[a Ж. -n*m Aw n+m 
а -luy dw + Ana ne2 
ъ(%) | ий: Б аЗ > аа Ae 108592 


(73) 


294 郭 永 怀 文集 


30 NACA TN 2356 


The path is quite arbitrary; in order to preserve the property of sym- 
metry of the function it is so chosen that the hm's are real. Equa- 


tions (65), (70), and (72) together represent the first branch of the 
Riemann surface covering the entire upper z-plane, Separating into 
real and imaginary parts, the stream function is 


¥1(q,6) = > Bento + eye 30) cos V6 + 
0 


Y sas (0) sin n8 - (кг - 


Boca) Г), sin ي‎ ttita? Am 


n= 


and 
WY .(q,0) = уы) sin mê - 
2 


J дефе, 0) sin ne + 
2 


= A qae LU (7) sin nê q<1 (75) 
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The velocity potential corresponding to equations (74) and (75) is 


(4,6) = (1 - +)”P Ë B_nqrmF_n(r)8_n cos n6 - 
0 
> Ber Pere, + qr O0] sin v6 + 


(ве - в 2). [F vatn cos 4..] 1< q< a (76) 


Ф1,(9,0) = (1 - vt I ъы(ф)ев (Fam) nlr) en cos m0 - 


2 
= Ana UG), cos n0 + 
+ 


У ља соз “| 0 <q<1 (77) 
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By taking a path from the forward stagnation point but in the 
reverse direction, the second branch of W(w,r) can be joined. Now 
the solution oW(w) to be considered in the integral appearing in 


equation (69) will be 


Өр == = Ў дм Iw} <1 


=A > (aw + cy) 1 <|v| <q} (78) 


Moy = Aw + "x AQ wl <1 
1 


Complete symmetry with respect to the u-axis makes it unnecessary to 
repeat the process, 


In the case of the flow with circulation, the complex potential 
consists of two parts as shown in equations (50). The one which corre- 
sponds to zero circulation is given in equations (37), (40), and (43). 
The functions for the compressible flow are then given from equations (67) 
to (77). The part which takes into account the effect of a weak circu- 
lation is 


agn (0) = ж وړ‎ fwl <1 


aquo = Bo - x vert + y А + le + > (s) © 


у) - log, ме”ї 


1 i $ 
=E 00 оь v Ў oal dyn 0 < (мі «1 
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By the convention adopted, cw). (1), QW, D, ana Qu) form the 


first branch of wed) and correspond to the whole upper z-plane. The 
same method yields a solution for a compressible flow: 


-m = 78 Ar, (0) + X n Deg (rin vel? zl 
E 
Y: Q * Jen [Кере] 


-aw (2) LEID (1 - 7) + 
|71. 


P. Cres. "n Бем, 


e 
e Qs, [ Š | - 0)i Я! (1 - т) d 
1 


-W = S Ba es (Tyr osa ()edn 2 
2 


beo) 


"m (: t DA £ [9e] i: 


T o 
abe | tiss oa] + > c OR un 
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The real and imaginary parts are 
«4.0 = = Ag gar (4) cos nô + 
у" ny P en (F272) va cos m8 - 
2 
n 
x f. + Deg (тут) сов aa) q<1 
ња. nr a - P - Y Ce d)em men cos s 


L 


x [Ces O) + c Davr a) cos vO + 
(81) 


Constant l<a< er? 
T = 
v, UO -- А. (1-+т)В ay 2: Ba ea (rin) ы cos m8 - 
> (б + 2. [Mnh cos »e] * 


x cy qug. (7)(1) cos пө 0«q«1 
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and 
aD = - r)-B Ë Ag Date, (тг) sin ne + 
x By Deg (rin) vat, sin no - 
2: (+ Doa тту, эш 4) 
e, = (1 - +)-8 Е А n De (Deg Е 
" Ba (Dav, (сов, + e Dare VQ), ] at 4 +4 (82) 


Constant - (x - ө) 1«q« 72 


1+ he 

i 

oy) -0- эч. E Pes (рут) w sin mê - 
> (++) (батучы stn »e] + 


ж e, qr, (т) (т) sin nó - = (x - °) qc 
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In a similar fashion，the second branch can also be connected by 
taking a path in the reverse direction and introducing successively the 
functions: 


Stowe Pa Iwi «1 


а ou? - Ga loge wer + аа а + je es 


(83) 
i (sw * e Qv) * Constant 1 < lvl < 


Au = - loge v + x e, Quo ivi 


However, it should be added that, since the functions x; 0) and wo? 


do not merely differ by a sign, the hg (ls in Wa, ana wj) 


will not generally be equal. As a result, the two branches may not be 
joined with each other across the branch line y - O, хо <x<om In 


order to avoid this difficulty, the lower limit in the integral, for 
instance, equation (73), should be adjusted to make them equal. 


Having the stream function and the velocity potential so chosen, 
the flow pattern in the physical plane can be calculated by integrating 
equations (14) and (15) to give the coordinate functions х(9,0) and 
убав). When the flow is free of circulation, the stream function is 
antisymmetrical about the x-axis. By taking x = ху, y =0 as the 


stagnation point and x = xo, у = О as the trailing edge, the constants 


of integration can be determined on the unit circle for 0 » 0. By 
symmetry, the reversal of the sign of Ө gives the lower half of the 
flow. 


When circulation is present, the symmetry property is destroyed 
and hence both branches have to be calculated separately. Since 
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both wl) ona wi?) аге properly joined functions, the determination 
of integration constants on the unit circle for both branches would be 
sure to give a pair of continuous coordinate functions. 


Cornell University 
Ithaca, N. Y., August 10, 1948 
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APPENDIX A 


SYMBOLS 


magnitude of velocity vector 
inclination of velocity vector 
value of p at q= 0 
density of fluid 

local Mach number 

stream function 

velocity potential 
hypergeometric functions 
nonintegral parameter 


integers 


NACA TN 2356 


parameters of hypergeometric functions 


functions defined by equations 
ratio of specific heats of gas 
speed of sound at q = 0 
defined by equations (12) 
defined by equations (12) 


defined by equations (12) 


(8) 
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P(w) ,Q(w) 
u,v 


t) 
to G0, salw) bg) 


oW (Ww) 5 Wolw) soW3(™) 


Po 
s,(1),,8,(1) 
s, (9) s, (9) 
An 


oP10¥1 


coordinates of point in physical plane 


complex potential 


geometric parameter of body 

complex velocity defined by equation (17) 
defined by equations (20) 

velocity components 


transformation function defined by 
equation (18) 


solutions of equation (18) given by equa- 
tions (19) 


branches of complex potential 


angle of attack 


complex potential for incompressible flow 
in w 


stream function for incompressible flow 


velocity potential for incompressible flow 
defined by equations (34) 


defined by equations (36) 


coefficient defined by equation (38) 


defined by equations (39) 
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B..5,B. 1, By, C, defined by equations (11) 
оФ2›,оў2 defined by equations (46) and (17) 
CONSO transformation functions 
6), 2,0) correction terms due to circulation 


on 9? uuo (o) 
on n А 


5,2, (2 


o9; 0, v (1) 

c, (1) e 0) 
oP!) , və (1) 

Wir) 

Pn(z)(r) = (т) т (е) 
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defined by equations (28) 


defined by equations (51) 


defined by equations (58) 


defined by equations (59) 


defined by equations (61) 


defined by equations (63) and (64) 


defined by equation (65) 


value of т at q=1 
value of T at q= 1 
branches of stream function 


branches of velocity potential 
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EXC 
S = tw 

Va) = 1 P) 
hm 


on. jon , 1 0 
«0 Ow 1) 
ө, (0,9, (7,9, 7 


ouo O ИСА 1), оно, (1) 


¥1 


defined by equation (69) 


defined by equation (71) 


correction terms due to circulation 


defined by equations (81) 


defined by equations (82) 


defined by equations (83) 
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APPENDIX B 


PARTICULAR SOLUTIONS OF FUNDAMENTAL EQUATIONS OF MOTION 


If We!" is a particular integral of differential equations (1), 


2 (ae) is also a solution. For the differential equation then 


becomes 


af afl] Rb Ae ete o 


As Yn(q) satisfies the first equation, the second equation determines 
anan. Now 


ap = -Po(1 - we) BH ag + © مه 0 ۾‎ 


By substituting 2 (9186 for ¥, it is easy to show 


Therefore 
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APPENDIX C 
SERIES EXPANSION OF COMPLEX POTENTIAL 


The Taylor expansion of the complex potential of a flow over a 
symmetric Joukowski airfoil is, for O « |w| <1, 


om У ам 
Me --i Ў лм = Бу aw 


B 
^ --%} Ag? +) Bye" 
where 


Ma Ca + (1 + Ok 


By = Cy + tv on, 
E 
ECT Un c ict sex ©... an ETIA ان‎ 
2 SER = EC Jt rrr nem 
ssp E BUCO d, Jam destra at 


mex 
Pu? t cap ttd) 


oa - og. ,ہے )ریم‎ а) 


хоор E: ык 
sm Е EU CI: В mp de н” sofa a seam 
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Figure 2.- Simplified ¢-plane for small values of є. 
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Summary 


Steady two-dimensional potential flows involving imbedded 
supercritical regions adjacent to а body have been calculated, but 
their existence has not yet been established experimentally. To 
further experimentation, the question of stability of such flows is 
examined 

Following the standard procedure, a theoretically possible flow 
is disturbed at a certain instant, and the behavior of the subse- 
quent disturbance motion is investigated. By means of the 
transonic approximations, a simple solution valid in the neigh- 
borhood of the sonic line has been obtained. This study leads 
to the conclusion that (1) smooth decelerating transonic flows 
over bodies at negative curvature are unstable to compression 
pulses; (2) smooth accelerating transonic flows over any sur- 
face are stable; and (3) smooth transonic flows with local super- 
tonic region are unstable. 


INTRODUCTION 


0) 


T HAS BEEN SHOWN THEORETICALLY" that steady 

two-dimensional potential flows of gas past bodies 
may become locally supersonic at sufficiently high free- 
steam Mach Numbers. The supersonic regions are 
always located at the surface of a body, and their ex- 
tent increases as the Mach Number is raised. It is 
found, moreover, that the transition from subsonic to 
supersonic flow and vice versa takes place continually, 
and it appears that such smooth flows occur over a 
range of Mach Numbers which is terminated by the 
appearance of limiting lines. On the other hand, 
wind-tunnel observations show that such smooth trans- 
onic flows are generally replaced by flows involving 
shock waves. The understanding and interpretation of 
this discrepancy between theory and experiment seems 


Presented at the Aerodynamics Session, Eighteenth Annual 
Meeting, 1A.S, New York, January 23-26, 1950. Revised 
and received September 15, 1950. 

* This study was initiated by the work of A. Kantrowitz,'* 
who considered the stability of one-dimensional channel flow, and 
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highly desirable and might lead to some device whereby 
the drag divergence and other undesirable phenomena 
associated with shock waves might be prevented or, 
at least, delayed to higher Mach Numbers. Hence, 
the establishment of criteria under which such flows are 
physically possible is not merely of academic interest 
but also of practical importance. 

Since, theoretically, the smooth transonic flow could 
exist for a much wider range of Mach Numbers than it 
actually does, the question of its stability arises. To 
answer this question, one must introduce disturbances 
at a certain moment and follow their future course. 
If the original steady motion is unstable, the disturb- 
ances will grow and eventually become shock waves, 
resulting in increase of drag. On the other hand, if it 
is stable, the disturbances will die out and finally be- 
come Mach waves. There may also be cases where a 
disturbance approaches a steady state, resulting in what 
is known as neutral stability. It is difficult to make 
these general statements more precise at this point; 
nevertheless, they can be accepted as qualitative defi- 
nitions of stability and instability. 

In the present investigation, the type of disturb- 
ances considered will be a finite linear pulse, moving up- 
stream, with a weak discontinuity at its head. By 
linear pulse is meant that at any instant the velocity- 
wave form is a linear function of space coordinates. 
This simplification may appear as artificial; however, 
Observations in connection with ballistic waves show 
that the final state of any continuous pulse, traveling in 
still air, tends to become linear and is independent of 
the source of production. A continuous pulse prop- 
agating in a nonuniform steady flow may well develop 
into a complex shape, but a linear function could still 
be a good approximation to local conditions, 

If linear pulses are assumed, there will occur only 
two types: (1) а disturbance, propagating against a 
steady stream, whose ancestor was a continuous ex- 


1) Published in Journal of the Aeronautical Sciences, 1951, 18(1): 1~6, 54 


314 


BRR 


2 JOURNAL OF THE AERONAUTICAL SCIENCES—-JANUARY, 1951 


pansion pulse, will have a discontinuity at its head; 
(2) that disturbance whose ancestor was a continuous 
expansion pulse will have a discontinuity at its sal. 
‘These will be called compression and expansion pulses. 
respectively. Since an expansion pulse cannot pene- 
trate into the supercritical region but is dissipated at 
the sonic line, only the compression type of pulse will 
be considered. 

The problem of tracing the history of even a linear 
pulse is a formidable one. To reduce the amount of 
work involved, it is further assumed that all the dis- 
turbances were locally produced, by unsteadiness of the 
boundary layer, say, and are limited in extent later- 
ally. Thus, the triangular pulses encountered near the 
sonic line may be thought oí as having originated in 
that neighborhood. Consequently, the motion of the 
pulse can be studied by solutions valid "in the small" 
instead of "in the large." This brings about a great 
simplification because, by restricting the solutions to 
the neighborhood of the sonic line, one can introduce 
transonic approximations and obtain a simple solu- 
tion. 

Finally, it must also be said that, according to experi- 
mental observations in the case of airfoils, the pressure 
distribution over the surface does not exhibit the effects 
of separation or violent thickening of boundary layer 
until long after shock waves have been formed. This 
indicates that viscosity of the fluid has little influence on 
the character of the transonic flow outside the boundary 
layer, and therefore it can be neglected in the present 
study. Moreover, since the shock front is generally 
curved, the flow behind it cannot actually remain irro- 
tational and isentropic. However, by dealing with the 
initial stage of the motion, when the shock strength is 
weak and the vorticity generated is small, the flow can 
be considered as isentropic. If a disturbance increases 
in strength and tends to become a shock, the approxi- 
mation will become worse and eventually break 
down. 


The tuture event inferred therefrom is tantamount to 
extrapolation. The validity of the conclusions drawn, 
of course, must be established by experiment. 


(2) DIFFERENTIAL EQUATION OF THE DISTURBANCES 


Let e'(X, Y, 0) be the velocity potential of a two- 
dimensional motion, defined by 


w = ex v = e 
1 a й a) 
g@ +) + yo ee 


Here, и and v are the velocity components, y is the 
ratio of specific heats, a is the local speed of sound, and 
вв is the value of a at stagnation conditions; the sub- 
scripts denote partial differentiation with respect to the 
coordinates X and Y and the time £. The differential 
equation satisfied by e'(X, Y, 1) is 
(at — we've + (a! — v?) руу — g'u — 
3ute'sy 一 2op'r — Зирка = 0 (2) 
1f the motion is regarded as a superposition of a dis- 
turbance on a steady motion whose velocity potential is 


ФОХ, Y), the disturbance velocity potential ф can be 
defined as 


e= +. @) 


Рог the present problem, Ф is assumed known and satis- 
fies 


(E — yx + (c 一 e, 一 
2ФхФуфху = 0 (4) 
with 
e = ag? — [(y — 0/2] @у* + Ф) 


By substitution of Eq. (3) in Eq. (2) and making use of 
Eq. (4), the differential equation governing the 
ance motion is found to be 


fe? — 9i — (v — D$ — (Y + 1) (rbr + афа?) — (v — 1) (Brey 1567) lex + [e — $y? 一 
(т 一 Dé — (т 一 D Gee + abe") — (7 + 1) (Фф + Yar") ory 一 Фи 一 2(Ф:Ф + $$, + 
rds + Фф фа» 一 2by + Фу) 一 Ube + dróst = [(7 — 1)é, + (Y + 1) (Фф + dy?) + 
(y — 1) Фф + 1/7) Фах + Ky — 1)Ф‹ + (v — 1) Onde A9: + (y + 1) X 


(Prór + /pr lry + 2!Фуф› + Prox + 6réóy re y 


For a given steady flow Ф(Х, Y), the problem would 
seem to be to solve this equation subject to a set of 
itial and boundary conditions. For an equation of 
such complexity, however, to seek an exact solution is 
not attractive; nor is it necessary because only certain 
features of the behavior of the disturbances are re- 
quired. For this reason, the problem will be solved by 
introducing appropriate approximations. 

It is assumed first that the disturbances are initially 
small and are produced in the neighborhood of the sonic 


(5) 


line, so that the early stage of the pulse’s life is spent 
entirely in the transonic region. As a result, the trans- 
onic characteristics of the steady flow will not be 
destroyed so long as the pulse is weak. Let ebe the 
thickness parameter of the body. If the disturbances 
are small and their transonic character is preserved, 
then, according to transonic approximation,® d/òX ~ 
0(1) and д/ду ~ 0(«^). Ву the time the state of the 
pulse under consideration is reached, the wave front is 
practically straight, and its direction of motion is nearly 
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parallel to the undisturbed flow. The time derivative 
must be the same order as the speed of propagation of 
plane waves. If the disturbances propagate against the 
steady flow, the time derivative must be of the order 
lex — 4. Now Фу? 一 ct œ Ole”), therefore, d/d ~ 
0(/), For the disturbances traveling downstream, 
the same argument shows that the time derivative 
must be of the order unity. 

As the pulse is predominantly plane, it might be rep- 
resented in the form g(x, y, r) = e'(x, r) + eg" X 
(x, у, r), where the orders of magnitude of » and у! 
must be alike in order to satisfy the boundary condi- 
tion of Eq. (9), below. This order of magnitude 1s 
arbitrary, depending on the strength of the disturb- 
ance considered. Since the motion must reduce to the 
propagation of a finite plane disturbance for vanishing 
¢, it will be assumed that p% and e? are 0(/). In 
the following work, the two terms making up e(x, y, r) 
will be handled together; nevertheless, the argument 
above serves to indicate the relative magnitudes of 
derivatives of e. То the order of e", the upstream mov- 
ing disturbance satisfies 


(т + 1) Ф. + ees + 2er, + (у + Dre, = 


ө» — (Y Ф, — e, (6) 


Similar consideration gives an equation 
Pr + Pn = 0 (7) 


for the downstream moving pulses. Here, $ and w are 
defined as follows: 

® = сх + $) 

é = c*te 


and 
x= XI y = ҮЛ, (8) 


where c* is the critical sound speed associated with the 
enthalpy of the steady flow and 2 is a characteristic 
dimension of the body. 

Eq. (7) shows that the downstream moving disturb- 
ances propagate without change of strength. If they 
are initially weak, they will stay weak. For this rea- 
son, only upstream moving disturbances require con- 
sideration. The equation governing the upstream mov- 
ing disturbances is a partial differential equation in three 
variables; aside from initial conditions to be specified 
later, the solution is required to satisfy the boundary 
condition: fory = Oandr >0, 


Pr = а(х) (9) 


where g(x) is the slope of the body. It is assumed 
that the solution is regular on the axis and that on the 
body y is everywhere small. 


r = счл 


(3) Wave Form or A PULSE 


Since, strictly speaking, Eq (6) is valid only in the 
transonic zone, a local solution should be sufficient for 


the present purpose. As the waves formed in the 
neighborhood of the sonic line must have lived long after 
the Riemann steepening has happened, the velocity 
wave form thete can be approximated reasonably well 
by a discontinuous linear function in x and y at any 
time z. If the origin of the axes coincides with the 
intersection of the sonic line with the body, the special 
wave form can be represented by 


v = fs + Му + 3 Liles + 
эку + HOV" (10) 


for values of x, ylying within the pulse area. Moreover, 
*,, too, is to be approximated, by a linear function of 
хапа y—namely, 


(1) 


Of course, the sonic line, in general, is not a straight 
line; but, if the solution is restricted to a narrow region 
(a stream tube, say), Eq. (11) can certainly provide as 
accurate an approximation as desired by properly 
choosing the width of the stream tube. To be con- 
sistent with Eq. (11), the boundary condition (9) can 
be written as 


w = eim + ke), (12) 
where m and k are, respectively, the slope and curva- 
ture of the body at the sonic line. 

Upon substitution of Eq. (10), together with Eq. (11), 
in Eq. (8), there result 


(т + Л 2f! — (w + Nahi = fe 
(y+ 1) (a + ffs + 25 + (у + Daf = 


= ох + Ву 


y=0 r >0 


=i = Defi e| 0%) 
(т + 1) B+ ffi 2f + (у + Doh = 
0 = ату — mp 
‘The same substitution in Eq. (12) gives 
fa = mf, 
ER: ws 00 


after the neglecting of terms of the order of х? and m?. 
It is noticed that the order of the terms on the right- 
hand side of the second and third of Eqs. (13) is one 
order higher than that of the left-hand side. So, 
as a first approximation by neglecting high-order terms 


in f, and fy, the system possesses the following solu- 
tions: 
2m (8 B 
= ра [2 (6 _ Bos 

fi= (AF - 1) EG a) +26 | 

fs = mf. 

Ж = 2a(Ae™ — 1 (15) 

fe = (Aer — 1)? [28 + Be"?] 

fa = (2mv/k) |a — (8/m)\(Ae™ — 1)-* 
where » stands for (y + 1)a and A and B are constants 
of integration to be determined from initial con 
tion. It is to be noted that, in the case of one-dimen- 
sional motion, the solution does not reduce.exactly to 
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that of Kantrowitz, inasmuch as fi(r) # 0 here ir con- 
trast to the case considered by him. 

Having the velocity wave form chosen to be linear 
in x and y, it is natural to assume initially а pulse that 
is bounded at the front side by a discontinuity, in which 
the velocity decreases linearly from a given value to 
zero. Since the partial derivatives of x and y bear a 
definite ratio, the rate of change in one direction fixes 
that in the other. As a result, the shape of the pulse can 
be determined by specifying the pressure discontinuity 
оп the shock front or, alternatively, the normal ve- 
locity to the shock. Therefore, in addition to Eq. 


1951 


(12), the solution has to satisfy, at v = 0, 


e, sin — py cose = a т be 


(16) 
on the shock, where z is the shock angle and a, b are 
constants defining pressure ratio and its distribution. 
After approximating the shock front within a stream 
tube by a straight line perpendicular to the body, 


y — Yo = —(1/m) (x — x) an 


where m, is the slope of the body at x a substitution of 
Eq. (10) in Eq. (16), making use of Eq. (17), yields two 
equations that possess a solution 


A = 1+ {т = mme — mja + (a — E) p + Mee vd [ +(e -中 


1+m* 


y {meka + Bk (1 — mm) + m? (a — = us 
A 


drm amm (a 2) — ta Ca mo — тч» + т 
_ (1 — mma 


mad m»^ 7 J 


Thus, for a given flow, the constants А and В may be regarded as functions of a and b. By arbitrary choice of 
a and b, the motion within the pulse is defined. Being discontinuous in pressure, density, etc., the pulse cannot 
stay stationary but must propagate according to the Rankine-Hugoniot shock-wave relations. These provide an 
additional equation to trace the successive locations of the pulse, It must be pointed out that, although the 
Rankine-Hugoniot relations are employed, the pulse is still regarded as isentropic. The discrepancies in pressure, 
density, etc., are permissible as long as the pulse is weak. 

Perhaps a word is also necessary conce:ning the process of continuation of solution to the next stream tube. 
This is done in exactly the same manner except that the boundary condition at a stream line, say, is replaced by 
continuity in velocity. The continued solution, which possesses no special interesting feature, will be omitted 
here. 


(4) 


The solution can now be discussed without resort to detailea numerical calculation. Suppose the curvature Ё 
of the body is negative; the behavior of the pulse can be understood by examining the velocity components. 


PROPAGATION OF A TRIANGULAR PULSE IN TRANSONIC REGION 


e, = ae- [2 (Ea) + Bert tae + (28 + se^] 


ra š 
C - a) EU en a+ Be) x Pe (a - 5] 


First, let (x, у) represent a decelerating flow so that the velocity gradients a and @ are both negative. Two cases 
are to be discussed: a compression and an expansion pulse. For a compression pulse, the velocity slope—namely, 
[2a + (28 + Be"^)]/(A€" — 1)—is positive and the velocity is negative—i.e., p, < Oand e, > 0. Since x, y, 
and m were assumed small, the character of the pulse depends upon the term |(2m/k) [(8/m) — a] + (B/k)e"*] x 
(Ae" — 1)— and the slope 2a/(Ae” — 1). It follows that 4e" 一 1 must be negative and that (2m/k)[(B/m) 一 
a] + (B/E)e"^ must be positive. Because of the fact that > is negative and 2m/k[(8/m) — a] is positive, 
14е" — 1| decreases with time, while (2m/k) [(8/m) — а] + (B/k)e”/2 decreases or increases with time depending 
оп whether В is positive or negative. In any case, since the rate of change of ¢” is twice as slow as that of e”, 
the absolute value of the velocity is always increasing with time. Consequently, the momentum of the pulse 
continues to increase as the pulse propagates against the stream. 


Ут? 


= А! k 
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STABILITY OF TWO-DIMENSIONAL TRANSONIC FLOWS 
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x 
Life history of a pulse in a decelerating transonic flow. The flow is from left to right and the motion of the disturbance 
pulse is from right to left. 


Fig. 1. 
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It might be noted that the constant (2m/k) [(8/m) — а], being of the order €, is positive when m is negative. 
It might change sign if m were positive. This is not possible because the normal derivative of $, which is approxi- 
mately equal to 8 — am at the sonic line, is always negative in the case of a convex surface. 

Next, consider an expansion pulse. In this case, the “head” of the pulse is continuous in both pressure and 
velocity, but there is a discontinuity at its “tail.” Here again, the slope of the pulse is positive, but the velocity 
reverses its sign—that is, o, > 0 and e, < 0. This demands that (2m/k) [(8/m) 一 a] + (B/k)e"/? be negative. 
As а result, B must be larger than 2(am — 8). This makes the absolute value of (2m/k) [(8/т) — а] + (B/k)e"/* 
decrease with time and vanish when 7 is large. In other words, the slope of an expansion pulse while it propagates 
increases continuously to а steady value less than —2a, but its pressure discontinuity drops gradually to zero. 
‘Therefore, an expansion pulse, in the end, becomes a sound wave. 

Consider now the case of an accelerating transonic flow for which a is positive. The velocity components can 


then be written as 


2m 


Фф. = е" (А – 


E m ) + Ë z + 200 + (28 + ne^] 
m k 


^? 


г e^ + (28 + Ве"?ух + 


те 


Since » is positive, the expressions in the brackets will increase as ¢”, and, as a consequence, the velocity will de- 


crease ase ”/?. Furthermore, A — е7" 


tends to A instead of — 1, this being an essential difference from the pre- 


vious case. Since A is a large number, it further reduces the final strength of the pulse and thus accelerates the 


rate of its destruction. 


In short, any pulse, regardless of whether it is compression or expansion, cannot be sus- 


tained long in an accelerating transonic flow once it is accidentally produced. 


(5) CONCLUSIONS AND DISCUSSION 


From the foregoing sections, certain conclusions can 
be drawn concerning the stability of mixed potential 
flows over convex surfaces. It is clear that the upper 
surface of a body is convex if k < 0. То be specific, 
the flow over the upper surface will be considered here. 
According to the results presented above, any dis- 
turbance, of the type considered here, produced in ac- 
celerating transonic flow over such a surface vanishes 
almost instantly, and the unsteady flow therefore ap- 
proaches the assumed steady flow as a final state. 
‘Thus, an accelerating flow of this type must be termed 
stable. 

On the other hand, a disturbance propagating against 
a decelerating flow grows continuously by consuming 
the kinetic energy of the steady flow. This process 
of converting kinetic energy into pressure will continue 
to prevail until the pulse is so strong that it changes 
drastically the character of the whole flow pattern. 
The development of such a pulse is illustrated in Fig. 1. 
The decelerating transonic flow, therefore, is unstable 
to compression pulses. From this, one concludes that 
smooth transonic flows with local supersonic regions 
involving both accelerating and decelerating flows are 
unstable. 

It is interesting to see that the curvature of the body 
plays no decisive role in the question of stability of two- 
dimensional smooth mixed flows. The major effect is 
evidently that of the velocity gradient Ф, as in one- 
dimensional flow. One may suspect that the constant 
(2m/k)((8/m) — a] might have an important influ- 


ence. In the neighborhood of the sonic line, it can be 
shown that it represents the ratio of the normal deriv- 
ative of Ф, to the curvature ё. As long as the slope of 
the surface there is small, the normal derivative of Ф, 
is approximately the same as that of the speed. By the 
irrotationality condition, it follows that this constant 
is practically independent of the curvature А. There- 
fore, if the curvature is varied keeping other conditions 
unchanged, the constant will remain the same, and, as 
a result, the pulse will not differ. 

As stated above, the major effect that decides the 
question of stability or instability is the velocity gra- 
dient. The conclusion drawn, therefore, is valid only 
if 5, is finite and nonvanishing. Presumably, this 
covers the most important cases in practice. But the 
question arises: Is it possible that #,, does vanish and 
that Ф, has a point of inflection there—namely, Ф, = 
ac" + ...? If it does happen, the question of stability 
is still open, and the problem has to be re-examined. 

A word is also necessary regarding the thickness effect 
of the body. For convenience, the approximation is 
based on a small thickness parameter. Since the ap- 
proximation is applied only locally, the solution will be 
valid as long as the slope of the surface in the region 
considered is small, regardless of whether the body is 
thick or thin. In the case of a thick body, the only 
restriction would be for low free-stream Mach Num- 
ber, so that the local supersonic region occupies the flat 
portion of the surface. Therefore, basically, in con 
sideration of the problem of stability, the thickness 
effect, too, does not enter. 

(Continued om page 54) 
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ON THE FLOW OF AN INCOMPRESSIBLE VISCOUS 
FLUID PAST A FLAT PLATE AT MODERATE 
REYNOLDS NUMBERS" 1) 


Y. H. Kuo 


1. Introduction. The problem of two-dimensional steady flow of an incom- 
pressible viscous fluid past an obstacle is today dealt with mostly by two ap- 
proximate methods. For extremely small Reynolds number, it was shown by 
Oseen (1) that the problem can be tackled by linearization. For extremely large 
Reynolds number, it can be solved by simplifying the Navier-Stokes equations 
by the concept of the boundary layer, first conceived by Prandtl (2). Oseen’s 
method of solution, though linear, is usually difficult in evaluation of all the 
arbitrary constants involved. Moreover, owing to the fact that the form of 
solution, even the first approximation, is more often than not complex, successive 
approximations are usually not possible. 

On the other hand, the boundary-layer solution is simple in form and, most 
important, sufficiently accurate, as was well established by experiments. It 
might be considered advantageous to develop the process of iteration by taking 
boundary layer solution as the first approximation. However, as was shown by 
H. L. Alden (3) in the case of semi-infinite plate, if the boundary layer solution 
is taken as the first approximation, then all the higher approximations become 
progressively more singular and, therefore, the resistance of the plate cannot be 
defined. For this reason, this procedure, too, fails, 

The difficulties of the method adopted by Alden originates from the facts 
that the flow field surrounding the plate can actually be subdivided into several 
domains, not all of which meet the conditions required by the boundary-layer 
theory (cf. for instance, Carrier and Lin’s discussion (4)). As the boundary- 
layer solution is supposed to be valid near the solid surface, in the neighborhood 
of the leading edge where the viscous region extends equally in the forward 
direction about the edge, the boundary layer approximations—namely, that the 
rates of change of the flow properties along and perpendicular to the plate differ 
by one order of magnitude—clearly break down. Poor approximation there in- 
escapably causes a singularity to appear. If this solution is chosen as the first 
approximation to the dynamical equations, the higher approximations which 
satisfy differential equations containing highly singular terms which were absent 
in the first approximation, must be necessarily more singular. Thus, as the order 
of approximation increases, higher-order singularities unavoidably appear and, 
consequently, the drag integral must diverge. 

This difficulty in the theory of perturbation is, of course, not new and fre- 
quently occurs in a variety of physical problems. The problem of rendering the 
approximate solutions uniformly valid has led M. J. Lighthill (5) to the dis- 


* This study was carried out as part of n research program at the Graduate School of 
Aeronautical Engineering and was sponsored by the Office of Naval Research. 
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covery of а method which has become an effective tool in solving non-linear 
problems. Basically, the idea seems to be that if the solution of an approximated 
equation to a non-linear total or partial differential equation does not represent 
uniformly a physical quantity over a domain, it can be improved in the neigh- 
borhood of the singularity by merely straining slightly the arguments of the 
solution. When this idea is formulated mathematically, the condition of uni- 
formity in the analytic behavior of all approximations actually provides a unique 
way of straining the coordinates. The mathematical structure of the method is, 
therefore, by itself complete. In the example treated below, the differential equa- 
tion of the first approximation is non-linear but its solution is singular at the 
leading edge of the plate. For this case, though not included in Lighthill's treat- 
ment, it can be shown that, without, modification, Lighthill's technique can still 
be successfully applied. From this point of view, perhaps it is not without in- 
terest. 

The first part of this paper (Part I) is devoted to the problem of flow past a 
finite flat plate. From the character of the external potential flow an expansion 
parameter is deduced, which turns out to be proportional to the maximum thick- 
ness ratio of the boundary layer. If this expansion parameter is adopted, then 
it can be shown that, to the second approximation, the problem of solving a 
viscous flow remains of the boundary-layer type. Namely, from the first-order 
pressure calculated from the maximum displacement of the stream-lines by 
viscosity, along the plate and in the wake, the second-order viscous flow in the 
boundary layer can be determined. 

The first-order potential flow outside the boundary layer is shown to be very 
similar, especially near the leading edge, to that given by the linearized theory 
of flow over a thin airfoil with round leading edge in an inviscid fluid. At the 
trailing edge where the flow suffers a sudden change of direction, it produces a 
strong expansion by the appearance of a logarithmic singularity. 

The complete solution of the second-order viscous flow leads to 8 law of resist- 
ance which coincides with the Blasius law for Reynolds number over 10‘. In 
the range of Reynolds numbers from 15 to 10°, it agrees perfectly with the meas- 
urements of Z. Janour (6). 

In Part II of the present work, the main problem is the uniformization of the 
analytic behavior of the successive approximations, taking the boundary layer 
solution as the basic approximation. It is found that in the case of a flat plate, 
if Lighthill’s conditions are imposed to the third approximation (as the second 
approximation needs no modification), there results a second-order shift of one 
coordinate z, say, measured along the plate. According to this transformation, 
the original constant-velocity lines, being a family of parabolas with vertices at 
the leading edge, become a different family of parabolas whose vertices are now 
all separated and located ahead of the leading edge. Furthermore, the singular 
line which was formerly normal to the plate, passing through the leading edge, 
has now been completely eliminated. The interesting fact that, except at the 
leading edge, the improved Blasius solution will be nowhere singular, was ex- 
pected to bring out the effect of the leading edge. This was investigated and, in- 
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deed, was the case. The flow in the immediate neighborhood of the leading edge 
is found to satisfy Stokes equation of slow viscous motion, as it should. 

In the light of this discussion, two features of the boundary layer approxi- 
mations deserve to be mentioned. First the dimension of the viscous region 
around the leading edge in which the boundary layer hypotheses are violated is 
actually of the order of »/U,, where v is the kinematic viscosity and U, the 
forward speed and hence is extremely small, compared with the length of the 
plate when the Reynolds number is large. If the detailed information, such as 
velocity distribution, is not required, the significance of that region, for all prac- 
tical purposes, could be ignored. Secondly, as the effect of straining the co- 
ordinates vanishes on the plate, the very existence of a finite viscous region 
about the plate does not affect the law of resistance deduced by boundary-layer 
theory, even to the second order approximation as calculated in Part I. This 
explains why, with the effect of leading edge poorly represented, the said im- 
proved boundary layer solution still yields a correct law of resistance for Rey- 
nolds number greater than 15. 


2. Navier-Stokes equations and method of expansion. The problem of steady 
two-dimensional flow of an incompressible viscous fluid past a fixed infinite flat 
plate of chord length L will be treated here by expanding the velocity field in 
power series of a parameter e. Let the rectangular Cartesian coordinate system 
(2, 7) be adopted and assume that the plate is defined by 0 5 # 5 Land g = 0. 
Referring to this system, the 2- and g-components of the velocity will be denoted 
by à and 5 respectively and the pressure by p. If the density p and the kinematic 
viscosity v of the fluid are constant and if the non-dimensional variables are in- 
troduced: 


u = ü/U_, v-RdWU, = RÈV, р = (p —8./pUs 
z = #/L, y = Rég/U, = RY, Re = U.L/» 


where U. and f. are, respectively, the velocity and pressure at infinity, and Re, 
the Reynolds number; then the velocity and pressure are determined by the 
system: 


(2.1) 


by — Valin — Waw = — Pa + Re фы 


(2.2) 
Py + Re Wavy 一 加 ym + Wow) = —Re Ween 


and 
C= ys у= he 
where v is the non-dimensional stream function and the subseripts denote partial 
differentiation with respect to the variable indicated. 
To solve this problem from the standpoint of perturbation, it is assumed that 
the stream function y and the pressure р can be expanded in the forms: 
"EF M + YP +... 


a 


(2.3: 
papa eee. @3) 
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If the boundary-layer flow is taken as the first approximation to the flow in 
question, y then satisfies 


ЧЕГ ea 


as the pressure p” = 0 in the case of flat plate. As will subsequently be de- 
veloped, to the second approximation, the fundamental boundary-layer hypothe- 
sis still holds; namely that the viscous effects take place inside a narrow region 
along the solid surface, so that the flow outside this layer is essentially frictionless 
and irrotational. If the two flow fields join smoothly, the vertical velocity in the 
potential field, which is, by (2.3), O(«) must equal to that of the viscous layer 
which is O(Re 3) by boundary-layer theory. Therefore, « must be O(Re) and, 
for definiteness, can be taken as Re *. The parameter « as defined in this manner 
does have the significance of a thickness ratio, as will be clear later. 

By using this definition of «, the eqs. (2.2), after the substitution of y and p 
from (2.3), can be expanded in power series of «. On equating the coefficients of 
€" of both series to zero, there result two equations for y/ and p™, n = 1, 2, 
3, +++. It is the purpose of Part I to deal with the second approximation oniy, 
the equations for n greater than or equal to 2 will not be given. For n = 1, these 
equations read: 


VPN + УМИ — VIS — фу? = —p + Ин 
0= -ph 
From the second of Eq. (2.5), it follows immediately that p™ is a function of z 
and hence is constant inside the boundary layer at any fixed point z and joins 
the external pressure at the edge of the boundary layer. In other words, to the 
second approximation the problem of viscous flow past a flat plate remains within 
the framework of boundary-layer theory. 
If U,(z) denotes the first-order velocity of the potential field on the edge of 
boundary layer, then from Bernoulli’s equation, the firat-order pressure is 


p? = —Ш\(х) (2.6) 
Thus, the elimination of p” from Eq. (2.5) yields for y? an equation: 
жи? + УИ" — MP — vende? = Uila) + уш, (2.7) 
Š : ws f 


where the prime indicates total differentiation. This equation can now be in- 
tegrated if the outside flow field is determined. The boundary conditions for any 
order of approximation can be expressed as: 


yo =” = 0, when у= 0 


(2.5) 


(2.8) 
vi" = Шш, when y= e 


3. First-order potential solution. In the preceding section, it has been shown 
that to the second approximation the flow field can still be subdivided into a 
viscous layer and a potential region. By choosing the boundary-layer solution as 
the first approximation, the first-order potential flow can now be determined. 


324 


郭 永 怀 文集 


FLOW OF INCOMPRESSIBLE VISCOUS FLUID 87 


As was shown by Blasius’ solution (7), at the edge of the boundary layer the 
velocity u approaches the value one but 5/U,, tends asymptotically to (4)8 € z, 
B being 8 pure number (1.73 approximately). The fact that the velocity on the 
edge of the viscous layer is variable shows that the flow outside it must be de- 
flected and therefore cannot be uniform. This will be the basic principle upon 
which the first-order potential solution shall be constructed. 

The problem can thus be formulated by the potential theory in terms of the 
boundary value of the vertical velocity on the z-axis. First of all, it is zero for 
z < 0. In the interval 0 S z S 1, V = @)8 ex, according to boundary-layer 
theory. On account of the wake behind the plate, however, there is no fore-and- 
aft symmetry and its effect should be separately considered. 

According to Goldstein’s theoretical study and Fage’s experiments on the 
wake behind a flat plate (8), the boundary of the wake begins with the boundary 
layer at the trailing edge of the plate and grows rather slowly downstream as 
long as it remains laminar. The vertical velocity at the boundary of the wake 
varies as — (z — 1)'/*(9) in the neighborhood of the plate and asymptotically 
as —(z — 0.48) ""(10) at large distances downstream. Thus, it is seen that 
the limiting streamlines change suddenly from positive to negative inclinations 
with a discontinutiy at the trailing edge of the plate. From this incomplete in- 
formation about the wake, the boundary value on the rest of the z-axis can only 
be approximately described. This has been carried out. However, owing to the 
fact that V varies slowly for z close to one and the coefficient of (z 一 0.48) is 
small, the final result is very little affected if the wake is replaced by a discon- 
tinuity in the inclination of the stream-lines at the trailing edge and remains 
parallel from there on. Namely, on the z-axis: 


0 for z <0 
V -40)8«z' for 05:51 (3.1) 
0 for l<zse 


If the velocity field in the potential region can be expanded in terms of a 
thickness parameter « like the function y, then 


u = 1+ U/L, g/L) + --- 
V = e? /L, g/L) 十 … . 


From the potential theory, the first-order velocities U and У, which vanish 
at infinity, are given, on account of (3.1), by the following: 


(8.2) 


о 5.8] at 
N = | eg: 
TENA (3.3) 
z 


d reg 
wu poii 
25 eva TSE 
where the complex variable z denotes (z + 4Y). 
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From (3.3), the velocity U® reduces, on the plate 0 5 z < 1, to 


w 28 = 8 1 QI EZ 
U™ (x, 0) = Di(z) a VI LA 


(34) 


а 
1+ ++ e] 
‘The first-order pressure р“? on the plate, following Eq. (2.6), reads: 


р?! = p(z) = —(8/z)ll + 2/3 + 2/5 +--+] (8.5) 


It is noted that, due to the displacement of the stream-lines from the plate by 
the viscous effect, the resulting potential flow along the plate is accelerating. 
Consequently, the viscous layer, in turn, is subject to a favorable pressure 
gradient in the downstream direction.* Moreover, in spite of the fact that the 
vertical velocity Vf? is singular at the leading edge, the horizontal velocity U® 
and, hence the pressure, are regular there. On the other hand, V is discon- 
tinuous but finite at the trailing edge, where U® has a logarithmic singularity. 
The consequence of these is that all the derivatives of the velocities, such as 
vorticity, in the viscous layer will be even more singular at both ends of the 
plate. This seems to be in agreement with the solutions obtained by Oseen's 
approximation. (11). 


4. Solution of (т, y). After the velocity at the edge of the boundary layer 
has been determined, the equation (2.7) can be written as 
WP + VP — Pu — eV? — Vi 
= (B/P) + 26 z + °°° + (n — 0/Qn — Dk" + ۰] 


By hypothesis, V^ satisfies Eq. (2.6) and, according to Blasius, yw = 2'f(n) 
and n = y/ Vz, where the function f, can be obtained by integratng the equa- 
tion 


(4.1) 


n 


fo + ffs = 0 (42) 
These special forms of yw and U,(z) demand as solutions: 


"h 
vo = tuo T am + e] аз 


* Note that this pressure gradient vanishes in the limit of an infinite plate. This is be- 
cause the displacement thickness contour is then a parabola, and it is well known that in 
the flow past a parabola, the pressure on the surface becomes constant and equal to the 
mainstream pressure at distances from the leading edge compared with the focal length. 
(Also the pressure continued onto the axis is exactly constant to the right of the focus.) 
In the assumed flow (resulting from the finite length of the plate), however, the parabola 
is broken off at the trailing edge and becomes a line parallel to the stream. This breaking 
off is effectively like sink distribution in the wake, and results in the accelerated flow 
along the plate which was calculated above. 
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whence 


" = 
ren] ad) 
3m 2 
yw - hes — uo + UU gas y + | 


where f, (7)'s are functions of n. 
The substitution of ¥ from (4.3) in (4.1), after a simple reduction, gives: 


fK + fof — 2(n — Оу. + Qn — Df fa = —2(n —1) (4.5) 
where п = 1, 2, 3, ‘۰ . From the boundary conditions (2.8) and on account of 
(3.4), the functions f, satisfy, for all n and z > 0: 

440) = 70) =0, (е) =1 (4.6) 


As the coefficients of this equation cannot be expressed analytically by simple 
functions for the whole range of n, an analytical solution valid for all » and n is 
generally not possible. The problem, on the whole, is a numerical one. It is 
noticed, however, that for n = 1, the Eq. (4.5) assumes a particularly simple 
form: 

2/1 + fff + fh = 0 (4.7) 
For this equation, it can be verified that the following combination of f, and fo , 
which evidently satisfies (4.6), is 8 solution: 


fi = 0 + nfo) (48) 


The cases n = 2 and n = 3, 5, 9 have been integrated numerically by Howarth 
(12) and Tani (13) respectively. It will be shown presently that for n greater 
than 10, say, simple approximate solutions can be found. 

First of all, it fs noticed that f; is a special solution of the equation: 


Bn" fs — An — Ufsf. + Qn — fof. = 0 
Therefore, the order of the Eq. (4.5) can be reduced by one if the substitution: 
Sn = АР.) (4.9) 
is made. Elimination of f, from Eq. (4.5) by virtue of (4.9) leads to: 
Boku’ + (fE + АЈӘРА — (ffs + 2(n — DF = —2(n — 1) (410) 


"This equation can then be considered as second order in Ё, . If the coefficients 
of this equation are to be approximated by taking f, = (#)aw in a range of 
л $ m, where a is 0.332 and m is a fixed number to be specified later; then in 
the range 0 5 n < т, Eq. (4.10) will be replaced by 


TFT + 3 FF — (n — Man’ p, = —™ 


(4.11) 
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The errors involved in the first and third coefficients are of the order n° and 
that of the second is of the order °. Therefore, if 7. is not too large, this ap- 
proximation is expected to be sufficiently accurate for the answers required. 

It is observed, in the first place, that (n — 1)/a'(n 一 34) is a particular 
solution. Furthermore, the fundamental integrals of the homogeneous equation 
resulting from the cancellation of the term on the right-hand side of Eq. (4.11), 
are n '[,a(t) and 7 'Kza(¢). The general solution then can be written as 


wa L ` 


Fn We MON 


Py An" ha) + Сат Kit) + 
where t = 0 一 Ma 
Here Iz, and Kz; denote the Bessel functions of the first and second kinds of 
imaginary argument. In order that the condition at n = 0 be satisfied, the con- 
stant C, should be determined to cancel the singularity of Куз which is w". 
This condition requires that 


Geo TOM — а" 


a(n — М) LE 
"Thus, the solution, with the conditions at n = 0 satisfied, is finally of the form: 


" Ы dn n-i d 1] dn 
fem fila [ism - s [еко -1]%} «im 
by putting A, = T(JA)(n — 34)'^22"/x3"*, where the constant A remains to be 
determined. 


On the other hand, when з is large, fo is approximately n — 8. If this approxi- 
mation is introduced in Eq. (4.10), it is transformed into 


2Р„' + (т — BF; — 2(n — 1)F, = —2(n — 1) (4.14) 
Moreover, it can be shown that by the substitutions: 
Р» = (n — Se Go) + 1 (4.15) 
and 
с = Mn — BY 
Ед. (4.14) becomes a confluent hypergeometric equation for G,(o): 
aG% + (8 + 1 — e)Gh — nG, = 0 (4.16) 


whose two fundamental solutions are: 
Fi(n, 3430) and оа — 4, h; o) 
Therefore, the general solution for large n, by (4.15), can be expressed as 
Sn = Fu = (n — Be [CaiPiln, $$; e) + Cot Fim — 4, 4; 0] +1 (417) 
where C; and C are constants. 
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By virtue of the asymptotic behavior of the confluent hypergeometric func- 
tion, namely аѕ с 一 © 
iFi(a, b; e) = [Г()/Г(а)]#'в° ^ Fb 一 1 — a; 67) 
the condition at infinity, i.e., f, (2) = 1, is satisfied if 
€ = -2[r(n/T(» — HC 
Ву eliminating C; in terms of С, the solution for large then assumes the final 
orm: 


"BA — 3, 4; 0) 


=n +B +C f 


= 2{r(n)/r(n — pet F,(n, 34; o)] do 


where B and C are constants. 

If the two solutions (4.13) and (4.18) for small and large n, respectively, 
represent, in fact, the same function f,(n), then f, , fn and f% must be joned in 
8 region where both solutions are valid. These three conditions are clearly both 
necessary and sufficient for the determination of the constants A, B and C. 


(4.18) 


5. Law of resistance. It can be shown that, up to the second approximation, 
the local shear remains p»(du/dg). Thus, from Eq. (2.3) and (4.4) the shear 
stress r on the plate is given by 

= = 
= k ter Be т 
т HE fe(0) + = > = 


0) + =] (51) 


If the total force experienced by one side of the plate per unit width is con- 
sidered, the skin-friction coefficient C, can be defined as 


тра 
с, = үйтт Í rdi (52) 
From (5.1), the integration yeilds 
Cr = (4o/ Ve) + (a/Re) + --- (5.3) 
where 
_ 48 7100) 
а= > Gop (5.4) 


The skin-friction coefficient, to the second order, consists of two terms: the 
first is recognized as the Blasius Jaw and the second, which varies inversely as 
the Reynolds number, constitutes the correction. This shows that, as the second 
term is inversely proportional to the Reynolds number, it becomes extremely 
small by comparison when the Reynolds number is large and, consequently, 
the resistance follows Blasius’ law. However, as the Reynolds number decreases, 
the correction will gradually become significant. The point at which the re- 
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sistance deviates distinctly from the Blasius’ law, depends, of course, on the 
value of ол. 

To evaluate this sum, as is seen from (5.4), it requires only the initial curva- 
ture of the functions f, . Because of the fact that the functions f, to fs are known 
exactly, the first nine terms can be accurately calculated. From the ninth term 
on, however, as the degree of accuracy in f7(0) will be less important, the ap- 
proximate values will be substituted. 

Before the actual calculation of a is carried out, the constant A appearing in 
the solution f, should be first determined by joining the two solutions (4.13) 
and (4.18). It is noted that if m is taken to be 3 (justified by the fact that linear 
approximation to f differs from the exact value by only about 16 per cent) then 
tı == (%4)(n — 34)". Thus, only for moderate values of n will the argument, of 
the Bessel functions in Ref. (13) be large. By means of the asymptotic form of 
the Bessel function, e.g. I(t) œ (e/V Imt) + O(t^?) and Kyat) = 
Vre'/V2r(l + O(™)), the integrals in (4.13) can be asymptotically inte- 
grated. Furthermore, by the same asymptotic integration, namely both n and с 
large, the integrand of (4.18) is equivalent asymptotically to exp (一 /2 — v/na) 
(1 + 0(/x/n)). 

After these simplifications, two algebraic equations between A and C give a 
solution for A which can be readily shown to be of the order ne“, For n = 4, 
say, fı = 9 and A will be of the order 10°. Since the first term of f7(0) is 
2a@A[q‘Taa(t)o, which is O(ne™"'), it can be neglected by comparison with 
the second term. Hence, for large n, f(0) can be approximately given by 


#0) ~ го, nl 
IO) ~ TE) ` Ga — ay 


From Howarth’s and Tani’s solutions, f7(0) and 5 (0), f (0), /;(0)* are 
2.041 and 3.177, 5.010, 7.936 respectively. The approximate formula above gives 
the corresponding values to be respectively 1.838 and 3.022, 4.892, 7.844. From 
Dr. Tani’s results, f4 (0), /% (0), f7 (0) and fs (0) were obtained graphically with 
the values, 4.083. 5.800, 6.570 and 7.290 respectively. 

Of course, when n increases, the accuracy will certainly be improved. This 
seems to be sufficient to establish the reliability of this approximation. This 
result, incidentally, also establishes the convergence of the sum a; , because, for 
large n, f %(0) is O(n"). The sum then will converge like a Zeta function, (34). 

The actual summation of the series was performed, hence, in three separate 
steps: (a) the first nine terms were calculated by means of Howarth’s and 
Tani’s solutions, (b) the subsequent five terms were summed by substituting 
/%(0) from (5.5) and finally (с) from the fourteenth term on, the infinite sum 
was converted into a definite integral by the Euler-MacLaurin formula with 
the integrand (n 一 1)""/(2n — 1)’. Of these three steps, (b) and (c) unavoidably 
involve error. However, a conservative estimate places the fourth significant 
figure at most in doubt. The final answer is, accordingly, a, = 4.12. 


(5.5) 


* Private communication. 
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By adopting this value in (5.3), the skin-friction coefficient Cy can be plotted 
as a function of Re as shown in Fig. 1. It is seen that, for Re greater than 10°, 
С, practically coincides with the Blasius’ law. But in the range 10 < Re < 10%, 
they differ considerably; for instance, at Re = 100, the difference amounts to 
nearly 24 percent of the total value. In this range of moderate Reynolds num- 
bers, the resistance of a plate has been measured by Janour (6), and, by com- 
parison, the theoretical and experimental values agree surprisingly well provided 
the Reynolds number is not close to 10. Near Re = 10, the calculated values 


Sidrak (Oseen approx ) 


1 2 Re 3 4 5 


Fig | Resistance coefficient of a flot plate in parallel flow . 


from (5.3) are higher than the measured ones. There seems to be better agree- 
ment between the results calculated by S. Sidrak (14) by Oseen’s method of 
approximation and the experimental values (Ref. 6) at Re = 10, hence it is 
reasonable to presume that the second-order theory cannot be accurately 
applied for Reynolds number below 15, say. 

One might postulate that if the approximation is pursued one stage further, 
the range of applicability of the resistance formula (5.3) could possibly be 
extended into the low Reynolds number regime and might even overlap with 
the solution approached from the other end of the Reynolds number, such as 
Sidrak’s solution. If this were the case, there is, at least, one example where 
solution can be found for all Reynolds numbers. This general question of higher 
approximation will be discussed in what follows. 
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If the approximations were carried one step further, one would notice that 
the known function on the right-hand side of the non-homogeneous equation 
for у(х, y) consists of two groups of terms, having as coefficients z! and z^ 
respectively. In view of the fact that the form of the solution has been fixed by 
the choice of VP = V/zfo(n), V^ will automatically take on а term like 277/11) 
in order to cancel the second term on the right-hand side of the equation for 
V. Consequently, the order of singularity at the leading edge must become 
progressively stronger as the order of approximation increases. This shows that 
the high approximation such as ¥”, as obtained by the method outlined above, 
would not improve the accuracy of the first and second approximations but, on 
the contrary, would tend to worsen it as the leading edge is approached. Further- 
more, if such high-order approximations are included in the integral for resistance 
(5.2), this integral obviously diverges. For this reason, this approach to the 
problem must be rejected. 


6. Lighthill's method of improving bundary-layer solution near the leading 
edge. The source of the difficulty encountered by the method of perturbation 
adopted in section 2 is the fact that the solution of the first approximation, i.e., 
the boundary-layer theory, is singular in the whole line z — 0. It seems generally 
true as propounded by Lighthill (5), that whenever the solution of the first 
approximation to a non-linear differential equation is singular either along curves 
or at isolated points, these singularities, whichever they may be, will be passed 
on, in an accentuated form, to the rest of the successive approximations. To over- 
come such difficulties, as shown by Lighthill, the expansions (2.3) should be 
modified such that: 


V = 0%, j) + ME, ў) + VIG) + + 
p = eG, j) + ep”, g) + ° 


where the variables £ and ў are related to z and y by the transformation, yet to 
be determined, 


(6.1) 


z = # + а, p) + "e ge 

›”ў 
The object of the transformation (6.2) is to bring into the problem extra degrees 
of freedom by means of which the “parental” singularties, such as Vz, can be 
frozen during the course of the successive approximations. This will be demon- 
strated in the determination of y as follows: 

As the solution of y given in section 4 has an identical singularity to that 
of ¥", no further change for Eq. (2.7) is necessary. The first-order function z^? 
of the transformation (6.2) can, therefore, be taken as zero. The transformation 
then becomes 


(6.2) 


z = + ёго, g) + --- 
кў 


(63) 
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According to this transformation, the derivatives /dz and д/ду will be trans- 
formed, respectively, into 8/02 — ez a/a% and 9/99 一 éz" 9/9. Thus, the 
largest terms produced by the transformation of derivatives can only be of the 
second order. As a consequence of this the equations for y and y in terms 
of the variables £ and fç will be the same as Eqs. (2.4) and (2.7). The equations 
for ¥ and p”, however, are changed; viz., 


VPVS + ЧҮ — WOME — Vui — vin 
= МИ — РУЛ + [pP + Vin + iat (6.4) 


+ (pF — 205029? + Pz — (P + 30у — Ил 
and 


PP + PV — PS + уш = 0 


As in Section 4, let the similarity variable ў = §/WVE be introduced. Then it 
can readily be shown that the singularity of the first group of terms is £^? while 
that of the second group, due to terms like pÍ” and y{2, is £^. If the singu- 
larity of V^ were the same as 4", the singularity of the left-hand side of the 
first of Eqs. (6.4) would be 2, which could balance only the first group on the 
right-hand side. If the second group is also to be cancelled, the singularity of 
V? should have been Z^, which would make the resistance integral diverge. 
The role of the function z” (E, g) is just to provide an extra condition to have 
this group of terms removed. Now, if p®” = p(t) + P(, g) where P(E, g), 
from the second eq, (6.4), by partial integration 


POED = f WP VE — vv — vias (5) 
and р:(®) should be determined by the consideration of the second-order poten- 
tial flow, in analogy with p,(z); then z® can be chosen: 

Уфа + (PP — 20) 9 + у”? 
一 (Ë + 34928) — a = PP — vi 


It is noted that as z” is required to be regular at $ = 0, both sides of eq. (6.6) 
vanish with ӯ. For this reason, the constant of integration will be absorbed in 
the yet undetermined function р:(#) which is also required to be regular. 


(6.6) 


T. Determination of the transformation function z”. By the assumption 
VP = VE fo (3), together with Eq. (6.5), a straightforward reduction leads to 
an equation: 
2(fo— ајд)" + (f — Яв — Gift of + [2fe(fo — afc) — 607 + Lafo" jos 

= 06975 + 9707 + ifofo — fi + kaya 
where ga is a function of ӯ and is defined by 
29 = gs() (7.2) 


(тл) 
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It is noted that this equation has an integrating factor fo(#) and, on multiplying 
both sides by fo(7), an integration yields 

2folfo — aff — [2folfo — fo) + Aafofe — fà + ffl: 


3 
= GG) + const, CP 


where 
өф = | pleas + R7 + HK — Л + WE а 


If ga (3) is regular at the origin and ga(0) = 0 (i.e., g = 0 corresponsd to z = 2 
and therefore the plate remains fixed), then a unique solution is found by 
quadrature to be of the form: 


n= - (Gam Apl Lina] Gh ) 


ex [1 | a |o an} ai 


As G(3) is 0(7°) in the neighborhood of š = 0, it follows from Eq. (7.4) that 
—m@(ñ) is O(a"). Therefore, the imposed conditions are satisfied. 

The form of the solution given by (7.4), though closed, is not, however, con- 
venient for numerical purposes. For this reason, a power-series solution will be 
given below by assuming fo to be 


(7.4) 


First, the substitution of this expression under the integral sign gives the func- 
tion G(3): 


Then by assuming a proper power series for gs, and re-arranging terms on the 
left-hand side of Eq. (7.3), the identification of coefficients, suppressing the 
arbitrary constant, yields a solution 


MC PONE. Ф + Ja a n (7.5) 
9 2:31" 17 1 É 


valid for 7 5 7, in, being a fixed number. 
On the other hand, for large š, fo is again approximated by  — 8. The eq. 
(7.1) then reduces to 


gi" + 4G — 00 + g: = —¥(365 — 8) (7.6) 
By the substitutions: 
gi = -4 — M) +90 and t = (1/2)(4 — 8) (7.7) 
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Eq. (7.6) can be transformed into 
"+" + =0 
“This equation сап be twice integrated with the result 
g + tg = Cit + С. 
Further integration together with (7.7) yields the solution: 


" (IVT 
@ = MG — 38) + O, + CFP? 十 gu FAA Í eg (78) 
ç 


If the solutions (7.5) and (7.8) are joined at 7 = ћ = 3, an approximate 
determination gives C, , C; and C; the values —1.901, 1.264 and 0.431 respec- 
tively. Furthermore, it is noted that 


EJ : 

е 人 e dt 
approaches zero as ¢ becomes infinite, the function g, tends to negative infinity 
as —}4(4 — 8/2)". ga so calculated is shown in Fig. 2. 

Finally, it must be remarked once more that, by introducing the transforma- 
tion function z“? as given above, the singularity of V^, if the solution of the 
equation for ¥” were to be found, could be maintained at 4/2 and consequently 
the third-order correction to the resistance could be calculated. From a general 
standpoint, the problem can thus be considered as successfully solved. 


8. Properties of the transformation. As was determined in the previous sec- 
tions, the transformation (6.3) can now be discussed. It will be recalled first of 
all that the flow field of the Blasius solution is confined to the first quadrant 
with the plate coinciding with the positive Z-axis., both variables and g being 
positive. From the definition of 4, if 0, $ = 0 corresponds to š = О and it 
follows that z = ž as ga(0) = 0. That is, the positive Z-axis is transformed into 
itself. On the other hand, if = 0 but $ > 0,z = — = by eq. (7.4), but when 
ž and j vanish simultaneously, 7 becomes arbitrary. If 7 varies from zero to 
infinity, the whole negative z-axis will be swept by the equation z = eg:(ñ). 
Thus, the origin in the 2, j-plane is turned into the whole negative z-axis. For 
values of different from zero, it can readily be shown that every Z-const. line 
is mapped into a curve in the z, y-plane, which begins at a point on the positive 
z-axis and tends to negative infinity when ў increases indefinitely. Consequently, 
the Blasius domain is transformed into the whole upper-half z, y-plane. 

According to the Blasius solution, the first order velocity is a function of š 
and, following the definition of 5, its constant values lie on a family of parabolas 
with vertices at the origin. Since one of these parabolas defines the boundary 
layer, it would be of interest to determine this curve in the т, y-plane. By 
eliminating 2 from ў = 5/2 by means of (6.3), 5 = const. then corresponds to 


y = тут — êg) (8.1) 
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in the z, y-planes. This shows that the family of parabolas in the Z, g-plane 
remains a family of parabolas after transformation. The difference lies in the 
fact that before the transformation to z, y-plane the vertices of the parabolas 
were all located at the origin; after transformation they are separated and given 
by ж = (я) for each š. Since gs(0) = 0 and g() = — =, this family of 
parabolas will cover the whole z, y-plane. The particular parabola which charac- 
terizes the boundary layer is conventionally taken to be ў = 5.2. For this value 
of ñ, g:(7) = —6.30. In the case of Reynolds number of 100, the graph is shown 
in Fig. 3. It is interesting to note that the region in the neighborhood of the 
leading edge, which was neglected in the Blasius solution, is an area of the order 
of é (linear dimension of the order of »/U,,). This result shows that the influence 
of the plate does spread ahead of the leading edge by diffusion at all Reynolds 
numbers and, therefore, is closer to physical reality that than predicated by the 
boundary-layer theory. 


9. Deduced uniformly valid velocity field. A clear idea of the effects rendered 
to the solution by the transformation (6.3) can best be demonstrated through 
the examination of the velocity components in the z, y-plane. For this purpose, 
only the first order Blasius solution will be considered. By assuming y = y“ 
and by making use of (6.3), the velocity components in the z, y-plane are as 
follows: 


0 
woo fG) + س رو‎ GR ~ 0 (91) 


Vw کے‎ Gf — f 


2: — отд 


Since the denominator 22 — eigs in the expressions for и and V vanishes 
only at the leading edge, the solutions might still be singular there. However, 
the infinity in V on the faxis is clearly removed. Indeed, V is now finite every- 
where and on the negative z-axis it is zero. The effect on u is represented byan 
extra term which in most of the boundary layer is of the second order. The 
essential change lies in the fact that, whereas previously u was unity on the 
negative x-axis (or on the f-axis), it now varies with 7 according to (9.1) for 
š = 0. 

In order to bring out the exact nature of singularity at the leading edge, the 
function g; for small ñ will be explicitly approximated by the leading term, 
namely by — #/4 according to (7.5). With this form of фу, Eq. (6.3) yields а 
solution 

Mertz, m= x+ Y (9.2) 


on elimination of ñ by у = #+/Z. On account of (9.2) the same equation gives 
also 


ёр = 2(r — z) (9.3) 
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If the Blasius solution is approximated also by the leading term, then from (9.2) 
and (9.3) the velocity components valid in the neighborhood of the plate are: 
2a а (r—z)" 
TPR т 
(94) 


a roS 
€ T 


From this result, it can be deduced that the stream function is proportional to 
the real part of z"* — #z and, therefore, is biharmonic. This shows that in the 
neighborhood of the leading edge, the improved solution satisfies the Stokes 
equation and has a singularity similar to that predicated by Lin and Carrier 
(4). It is noted further that the velocities u and V, which were of different 
order of magnitude in boundary-layer theory, are now of the same order. This 
is another feature of the improved Blasius solution. 

By the same method, the behavior of the solution at the edge of boundary 
layer can be investigated. For large 7, according to (7.8), g2(7) can be taken to 
be — 7/4. Then it can be shown similarly that for large 5 


(9.5) 


At the edge of the boundary layer, Y = 0(e). In conformity to the convention 
adopted in Section 3, the edge of the boundary layer will be defined by 5 = ~ 
or Y = 0. Consequently, on the boundary Y = 0, the velocity components will 
take, as boundary values, 1 and +6/2 z, respectively, which agree with the 
Blasius solution. It should be pointed out that as the edge of the boundary layer 
is approached, the additional term in u and V become harmonic functions, and 
can be represented by — iez *. The fact that the boundary layer solution actually 
tends to the character of potential flow is, indeed, remarkable. It might be added 
that the same conclusions apply also to the next approximations. 


10. Discussion. As the results given in the preceding sections all point in 
the right direction, there seems no doubt that the proposed scheme is a way of 
solving this type of problem. The only question that one may raise is whether 
or not the solution so obtained is unique? For the function ф(ў) may involve 
an arbitrary constant. In section 7, it was chosen to be zero by the condition 
that the plate remains untransformed. If the constant were not zero, the parab- 
olas would either cut the plate or have vertices ahead of the plate (according 
as whether it is positive or negative). Neither case would conform to the physi- 
cal picture. Therefore, the condition g;(0) = 0 must be the unique choice. 

In section 9, there was a result that the velocity components in the neighbor- 
hood of the plate become the same order of magnitude. From this, one might 
expect an increase of wall shear stress because both ди/ду and àv/z have to be 
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considered. However, it is easy to verify that all the extra terms give no contri- 
bution at the wall. As a result the wall shear agrees with that calculated by the 
boundary-layer theory. This is contrary to the belief that the flow near the 
leading edge is of the character of slow motion, and consequently, should have 
higher shear stress than that calculated in the boundary-layer theory. In the 
light of the new results, it can be concluded that the first order solution, even 
after the improvement by Lighthill’s method, does not give additional shear 
stress, The second order contribution comes solely from the fact that the plate 
has a finite length in the flow direction. This seems to be consistent with the 
consideration by momentum theorem applied to a section of the wake behind 
the plate. 

Finally, as pointed out in Section 9, the value of the second approximation 
to V at the edge of the boundary layer can be defined. With this as boundary 
value, the second-order pressure p^ can similarly be determined and the prob- 
lem of solving y? can be, at least in principle, carried out. 
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LAYER ALONG A FLAT PLATE 


I - INTERACTION OF WEAK SHOCK WAVES 
WITH LAMINAR AND TURBULENT BOUNDARY LAYERS 
ANALYZED BY MOMENTUM-INTEGRAL METHOD ) 


By Alfred Ritter and Yung-Huai Kuo 
SUMMARY 


The present paper is concerned with the phenomena encountered when 
a plane oblique shock wave is incident upon the boundary layer of a flat 
plate. In an effort to simplify the problem, the flow field was divided 
into a viscous layer near the wall and a supersonic potential outer flow. 
The pressure disturbances due to the incident wave would be propagated 
upstream and downstream in the subsonic portion of the boundary layer, 
thus giving rise to perturbations of the boundary layer. By restricting 
the study to infinitesimal incident compression waves, only small per- 
turbations were encountered and hence the ordinary linearized theory 
could be applied to the outer flow. In the laminar case, the boundary- 
layer treatment was based upon a momentum-integral equation previously 
derived by Howarth. The two flows must be compatible; hence, the deflec- 
tion of the streamlines near the boundary layer was expressed in terms 
of the vertical velocity component along the edge of the boundary layer 
and this relation was used as a boundary condition for the outer flow. 
The boundary condition determined the form of solution upstream and down- 
stream of the point of incidence. Determination of the constants of 
integration was accomplished by a consideration of conditions at infinity 
and a matching of the two flows at the point of incidence. With the 
outer flow thus determined, boundary-layer growth and pressure distribu- 
tion were computed and results for the laminar case were obtained as 
follows: 


(a) The pressure disturbance along the wall decreased exponentially 
from a definite value at the point of incidence to zero far upstream of 
the point of incidence. Downstream of the point of incidence, the pres- 
sure rose to a maximum value and then dropped off to the value corre- 
sponding to regular reflection. 


1) NACA Technical Note, 1953, No. 2868 
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(b) The disturbances produced by the interaction decayed exponen- 
tially upstream; for a free-stream Mach number of approximately 2 and a 
Reynolds number of approximately 1500 in the undisturbed boundary-layer 
displacement thickness the upstream influence vas of the order of 30 
boundary-layer displacement thicknesses. 


(c) The "self-induced" pressure gradient along the vall vas such 
that the boundary layer might separate ahead of the point of incidence, 
If separation occurred, the separation point moved upstream as the shock 
strength was increased. With increasing Reynolds number, the separation 
point also moved upstream, whereas for increasing Mach number, the sepa- 
ration point moved downstream. 


In the turbulent case the upstream influence was quite small and the 
incident wave must be reflected as a shock wave. 


INTRODUCTION 


It has been found that if the free-stream subsonic Mach number 
becomes high enough so that local supersonic zones are formed on an air- 
foil, sharp changes in the airfoil characteristics occur which cannot be 
explained by classical aerodynamics. The resulting loss of lift is 
accompanied by a large increase of drag in consequence of the appearance 
of shock waves on the surface of the airfoil. However, close study 
reveals that the drag increase is too large to be accounted for by the 
shock loss and change in skin friction. It must be caused by the sudden 
change of the flow pattern. This seems to indicate that the shock wave, 
when formed over the airfoil surface, modifies the character of the 
boundary layer in such a way as to create a wider wake. 


At Guidonia, Ferri, by examining the measured pressure distributions 
over airfoils at supersonic speeds, found that for the forward portions 
of the airfoil the experimental pressure distribution agrees quite well 
with that calculated from potential-flow theory (reference 1). As the 
trailing edge is approached, however, the experimental pressures along 
the upper surface, for positive angles of attack, become considerably 
higher than the calculated ones. (At negative angles of attack, this 
behavior occurs along the lower surface.) This discrepancy is under- 
standable in the light of the fact that the boundary layer on the rear 
portion of the airfoil is extremely sensitive to pressure disturbances. 
Since the flow far away from the airfoil has to return to its original 
pressure and direction, a shock wave mst emanate at or near the trailing 
edge. There is a sharp pressure rise across the shock and pressure dis- 
turbances are transmitted upstream in the subsonic portion of the boundary 
layer causing a thickening of the layer near the trailing edge. This 
thickening, in turn, generates compression waves which travel downstream 
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and interact with the shock wave. The net result is that there is, 
starting from some point forward of the trailing edge, а gradual compres- 
sion to the main-stream pressure. The pressure distribution is hence 
altered in such a manner as to give values of lift and pressure drag 
smaller than those calculated from theory. The measured moment coeffi- 
cient will also differ from the theoretical values. 


The preceding discussion shows that, in the transonic and supersonic 
regimes, the Mach number alone is insufficient to determine the flow 
characteristics; the Reynolds number can also be important. This was 
first demonstrated by Ackeret, Feldmann, and Rott in experiments which 
established the close relationship between the shock-wave pattern and 
the Reynolds number (reference 2). These prove beyond doubt that the 
flow far away from the wall depends intimately upon the character of the 
boundary layer, that is, the Reynolds number. Thus, under such circum- 
stances, the concept of the boundary layer requires modification. 


As a first step, a simplified problem of a plane shock wave incident 
upon the laminar boundary layer over a flat surface will be dealt with. 
For a number of years, Dr. H. W. Liepmann and his associates at the 
California Institute of Technology have been conducting experimental 
studies of shock-wave boundary-layer interaction. Recently they investi- 

jated the problem of the reflection of shock waves from boundary layers 
(reference 3). Based on the qualitative experimental data, some impor- 
tant conclusions were drawn regarding the reflection of an incident shock 
wave from a boundary layer: 


(a) The type of boundary layer, whether laminar or turbulent, 
markedly affects the interaction. With a turbulent boundary layer, the 
reflection is practically the same as that for a regular reflection in 
nonviscous flow theory. For a laminar boundary layer, however, there is 
a large interaction zone near the point of incidence that is guite dif- 
ferent from the regular inviscid reflection. The incident wave is appar- 
ently reflected as from a constant-pressure surface in the form of a 
Prandtl-Meyer fan. In returning to its final direction parallel to the 
wall, the deflected flow, behind the expansion, recompresses to the pres- 
sure appropriate to that behind a regular reflection. 


(b) For M=1.4 and Rex = ОХ = 0.9 x 106, the influence of the 
= 


incident wave extends upstream in а laminar layer a distance of the order 
of 50 boundary-layer displacement thicknesses. On the other hand, the 


upstream influence is practically negligible for the turbulent boundary 
layer. 


(c) It appears that, except for very weak incident waves, the laminar 
layer almost always separates somewhere in front of the point of inci- 
dence, whereas no separation was found for the turbulent layer. 


342 郭 永 怀 文集 


4 NACA TN 2868 


Quite recently, Barry, Shapiro, and Neumann (reference 1) made a 
similar study and their results are in substantial agreement with the 
GALCIT results. An advantage of their experiments, however, is that, 
although the tests were carried out at constant Mach number, the Reynolds 
number and shock strength were varied so that more qualitative as well as 
quantitative data are available to serve as a guide to future theoretical 
work. 


Theoretical solutions of this problem have been almost as meager as 
the experimental results. A first attempt was made by Howarth (refer- 
ence 5), who considered the case of a wave incident upon the interface 
bounding two semi-infinite uniform streams, one supersonic and one sub- 
sonic. Viscosity and heat conduction were neglected and the equations 
were linearized. He then demonstrated the upstream propagation of dis- 
turbances in the subsonic portion of the flow field and showed that an 
incident compression wave is reflected as compression upstream of the 
point of incidence while being reflected as expansion downstream of the 
point of incidence. However, these results can only be regarded as quali- 
tative because of the obvious shortcomings of the model. In an effort 
to make the Howarth model more realistic, Tsien and Finston simulated 
the boundary layer with a uniform subsonic stream bounded by a wall on 
one side and a semi-infinite, uniform, supersonic stream on the other 
(reference 6). As before, viscosity and heat conduction were neglected 
and only small disturbances were considered. For the case of a compres- 
sion wave incident upon the interface separating the two Streams, it was 
Shown that except for the local interaction, the incident compression 
wave is regularly reflected. Locally, however, the pressure along the 
interface exhibits compression ahead of the point of incidence and expan- 
sion immediately behind it. This local condition is qualitatively the 
same as that observed in experiments with shock reflection from laminar 
boundary layers; consequently there arose the speculation that perhaps 
the effects of viscosity and heat conduction were actually not too impor- 
tant in comparison with the effect of coexistence of supersonic and sub- 
sonic streams. If this were the case, it should follow that an improve- 
ment in the Tsien-Finston model could give rise to more quantitative 
results. Now an obvious discrepancy between the Tsien-Finston model and 
the physical situation is that the uniform subsonic stream, in attempting 
to simulate the boundary layer, is incapable of satisfying the "no-slip" 
condition at the wall. Thus, the next logical step in the development 
of the theory would appear to be that of considering a main-stream velo- 
city that varies from zero at the wall to a given uniform Supersonic 
velocity a short distance from the wall, and, in fact, this has been con- 
sidered by Robinson (reference 7) anà Lighthill (reference 8). Robinson 
assumed that the main-stream velocity varies continuously from zero at 
the wall to supersonic velocity some distance from the wall, whereas 
Lighthill assumed that the Mach number varies from zero at the wall to 
some supersonic value a short distance from the wall. A weak wave is 
incident upon the boundary layer and the reflected waves and upstream 
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influence were evaluated. Now with the improved model, however, both 
investigators found, contrary to experimental evidence, that the upstream 
influence is negligible. Although Robinson was chiefly concerned with 
the determination of the upstream influence, Lighthill considered, in 
some detail, the local reflection of the shock wave. He concluded that 
a shock is reflected locally as a "pressure ridge," that is, a rapid 
compression followed immediately by a rapid expansion. Now a note was 
added in the proof of reference 8 to the effect that experimental results 
of Mair and Bardsley (reference 9), obtained at the Fluid Motion Labora- 
tory, Manchester, establish that the conclusions of negligible upstream 
influence and the shock being locally reflected as a pressure ridge are 
correct for the reflection of a weak shock from a turbulent boundary 
layer. (These results, however, had been previously observed by Ackeret 
and Liepmann.) As Lighthill pointed out, the conjecture that the theory 
is correct for velocity profiles typical of turbulent boundary layers 
but incorrect for profiles typical of laminar boundary layers may be 
valid. But until such time as the theory is modified to account for vis- 
cosity, as suggested by Lighthill, the present theory is incapable of 
predicting the effects of the interaction between a shock wave and a 
laminar boundary layer. 


The preceding theories have neglected viscosity and heat conduction 
while considering infinitesimal waves and small disturbances. It would 
appear that the assumption of infinitesimal waves and small disturbances 
is valid since the linear theory, to be a good approximation, requires 
that the slopes of the streamlines be small. For weak incident shock 
waves, the slope of the displacement thickness would probably be small, 
except perhaps in the immediate vicinity of the wave. The neglection of 
viscosity, on the other hand, seems to be more serious. If the effects 
of viscosity were not too important, one would expect that, for fixed 
Mach number and shock strength, the effect of Reynolds number should be 
rather small. Actually, this is not the case since the results of Barry, 
Neumann, and Shapiro clearly show that changes in Reynolds number have a 
marked effect upon the shock-wave - laminar-boundary-layer interaction 
(reference 4). Hence it appears that a theory capable of predicting the 
effects of this complicated phenomenon mst include the effects of 
viscosity. 


At present, as far as the authors are aware, the only solution that 
includes viscous effects was given by Lees (reference 10). The Lees 
theory is based on an approximate relationship between the slope of the 
displacement thickness and the external pressure gradient derived from 
Prandtl-Meyer flow. By combining this relation with the momentum- 
integral equation and neglecting terms of the order of Re`l Lees arrived 
at a third-order, linear, differential equation for the pressure. On the 
assumption that this equation is valid all along the boundary layer, he 
was able to determine the boundary-layer growth and pressure distribution. 
He found the upstream influence comparable with that which is observed 
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experimentally and showed, also, that the boundary layer always sepa- 
rates except in those cases where the incident wave is quite weak. How- 
ever, his theoretical pressure distributions fail to exhibit the charac- 
teristic downstream behavior. This point will be discussed later. 


Following the approach of Oswatitch and Wieghardt in their study of 
the growth of disturbances in a supersonic stream outside laminar or 
turbulent boundary layers (reference 11), the problem is treated as an 
outer flow, with a shock, in equilibrium with a boundary-layer flow. 
Instead of expressing the deflection of the streamline in terms of pres- 
sure rise, as in Lees' problem, a procedure after Oswatitch and Wieghardt 
is taken by connecting the vertical velocity of the outer flow with the 
streamline deflection, as given by the momentum integral of the boundary- 
layer flow. This reduces the problem to an inviscid one which can be 
solved systematically to any order of approximation. 


This study was conducted at the Graduate School of Aeronautical 
Engineering of Cornell University under the sponsorship and with the 
financial assistance of the National Advisory Committee for Aeronautics. 


SYMBOLS 
a speed of sound 
A,B,C,D,E constants 
Ъ = 81*/ 50* 
Cp Cy specific heats at constant pressure and constant volume, 
respectively 
f,g functions of Ë -mn and È + mq, respectively 


Е = 2n - 213 + nt 

81582583: El defined by equations (8) 
1 3 

G = n = 
ga- 

h function of ё - шл 


H = 5%/0 
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в= ae 


coefficient of thermal conductivity 


Karman momentum equation for compressible viscous fluids 


Mach number (U/a) 


pressure 
perturbed pressure 

Prandtl number (hcp/ x) 
universal gas constant 


Reynolds number (U5o*/vo) 


temperature 


velocity components parallel and normal to flow direction, 
respectively 


velocity perturbations nondimensionalized with U 
free-stream velocity 


coordinates parallel and normal to flow direction, 
respectively 
values of x and y in transformed plane (e = x; 


‚ы ay" fr Pa) 


constant 


E 
37 _ 263 
315 6309; 


346 郭 永 怀 文集 


8 NACA TN 2868 

7 ratio of specific heats (ep/ev) 

5 boundary-layer thickness 

o* boundary-layer displacement thickness 

55% undisturbed boundary-layer displacement thickness 

8" boundary-layer thickness in transformed plane 

e boundary-layer displacement thickness in transformed plane 
A disturbed boundary-layer displacement thickness nondimen- 


sionalized with бож 
€ flow-deflection angle 


n = y/8" or y/5o* 


ө boundary-layer momentum thickness ( ү; i e > 2) pu °) 
0 Ue] Pele 

p! boundary-layer momentum thickness in transformed plane 

roots of equation (16)‏ 3ر112 

ores у - даш 

Vo 2 dx 

上 coefficient of viscosity 

v kinematic coefficient of viscosity 

t= x/8o* 

p density 

o=1-252y,? -= (+2 

т shear stress 

$ perturbation velocity potential, nondimensionalized 


with USo* 
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Ф total potential 

x function of x' and y' 

y stream function 

Subscripts 

a evaluated at distance of upstream influence 

e evaluated along edge of boundary layer 

1 1, 2, or 3 

1 laminar case 

° standard condition, such as stagnation point or undis- 
turbed state 

в separation point 

t turbulent case 

wW evaluated at wall 

1,2,3 evaluated in regions 1, 2, or 3, respectively (see fig. 1) 

о evaluated іп undisturbed free stream 


OUTLINE OF PRESENT INVESTIGATION 


In the present study the effect of an infinitesimal compression 
wave incident upon the laminar boundary layer along a flat plate in 
supersonic flow will be considered. The pressure gradient in the flow 
direction is determined to the order of approximation of the ordinary 
boundary-layer theory solely by the shape of the boundary. The poten- 
tial flow thus completely determines the boundary-layer growth. In the 
problem of interaction between a shock wave and a boundary layer, how- 
ever, the phenomena are quite different. In that case the pressure dis- 
turbances that are propagated upstream in the subsonic portion of the 
boundary layer will affect the boundary-layer growth. It becomes clear 
that the outer flow influences the boundary-layer growth and that the 
boundary-layer growth, in turn, influences the outer flow, so that a 
solution that is simultaneously compatible with the two flows must be 
sought. 
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Another significant, difference between the interaction and noninter- 
action problems occurs in the separation phenomenon. For the usual case 
of boundary-layer flow against a pressure gradient, it is known that the 


flow separates from the wall at the point where (ë) = 0. Downstream 
м 


of the separation point the original flow is deflected away from the wall 
by the backflow, a vortex layer separating the two flows. The interac- 
tion of a shock wave with a laminar boundary layer, however, produces a 
different form of separation. Experimental evidence indicates that along 
the wall there exists a short thin region, extending slightly upstream 
from the foot of the shock wave, in which the flow has practically zero 
velocity; the boundary between this separated flow and the main boundary- 
layer flow is a vortex sheet. A plausible explanation of this phenomenon 
is proposed by Lighthill, who suggests that the pressure discontinuity 
occurring when a shock interacts with a laminar boundary layer causes the 
flow to separate into some form of "bubble" at the base of the shock wave. 
Once such a bubble is produced, the boundary layer upstream of the sepa- 
rated region will be deflected so as to increase the external pressure 
gradient. This results in further separation of the boundary layer and 
hence further upstream deflection. This process of repeated separation 
causes the edge of the bubble to move upstream until such time as the 
induced pressure gradient is no longer able to cause separation of the 
boundary layer. The net result is the one indicated in experiments. 
Immediately behind the point of interaction, the deflected flow, in 
returning to its original direction parallel to the wall, undergoes a 
very rapid compression, thereby causing an extremely large pressure gra- 
dient. It is known from experimental results that the boundary layer 
downstream is turbulent, but whether the extreme pressure gradient causes 
separation and hence causes the boundary layer to become turbulent or 
whether the flow at that point is already turbulent and thus can sustain 
large pressure gradients mst remain at this time a matter of conjecture. 
Whatever the case may be, in the problem for weak shock the flow will be 
assumed to remain laminar downstream of the point of incidence (cf. ref- 
erence 12). Positive infinity in relation to the problem will be taken 
to mean a distance downstream of the order of 100 boundary-layer thick- 
nesses. In addition, any mention of boundary-layer separation will refer 
to the "dead air bubble" phenomenon. 


In the present theory it is assumed that the boundary-layer equa- 
tions are applicable over the whole plane. Strictly speaking, the valid- 
ity of the usual boundary-layer assumptions near the base of the shock 
wave is doubted, since separation occurs. However, it is believed that 
for weak incident waves, a theory based on the above assumptions will 
still enable one to determine some of the important characteristics of 
the flow. Іп particular it is desired to determine the extent of the 
separated region, since this investigation is merely the first step of a 
proposed theory which will endeavor to take separation into account. 
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The more refined theory is then expected to furnish, in the separation 
zone, slight corrections to the simplified theory. 


The flow field is assumed to be divided into two distinct regions 
as follows: = 


(a) A thin layer adjacent to the plate wherein there is laminar- 
type boundary-layer flow 


(b) An outer supersonic potential flow field 


Since an infinitesimal compression wave is assumed, the upstream 
pressure propagation is expected to perturb the boundary layer just 
slightly, thus imposing small disturbances upon the outer flow. This 
justifies the linearization of the supersonic outer flow. (Results of 
this theory will of course be applicable only for fairly weak shock 
waves.) The flow field has been assumed to be separated into two dis- 
tinct regions. In reality a continuous variation in velocity from zero 
at the boundary Xo some main-stream value a short distance from the wall 
is known to exist. The actual distance at which the velocity reaches its 
main-stream value is rather indefinite; hence the so-called boundary- 
layer displacement thickness 6*(x) is defined. Physically it represents 
how much the potential flow streamlines are deflected because of the 
reduction in mass flow caused by the retarded velocities near the wall. 
The viscous effects are thus characterized by a layer whose thickness 
is Bx(x), and the link connecting the outer flow to the boundary-layer 
flow is the condition that the line у = 8*(x) is a streamline of the 
outer flow. The treatment of the boundary layer in the present study is 
based upon a momentum-integral equation previously derived by Howarth 
(reference 13). The deflection of the boundary layer is expressed in 
terms of the vertical velocity component along the edge of the layer and 
this relation is used as a boundary condition for the outer flow. Hence 
the over-all problem is then reduced to the solution of a purely super- 
sonic potential-flow problem. 


LAMINAR-BOUNDARY-LAYER EQUATIONS 


The Prandtl boundary-layer equations for the two-dimensional steady 
flow of a viscous compressible fluid are: 
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Here u and v denote, respectively, the x and y components of the 
velocity and p, p, and T, the pressure, density, and temperature of 
the fluid. In order to simplify the problem, Howarth (reference 13) 
assumes that the coefficient of viscosity и is proportional to the 
temperature and the Prandtl number is unity. These assumptions, of 
course, introduce some approximation, but according to the results of 
Emmons and Brainerd (references 14 and 15), the boundary-layer character- 
istics depend very insensitively on the form of (T) and the change of 
Prandtl number for moderate Mach numbers. Therefore, the simplifications 
brought about by this assumption justify the slight loss in accuracy. 


By introduction of the stream function V 


àv 

Pa = fo OF 
° 3y 

= ¿pa 9€ 
PY = -ро SZ 


and by introduction of the transformation 


x'=x 


Reflection of a weak shock wave from a boundary layer along a flat plate I: Interaction of weak .. 351 


NACA TN 2868 13 


the momentum equation is transformed into 


Pr ax _ Sex эх Se[m у, Xx + vy SEX 
Әх' dy! dy! (Əy')2 àx' dx' | Te 2ae2 (3y')2 (3y')3 


where po, То, and vo stand for the density, temperature, and kinematic 


viscosity of a standard condition, the stagnation point, say, and are 
constants, and the subscript e indicates the condition at the edge of 
the boundary layer. In the case of a thermally insulated plate 


的 = 0, the condition of unity Prandtl number admits a special solu- 
ч 


tion on the plate (reference 16) 
срт + $u? = срте + i ue2 


Upon elimination of T, there results the equation: 


ау LP 825 
' 2a 2 (əy')2 


(1) 


di 
Thus, it is seen that when = = 0, that is, at constant pressure, this 
equation is identical to the equation for the incompressible fluid. 


Let 5' be the boundary-layer thickness in the transformed plane, 
and define the corresponding displacement and momentum thicknesses by 


oral (ge 


E. 
e: =f GE LI 
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Then, by integrating equation (1) across the boundary layer, the equa- 
tion relating the boundary-layer thicknesses with the velocity is 


(2) 


The similarity of this equation to that of the incompressible flow sug- 
gests the applicability of the Karman-Pohlhausen procedure. 


If the velocity profile is given by (reference 13) 


дє = F(n) + AG(n) 


where 
Е = 21 - 213 + nt 
ub e 
G = چ‎ (1 - n) 
(eyes у.е. дү 99. 
Asie + > wx 
with 
' 
eG 
Ue 
Me = se 


it follows that 


ote = 38536 - л) (3) 
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Substitution of the quantities of equations (3) into equation (2) 
gives rise to a relation between the boundary-layer thickness 8' and 
the velocity ue(x), with a parameter A. Now, in the present problem, 
as the flow in the boundary layer must be compatible with the potential 
field, the flow deflection d8*/dx of the boundary layer determines the 
flow in the outer field. Therefore, 8' should be eliminated. For this 
purpose, let the displacement thickness be introduced: 


But in the transformed plane there is 


bt 
ome fk) 


D BL 3-6 am 


Ву means of the temperature-velocity relation and Pohlhausen's profile 
this will yield 


1/2 т 2 
s = (2) gre Ea e р 88) 


Now, from the second of equations (3), 8'* is already expressed in 
terms of 5' and A. The elimination of 5'* then gives 


- 1 Me2 1 au A 
eee ae 


idw ауа ME 31V. 
wa: 2 90 2520- + i29) (6? + 


rid36h (238 23V. p\i/2 To 
бз 69; Be EL = -的 Tas (4) 
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Theoretically, this equation defines 6' ав a function of 6*. 
Only in the case of small pressure gradient, namely, 


sUlr a +...) 
u' <l 


however, is a simple analytical solution possible. For by retaining 
only linear terms in u' and its derivatives there is obtained (refer- 
ence 17) 


uf AT UNI 263 _ 263 (7 - DX? ullas 
asc geo m m ee. 


15 ` 6300 ` 630 
2- = 
[atm - 2 = 7 мо2‹207-1) Je 


(5) 


where Mo = i and o-1- Ta KP. Moreover, since u' is assumed 
о 

to be small, that ів, for weak interaction, the boundary-layer thick- 

ness 6' must also differ from the unperturbed value by a small amount. 

Therefore, to the first-order approximation there results the solution: 


2-y 
ss Foa D z же 
315 6300, 
263 (7 - MP ебу sry SERM Gy ue « 
630 E 6300 315 6300 315 
HER 
2- 
17? (63 _ ЗТ 7-1) dul 3 
26 2520 -SE - =o G dx sen) e) 


Let 6 * be the unperturbed displacement thickness and write 


= 8o*(1 + A) 
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Substituting equation (6) in the momentum equation (2), replacing x' 
by x, and keeping only first-order terms, one obtains, by taking into 


account Sox iiem Constant, the following linear equation (refer- 
ence 17): 
$^. vu! dut, QC aut _ 
81 4 + š Bou! + вз Е Pra 
las du! au 
gl a (eo + 383 ge + 58% e) (7) 
where 
= = 
t = BSF 
RES 2 
died (53) cip. qi 
Re (37)(630) 263 
200 - 3M / 1 2-7 
82 = -gl|1 - * 
e 1 5 Ta Th, 27-1) 
263 
15934 4588 1 e 
mde uoi Hat + 082 
` 29 A a c 
263 
3 -3 
= -R,o7-1 .5 [630 zT 
LS = (e wa 
with 
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The momentum integral thus relates the displacement-thickness perturba- 
tion A to the velocity perturbation and its derivatives along the edge 
of the boundary layer. 


SOLUTION OF BOUNDARY-VALUE PROBLEM OF OUTER FLOW 


Until now the study has been directed at obtaining an explicit rela- 
tionship for the boundary-layer displacement thickness as given in equa- 
tion (7). Now the extent of the interaction zone is only a fraction of 
the distance from the leading edge of the plate, hence 6,*(x) can be 


assumed to be constant over this range. Equation (7) then becomes a 
linear equation with constant coefficients. 


The problem is now one of determining the supersonic potential flow 
past a thin body whose thickness at any point corresponds to the perturbed 
boundary-layer thickness at that point. Consider the problem in the 
coordinates shown in figure 2. 


The undisturbed thickness is seen to correspond to y = 0. Strictly 
speaking, the undisturbed thickness should be at у = 8o* in the physical 
plane. But since the outer flow does not depend upon the location of the 
origin of coordinates, the boundary conditions can be simplified slightly 
by choosing the axes as indicated in figure 2. Then, consistent with 
linear theory, the boundary conditions are satisfied at the undisturbed 
surface, namely, y = O. 


The linearized differential equation for the perturbation velocity 
potential of the supersonic stream is 


„2 20 _ 220. 0 (9) 
at? Mme 


where 上 = > and n= ze and the general solution is given by 
o o 


$ = f(E - mn) + gle + mn) (10) 
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The incident waves will be taken as 


glg + л) = 0 when Ê + myn < O 
(11) 
gt + mn) Tx + man) when t + mj > O 


This corresponds to a simple compression wave, of deflection angle €, 
incident upon the origin. (According to the above definition, the abso- 
lute value of є will be used in any computations.) 


Upstream Solution 


The incident wave causes the boundary layer to be perturbed upstream 
and downstream of the point of incidence. Since no disturbances can be 
propagated upstream into the supersonic flow, the physically possible 
solutions in region 1 will be waves of the form Ø] = f(t - mon). The 
normal velocity component at the boundary must be zero, hence the condi- 
tion that the slope of the streamline is equal to the slope of the dis- 
placement boundary-layer thickness 6* is imposed. The velocity vector 


of the supersonic flow has components [va * u')yUv'], where u' = БУП 
апа v' = ag/an, so that the linearized boundary condition becomes 


se A at n=0 
or 
ФА. me) at nso (2) 


Now since the boundary condition is on а A/dt rather than A, 
equation (Т) is differentiated with respect to Ë, considering бож to 
be constant: 
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ад, а2л du! dat , a3u! 
Slap ^ g2 82 ak * °3 2 


du! aut | з (13) 


If the boundary condition (12) ів substituted into equation (13), and it 
' 
is noted that at n = 0, Ê = f''(e), and so forth, an ordinary 


nonlinear differential equation for f(t) will be obtained. By line- 
arizing this equation: 


ef (€) + g£' (6) + (во + m.)f''(8) + gmof'(E) = 0 (24) 


The coefficients in equation (14) are constant for а specific case of 
Mach number and Reynolds number, hence the solution can be immediately 
written as 


f(t) = Ao + mom Boe 1° + Coe 38 (15) 
where the n's are roots of the equation 
Ey + 8302 + (до + m.) + gym, = 0 (16) 


For the cases under consideration equation (16) has three real roots, 
one positive and two negative. Let бо > 0, M < O, and N <0. In 
order to have all disturbances vanish ав Ё —}-« it is seen from 
equation (15) that 
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The upstream solution is then 


+(& - my) = Ae 27m) (17) 
or in the physical plane 
Xe 
by = adorn) 
(18) 
x- my < 0 


The solution in region 2 follows immediately. The equation for the outer 
flow is linear, hence, by adding solutions, 


- 


fo = Ae - É )چچ‎ × + ma) 
(19) 
x - My >0 
x+my >0 


Downstream Solution 


In region 3 the solution to the linearized supersonic flow equa- 
tion is 


$3 = (E + mn) + h(E - mn) 


But @(& + Mun) is known since it is the incident wave, hence use of the 
boundary condition at the interface will result in an ordinary differen- 
tial equation for h(£). The nondimensionalized boundary condition takes 
the form 


as = -mp'() - є at n-0 (20) 
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since р = -e - meh'(t) 


Substituting equation (20) into equation (13), 
gh + g3h''' + (go + m,)h'' + дүш! = -gl1e (21) 


It can be seen that the complementary solution will be identical to 
equation (15). Hence the complete solution is 


L5 Le 
h(t) ate ae 2" «Bel Hoe dt. dug (22) 


pes 
Ta 


where again M2 > 0, Aj < O, and ^3 < 0. Choose Do = 0 without 
affecting any of the physical quantities such as velocity or pressure 
since h(t) merely represents a velocity potential. To eliminate the 
possibility of any velocity becoming infinite as —> œ put E = 0. 
Then the solution becomes 


入 入 
h(E) „ве сезе. аа 

(Eman) 3 ( 6 (23) 
ЫЕ = ma) = ве DOM се?З Ru ee) 


Then the perturbed velocity potential in region 3 is 


N x 
És = A a + T mad - 26 کے‎ 
an бо* (2%) 


ФІ? 


x - my > 0 


Determination of Constants 


The problem now involves four constants A, B, C, and Dl with 
three parameters Mes є, and Re. Additional conditions must therefore 
be imposed in order to determine the constants as functions of the 


1тһе constant D is a measure of the downstream boundary-layer 
thickness as shown in the following discussion. 
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parameters. It is noted that the outer flow field vas divided into dis- 

tinct regions by the lines OS and OM (figure 2), so that the boundary 
layers in regions 1 and 3 were treated independently of each other. 

These boundary layers are therefore related at the point of incidence by 


the following conditions: 


(a) The boundary-layer displacement thickness must be continuous 
at x=0 


(b) The wall pressure must be continuous at x = O 


Xo 
(c) Discontinuities, if any, must satisfy lim T K ax = 0 
xo— 0 -xo 


where К = О denotes the Kármán momentum equation for compres- 
sible viscous fluids 


Condition (a -- Compute the boundary layers for regions 1 and 3 and 
then match the displacement thicknesses at the origin. One has as a 


boundary condition 


a dy 3f 
一 一 = 一 at =0, i=lor3 
a a n › 
8: * 
where / = B 1 and 81% is the total boundary-layer displacement 


thickness in regions 1 or 3. 


From equation (18) one obtains for region 1 


алу ME 
Tate а 


Aot 
Al = -muAe + Constant 


All disturbances vanish far upstream so that Лу(-®) = 0. But since 
^o > O, the exponential term vanishes as & —>-«, hence the constant 


equals zero. Therefore 


[3 
Al = сак 


ог 
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For region 3 one obtains, according to equations (24), 


= = -mpNeME - mpy3e)3 


|З 
43 = "EX - apet + Constant 


Let 43( co) = D and since the exponentials vanish at positive infinity, 


the constant equals D. 
Therefore 


43 = -n pet - age! +D 


x x 
入 Ks m 
1 BF ИА 


83* = Bot [L - mpe - mpe 


Thus it is seen that for the total downstream thickness 


p UM „5з* = Sox(1 D) 


By putting 5)% = 83* at x = 0, 


А=в+с-ш- (25) 


Condition (b).- Since the validity of the usual boundary-layer 
assumptions in the interaction zone has been assumed in the case of veak 
Shock interaction, the pressure at the wall, as a first approximation, 
equals the pressure at the interface. The pressure at the wall as well 
as at the interface is therefore required to be continuous. As a conse- 
quence, the pressure jump due to the incident wave mst necessarily be 
neutralized by a reflected expansion wave. This deduction is actually 
confirmed by experiments. 


The pressure in each region consists of an undisturbed pressure po 
plus a perturbed pressure p' due to the incident wave; p = po + p'. 


Since the undisturbed pressure is the same throughout the flow field, 
only the perturbed pressures, which, by small perturbation theory, 
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are р' = -psUu', will be considered. The velocity potentials f, fo, 


and $3 have previously been found, &nd, accordingly, the pressures are 
given by 


кчы) 
ру' = -7Me2poAae (26) 
N 入 
sons) Bion) 
рз' = -7Ma2pol BNe ° + Craze ° - 2 (27) 


The condition for continuous pressure at the origin is 
p1' = рз! 
hence 


Ado = BAL + С\З - = (28) 


This condition shows that the discontinuity between regions 2 and 3 cor- 
responds, in linear theory, to an expansion of the flow from regions 2 
to 3 by a wave of the same magnitude as the incident wave. Now since à} 
and ۸3 are negative, the downstream pressure along the interface y = 0 
is 


2 
p, — =; Po(2e) (29) 


ав Ё — =. This asymptotic value of the pressure is exactly twice the 
incident pressure rise; therefore, as anticipated, the incident wave is 
reflected as a regular reflection from a solid boundary. 


Condition (c).- The Kármán momentum-integral equation for compres- 
sible fluids is 


5 5 
a 2 a ap 
an i ay - رل چ م‎ pi e qe S s OM 
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where T, indicates the wall shear stress. With the ordinary definitions 
of the displacement and momentum thicknesses, the equation becomes 


due 
Z (eens) + Peted* 47 = Tw 


From the outer flow 


站 (euese) - 5 2 -T=0 


From the previous notation it is seen that 


As the boundary-layer regions 1 and 3 are independently considered, 
the pressure gradient and velocity therein might be discontinuous at the 
origin. In order that the discontinuities be consistent with the dynami- 
cal equations, it is necessa that: 


Xo 
= [7 ant ee 
хо — 07 -xo 
or 
x хо хо 
lim (Pen? - ser) ° +f pS ax S ty ax| = 0 
Xo -Xo У -хо -xo 


Now 68* is required to be continuous at the origin, p =, discontimous 
but finite, and the shear stress ту, finite; then, in the limit, the 
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two integrals vanish and 


2 хо 
lim (reve e- э) =0 
хо — 7X6 
remains. Therefore, in the limit, 
032520, ~ рүшү Өү - 8*(0)(p3 - P1) = o (30) 


The condition that p; - P3 at х = у = О has already been imposed 
and hence equation (30) reduces to 


plul261 = p3u3203 at x=y =0 (31) 


This equation, linearized in ч' and its derivatives, becomes 


seo (537 = ES mite (ig 2 w) (32) 


ax ax 


where 


= m) 


%2 


2- 
NEUES AE 2/263 y - 1 _ 
TS (3 55) beet 5 


The pressures were equal at the origin, so that, in linear theory, the 
streamwise perturbation velocities are also equal. Therefore uj' = u3' 


at x=y=0. 
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Now since ау #0 and ap # O, for the range of M, and Re 
studied 


duj' dus' 
c = at x-y-0 (33) 


It is therefore seen that, in the linear theory, continuous pressure 
also implies continuous pressure gradient. Since 


duy' AM? 

ax" EG at x=y =0 
93 1 2 2 

= = aX + ox) at x=y=0 


there is obtained from equation (33) 
А\р? = BA? + с\з? (34) 


Conditions (a), (b), and (c) lead to equations (25), (28), and (34) 
for four constants A, B, C, and D. But previously it has been shown 
that 


lim 63* = 5ox(1 + D) 
t ەچ‎ 


Thus it is seen that D merely determines the downstream boundary-layer 
thickness, whereas A, B, and C determine the local character of the 
perturbation. Therefore, if the downstream thickness can be estimated, 
there will be a determinate problem. Assume for the present at least, 
that D is determined. The constants A, B, and C can then be solved 
for from the following equations: 


Ao = BA + OX - #© 
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The. solution is 
_ 703 t N) ре АІ ЖоК, 
AT (№ - M)Qe - ^1 ( x (^e - ^3) - xy ( =) 
۔‎ 03+) (Bn cS 
СЫСЫ ( =) (з 7 x) - 可 ( <) с 


-(%ә + X) Е A2 D 
CES E Ие сыы 


Evaluation of D.- It is seen from equations (35) that the local 
perturbations are determined once the constant D is specified. As 
it has been shown that D characterizes the thickening of the boundary 
layer through & shock, it can be determined approximately by tne 
following consideration. 


* 


When & weak shock is incident upon the boundary layer, it is assumed 
that the KÁrmán momentum-integral equation 
ate Ë 
Gl 


ae i ape eu 
eo * @+$ " 


is valid throughout the disturbed boundary-layer flow. For a given pres- 
sure distribution, the growth of the boundary layer is governed by this 
equation. When a shock is incident upon the boundary layer, it has been 
theoretically predicted and experimentally verified that the flow up- 
stream of the point of incidence is separated over a considerable portion 
of the disturbed flow; hence the shear stress becomes relatively unimpor- 
tant. Downstream of the point of incidence, since the flow 1s dominated 
by pressure forces, whether the flow is laminar or turbulent the shear 

is known, from experimental results, to be very small (reference 18). 
Hence for the present approximation, the shear stress can be neglected. 


Furthermore, if the ratio 8*/@ = Н ів regarded as a parameter, 
the momentum equation gives the momentum thickness as a function of ue(x). 


Now, it is known that H is substantially increased by the shock, and 
to a lesser extent by the compressibility. In going through a shock, H 
first increases because of the shock and then decreases because of the 
drop in Mach number. Hence, as a first approximation, H can be taken 
to be some constant average value over the interaction range. (This is 
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similar to the procedure mentioned by Nitzberg and Crandall (refer- 
ence 19).) In particular, H will be taken as the value ahead of the 
interaction. 


The momentum-integral equation now becomes: 


or 
а 24H 
Ê (eee Өреце ) = 0 


Integrating between regions 1 and 3, stations far upstream and downstream 
of the point of incidence, 


2+H 2+H 
Өүрүчү' = Өзрзиз 


or 
2+H 
52 mm (36) 
*رة‎ Psl 


For laminar flow over a flat plate where u « T, Pp = 1, 
and (8T/ày), = О, the formula given by Lees (reference 20, p. 119) 
for H can be taken: 


H = 2.50 + 3.50(254)n? 


The thickening predicted by equation (36) is shown in figure 3. 
Values of the density and velocity ratios were computed exactly and to 
first order in the deflection angle. For small deflection angles, the 
agreement between the "exact" thickness ratio and that obtained from 
linear theory is quite good. The crosses on figure 3 are the experi- 
mental values for various Reynolds numbers obtained by Barry, Shapiro, 
and Neumann (reference 4), and there is fair agreement between theory 
and experiment. Actually, the experimental data are visual estimates of 
the ratio of boundary-layer thicknesses, so that for a comparison between 
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theory and experiment, the ratio of boundary-layer thickness to displace- 
ment thickness would have to be assumed to be the same upstream as well 
as downstream of the point of incidence. In view of the assumption and 
the allowable experimental error in the visualization of schlieren photo- 
graphs, the experimental values must be regarded as qualitative. The 
theoretical values of the thickness ratio are near the lower limit of the 
experimental values. This is probably due to the fact that the value 

of H was underestimated, since an average H through the interaction 
range would be larger than the initial value. 


Evaluating D according to the linear theory, 


Sat рул 24H 
TM aa) 


and 
2 
A. ie = є 
°з mo 
ч 
1.1 + 26 
uz To 
hence 
2+H 
p. 
1 "l+ (2 + a -nii 
RINS, bad 
But 
82% 
3 
= =1+pD 
51* 
Therefore 
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Мом since 
Н = 2.50 + 3.5o( M? 


р = 2 


(4.50 = о.зм.2) (37) 


n. 


Effects of Downstream Thickening 


Consider the constant A governing the upstream flow: 


-( + X) ae MA D 
ay roe m) - А CR) » (Re - >3)(% - xjC&) 
or 


E (е du X) 2 Qe - TR - ac zum) 


The coefficients are given in table I; hence it is seen that for all 
cases in the present range of Mach numbers and Reynolds numbers the con- 
tribution of D toward A amounts to less than 10 percent. Thus it is 


seen that, in the present range, a precise knowledge of the downstream 
thickness is not essential to the determination of the upstream flow. 


The effect on the downstream flow is not quite so straightforward, 
since two constants B and C are involved. As an indication of the 
downstream flow, consider the pressure distribution along the wall. It 
has been seen that, far downstream, the pressure attains a constant 
value, namely the pressure that would have been anticipated had there 
been a regular reflection. Immediately behind the point of incidence the 
pressure is much lower than this end pressure since the flow has just 
undergone an expansion to the pressure that existed before the point of 
incidence. The manner in which the pressure proceeds from its value at 
the origin to its final downstream value is then of some importance. 

Does the pressure increase monotonically to its final value, or does the 
pressure at any point rise higher than the final value? Liepmann (refer- 
ence 3) has found experimentally that for the reflection of a shock wave 
from a laminar boundary layer there indeed exists a definite downstream 
overcompression. The pressure rises sharply to some value higher than 


Reflection of a weak shock wave from a boundary layer along a flat plate I: Interaction of weak 371 


NACA TN 2868 33 


the end pressure and then tapers off. The experimental findings of Barry, 
Shapiro, and Neumann (reference 4) also confirm this observation, although 
their results show the overcompression to be slightly less pronounced. 


Consider the behavior of the theoretical downstream pressure distri- 
bution. Along the interface the total pressure is given as 


x 
AEF NB 
P3 = po - Me p, (BAe 1° + caye 35o* _ 2e (38) 
mo 
and 


(39) 


as 


so that far downstream, consistent with linear theory, the correct pres- 
sure behind the regular reflection is obtained. Then 


de ean DS Корул 


wherein «€ >O and р> 0. Now Ag > O, Aq < O, and 
and Ху are of the same order of magnitude, while ^s 
times as small. Hence B < O. 


Consider 


E (шжу. _ Me e - ы 


Aa)(Me = №) (аз = а) = 23)‏ = )ام 


372 郭 永 怀 文集 


3h NACA TN 2868 


Now the second term is always negative in the Mach number range considered, 
whereas the first term may be either positive or negative depending upon 
the sign of MN + Aj. It turns out that for M, > ЁР. (approx.) the 


first term is positive, hence С > 0. For M, < 2.4 (approx.) the first 
term is negative, but 


_ Qe* X) A M^. .50 - 0.3Mc: 
(ъз - л) (м - (| [Os - a) (Re - x м ) 


hence С ів positive. Thus for the whole range of Mach numbers and 
Reynolds numbers, C > 0. 


The qualitative behavior of the downstream pressure distribution 
will now be established. The downstream pressure along the interface is 


x x 
2 2e 2 M55" Nabe 
P3 = Po + 7Me Po = + 7Me „(юе 180* _ cA e 380 


The first two terms represent the constant end pressure while the third 
actually describes the variation of the pressure. Consider the curve 


A k= 
y = -Bye 180* _ cae 38o* 


It is known that B <O, C »0, Xj <0, and ^4 < 05 hence -BN < O 
and -C3 >0. The constants B and C are of the same order of magni- 
tude, but A1 із about ten times as large as ۸3j hence 


[ец > Jea] 


Therefore, when x = 0, y is negative and, when x becomes large, y is 
positive but small. The point at which the maximum occurs is given by 


2 
x 1 BA1 
= = = Joia | -— 
(së) 53 "(о 
шах 
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If 


x 


x 
^g Au 
у = -Be 199* _ gy e 380% 


is now interpreted as the pressure variation, it is immediately seen that 


the theoretical pressure distribution exhibits the overcompression that 
is observed experimentally. 


RESULTS AND DISCUSSION 


It has been seen that if the downstream thickening is estimated, 
the constants A, B, and C are completely determined as functions of 
the flow parameters. With the outer flow thus determined, the boundary- 
layer growth and pressure distributions can now be computed, and hence 
the effects of Mach number, Reynolds number, and shock Strength upon the 
upstream influence and the location of the separation point can be 
studied. (0f course, when the results are compared with experiment, the 
Reynolds numbers must be low enough so that the boundary layer will 
remain laminar, prior to the interaction, in the corresponding experi- 
mental case.) 


Upstream Influence 


In order to estimate the upstream influence of the interaction, 
define a length in which the pressure on the boundary-layer displacement 
thickness decays to & specified fraction of its amplitude at the origin. 
This length would then be determined solely by the exponent A2. For 


example, consider the upstream boundary-layer disturbance: 


x 
oor 


-muA5oxe 


By 


At the origin 


5)*(0) = -mA5ox 
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If ха/бо* is defined ав the distance required in order that 
81% = a(-m,ABo*) at ха/бо* where a < 1, 


NSS 
а (meho) = -muhsoxe 209 


Therefore 


Since a is a constant it is seen that the upstream influence is then 
inversely proportional to A2. Values of Ap have been plotted in fig- 


ure h. (Values of À) and Аз Are plotted in figures 5 and б, respec- 
tively.) For fixed Mach number, xa[5,* increases with increasing 


Reynolds number. For large Reynolds number, this dependence can be 
deduced from the equation: 


The coefficients are functions of Mach number and for the range of Mach 
numbers considered, the roots are real. When the Reynolds number is 
large, it can be shown that 


1p 


El 


where gj(Re, М.) <O and gj «Re. This is in agreement with Lees! 


result. Consequently, for large Reynolds numbers, x,/6,* «Rel/2. For 


fixed Reynolds numbers, the upstream influence decreases with increasing 
Mach number as indicated in figure h(b). If the disturbance is considered 
to decay to, say, 5 percent of its amplitude at the origin, it is found 
that, at the high Reynolds numbers, and Mach numbers about 2 or less, 


the upstream influence is of the order of 30 boundary-layer displacement 
thicknesses. 
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The result that the upstream influence increases with Reynolds num- 
ber may appear to be disconcerting since the viscous effects are expected 
to be more prevalent at the lower Reynolds numbers and hence to produce 
а greater influence upon the upstream flow. This apparent paradox arises 
because the upstream influence has been measured in multiples of a length 
which is also dependent upon Reynolds number. If the absolute values of 
upstream influence are considered, 


ES «Rel? 
But 
Bot = 2 E 
hence 
xa < 8o* Rel/2 
or 
xa = ne 1/? 


Thus, measured on an absolute scale, the upstream influence increases 
with decreasing Reynolds number. 


As defined above, the distance of the upstream influence is depend- 
ent solely upon Mach number and Reynolds number. It can be redefined so 
that it will also depend upon the shock strength. This is accomplished 
by defining the upstream influence to be that distance at which the dis- 
turbance decays to a given fraction of the undistrubed value. The per- 
turbed boundary-layer displacement thickness ahead of the point of inci- 
dence is given by: 


where 6 * is the undisturbed displacement thickness. The upstream 
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influence is then the distance xq/8o* to the point where 6)* = b5,* 
and b«1: 


хі 


x =£ 


boot = -mAB te 200 


Xa 1 = 
uU CX 


Now A is negative and decreases with increase of the deflection angle, 
so that for fixed Mach number and Reynolds number, the upstream influ- 
ence decreases with shock strength. If the upstream influence is mea- 
sured to the point at which the disturbance decays to 5 percent of its 
undisturbed value, b = 0.05. In figure 7, xa/5o is plotted against 
deflection angle. For є < 2°, the results seem to agree fairly well 
with the experimental values presented in figure 10, reference 2. For 
larger deflection angles, however, the theoretical values are too low in 
comparison with the experimental values. This might be due to the fact 


that the linear theory becomes less accurate as the deflection angle 
increases. 


Boundary-Layer Separation 


Since the outer potential flow is known, the point of separation 
can be computed on the basis that separation occurs when (du/dy),, = 0. 


Now u/dy ів proportional to du/y' so that one can just as well use 
(Ou/dy'),, = O as a criterion for separation. In view of the assumption 


of a Pohlhausen velocity profile, in the transformed plane 


hence, as in the incompressible case, separation occurs at A = -12. 

Now it is known from experience in the incompressible case that, in 
regions of retarded flow, the Kírmán-Pohlhausen method gives values of 
the skin friction that are too high and consequently predicts separation 
too late or not at all. This feature of the method is also to be 
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expected in the compressible case, since it was shown by Howarth that 
the effect of compressibility is equivalent to exaggerating the pressure 
gradient in the incompressible case (reference 13). In particular, 
Stewartson has used the KÁrmán-Pohlhausen method to treat the case of 
flow against a linear pressure gradient and has shown that the predicted 
distance from the leading edge to the separation point is an overestimate 
of the actual value (reference 21). 


In the present problem, where the flow upstream of the point of 
incidence is subject to a positive pressure gradient, the same overesti- 
mation of the separation point will, of course, be expected. But the 
effects of Mach number, Reynolds number, and shock strength upon the 
separation point are of primary interest, so that inaccuracy in the abso- 
lute values is unimportant. 


It is known from the boundary-layer theory that the parameter that 
defines the separation point is 


By neglecting products of u' and its derivatives, 


А = (A (u/e1(au'/ax0 


Now, from equation (6), to the order of approximation, 


2 
Re bot Sa aut 
тзт 263\2° ак 
(3 E Bx) 


Along the edge of the boundary layer, from the upstream solution (see 
equation (18)) 


2 x 
aut д 2 боя 
ах [x3 
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-27 х 
n A Re х2 Е 
Ё 2 
31 _ 263 
315 6300, 
For separation 
3-27 | Xs 
-12 = eee Bhs ae Fe Me ot eof 
3 _ 263 \2 
315 6300 
А Re Ac? 
Xp loge (Azo net ) (40) 


where 


о? 


3p. 263 Y 
315  630c 


and ^o is positive, hence separation ahead of the point of incidence 
will be predicted only when -È А Re Xesp > 1. 


Contrary to the separation phenomenon in ordinary boundary-layer 
flow, the location of the separation point is influenced by the Reynolds 
number. This is easily understood when one considers the fact that 
separation of the flow is controlled by the pressure gradient of the 
outer flow; according to boundary-layer theory, the outer flow depends 
solely upon the geometry of the body. Consequently, the location of the 
separation point is independent of Reynolds number. In the present 
problem, however, an outer flow that is compatible with the boundary- 
layer flow has to be found. This relationship is expressed by the condi- 
tion which requires that the direction of the potential flow be the same 
as the slope of the displacement thickness. Since the boundary-layer 
growth depends upon the Reynolds number, the outer flow, and eventually 
the separation point, mst also vary with Reynolds number. 
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In order to determine the effect of shock strength upcn the position 
of the separation point, the constant A must be examined: 


2€ Аз + AL MM 4.50 - 0.3M,9 


^ * mee з) е А pene) 


For the range of Mach numbers and Reynolds numbers considered, the terms 
in the bracket are positive, since Ao > O, A, < O, and ^s < 0. There- 


fore as 6 is increased A becomes more negative; consequently 
š E A Re M2°B becomes more positive and hence the separation point moves 


upstream. Thus an increase of shock strength increases the distance 
between the separation point and the point of incidence. 


To express Xg/5o* explicitly in terms of Mach number and Reynolds 
number would be difficult; hence this relationship will be presented 
numerically by varying, separately, the Mach number and Reynolds number. 
In figure 8, lines of constant Reynolds number are plotted in the 
xs/Bo',e plane, and the separation point, measured in multiples 
of бож, moves upstream with increasing Reynolds number. This is not 
too surprising since the same behavior occurs with the upstream influ- 
ence. As the upstream influence increases, the "self-induced" pressure 
gradient will begin farther upstream and hence separation will occur 
farther upstream. For fixed Reynolds number, the upstream influence 
increased with decreasing Mach number, and accordingly (see fig. 9) 
the separation point, measured in multiples of So*, moves upstream with 
decreasing Mach number. 


Before closing the discussion on separation, the importance of D 
in the determination of the separation point should be discussed. The 
coefficients in the expression for A are such that, for fixed Reynolds 
number, Mach number, and deflection angle, the magnitude of A increases 
as D increases. The separation point has been seen to move upstream 
as A is increased in magnitude, hence an overestimstion of the down- 
Stream thickening would result in & slight overestimation of the upstream 
distance to the separation point. In figure 9 the variation of separa- 
tion point for different Mach numbers has been plotted for fixed Reynolds 
number. The location of the separation point for the case D = O has 
also been plotted in this figure. These curves thus give the greatest 
lower bound of the separation distance since it is known that actually 
D >0. A comparison of results reveals that D has a very small effect 
upon the location of the separation point. For the higher Mach numbers 
in the range investigated, the percentage difference between the two cases 
may be fairly large, but the fact that the separation distance is mea- 
sured in multiples of & boundary-layer displacement thickness must be 
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considered. In an actual experimental measurement of the absolute dis- 
tance to the separation point, this difference will be extremely small. 
Hence, for practical ses, one can consider D = O when estimati 
the separation point. The results obtained under such conditions will 
then yield a slight underestimation of the separation point. 


Pressure Distribution 


The pressure disturbance along the wall (fig. 10) decays exponen- 
tially from a definite value at the point of incidence to zero far 
upstream of that point. Downstream of the point of incidence the pres- 
sure rises to a maximum value before dropping to the value corresponding 
to regular reflection. This downstream overcompression has been observed 
experimentally, and it appears to be a characteristic feature of shock- 
wave interaction with a laminar boundary layer. The Lees' theory, as 
mentioned previously, failed to predict this downstream behavior. This 
is due to the fact that an incomplete solution for the pressure was used 
in the determination of the pressure distribution. The boundary layer 
was divided, longitudinally, into four regions, and it was assumed that 
the solutions to a third-order differential equation were valid in each 
region. In the two regions that extended to positive and negative infin- 
ity, certain solutions could be rejected since they became infinite at 
the ends of their respective regions. In the finite regions, however, 
the complete solutions must be retained. The incompleteness of the Lees' 
theory, then, arises from the fact that only one term of the general 
solution was used in each of the finite regions. 


The linear theory yields pressure distributions that are similar 
irrespective of the size of the deflection angle. Now for very small 
angles, the experimental results exhibit the general behavior predicted 
by theory. In figure 10 the experimental values of the pressure distri- 
bution have been plotted for є = 10 and M, = 2.05. (In this case, 


separation has probably not occurred since the wave is quite weak.) The 
values of the pressure ratio were taken from figure 13 of reference 4 
&nd converted to the scale indicated. The upstream portion of this 
curve can be well represented by an exponential curve, thus verifying, 
at least for this case, the predicted exponential pressure rise. For 
larger deflection angles, the experimental pressure distributions are 
characterized by the familiar pressure "bump" ahead of the point of inci- 
dence, thus indicating that separation has occurred. The linear theory 
is inadequate, as regards predicting this upstream behavior; hence for 
large deflection angles the theory mst be modified, possibly by taking 
account of the second-order effects upstream of the point of incidence. 
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SHOCK-WAVE INTERACTION WITH A TURBULENT BOUNDARY LAYER 


Method of Approximations 


When the flow in the boundary layer is turbulent, the Kármán 
momentum-integral equation will take on the same form as for the laminar 
boundary layer except that the quantities involved are not the exact, but 
average, values. However, since general relationships between the shear 
Stress and the mean velocity in turbulent layers have not yet been estab- 
lished, rigorous treatment of the problem at this time is, of course, not 
possible. Here, for the purpose of exhibiting the characteristic dif- 
ference between the laminar and turbulent cases, certain approximations 
&re proposed. 


The momentum-integral equation expresses the shear stress at the 
wall in terms of the growth of the boundary-layer momentum thickness and 
the velocity gradient. Using experimental results as a guide, the rela- 
tive importance of these terms can be estimated. Experimental results 
of Fage and Sargent (reference 18) show that the shear stress in front 
of the shock is practically constant; behind the Shock, it is very small. 
Therefore, unlike the laminar case, the shear stress to the first appproxi- 
mation, both in front of and Behind the shock, can be regarded as con- 
stant and hence has no effect on the perturbed flow. It follows then 
that, in the case of a turbulent boundary layer, the growth of the momen- 
tum thickness is influenced primarily by pressure changes due to the 
presence of the shock. 


To simplify the problem further, it is noted, for practical pur- 
poses, that the shape parameter Н = 5*/0 is relatively insensitive to 
change even though there may be & considerable adverse pressure gradient. 
In the transonic case, where there is & normal shock in the local Buper- 
sonic region and a large change in H is anticipated, H at its maximum 
is only increased by a factor of about 1.2 (see reference 2). The reason 
for this is possibly the fact that the increase by the shock may be 
counterbalanced by a decrease due to compressibility effect. Moreover, 
in the momentum-integral equation, the coefficient of the velocity gra- 
dient is positive and usually greater than unity within the Mach number 
range; hence one can ignore the slight variation in H and consider it 
а constant. By the same token, the Mach number in this coefficient can 
also be considered to be constant. (The Mach number enters when the 
Gensity is eliminated in terms of the velocity.) Consequently, the 
momentum-integral equation reduces to: 


KA... au" 
ах 3 ах 
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where 


аз = 2 +H- м2 


Solution for Outer Flow 


Similar to the previous case, for the upstream region 
$1 = f(É - mn). By applying the original condition dA/dt = Әў/дп 
at n = O, there is obtained from the linear theory 


= те" ea C ал) 
2 @' 


f * Constant 


Since щ„/аз > О, the disturbances vanish far upstream. When аз is 


evaluated the exponent maag is found to be about one order larger 
than № of the laminar case. This is the well-known experimental 


regult that there is very little upstream influence in the turbulent 
case. This, therefore, confirms the hypotheses made in the previous 
section. 


For the downstream solution 


Ёз = g(t - mn) ЫА + л) 


The original differential equation remains the same; hence the down- 
stream solution would be 


$3 = goe™/ as (rmn) _ = Ë + Constant 


It shows that if the solution Ø} ів continued to the downstream side 


the velocities would become infinite at positive infinity and must be 
rejected. There is therefore a principal difference between the laminar 
and turbulent cases. In the laminar case several solutions for the outer 
flow were obtained and the solution appropriate for either upstream or 
downstream could be chosen. In the turbulent case there is no choice 
since there is only one solution for the outer flow, which, if continued, 
fails at positive infinity. This indicates that linearization of the 
flow is incapable of accounting for the flow near the point of incidence 
where the nonlinear effects become important. Since large changes in 
flow velocities can be brought about only through a shock, in the pres- 
ent problem & reflected shock must be considered. 
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From general considerations it can be argued that if one puts a 
shock wave between regions 2 and 3 and considers perturbations of a regu- 
lar reflection it may be possible to obtain a solution which will satisfy 
the conditions at infinity. By perturbing the regular reflection, there 
would be, in each region, undisturbed quantities plus their perturba- 
tions. Consider the total potential in region 3: 


f(E - my) + e(t + my)‏ + & = وه 


At infinity f' = g' = 0; along the reflected wave t - m3" = O, to first 
order, the velocities are constant; hence 


f' + g' = Constant 


But to first order, along the wave, f'(0) = Constant; hence 
&'(&) = Constant. Therefore, g'(t) is constant throughout region 3. 
But g' =0 at infinity; hence g' = О in region 3. 


Then at the boundary layer а A/a = -m3f'(t) where f is nondi- 


mensional, and the substitution into the momentum-integral equation 
yields 


-m3f! кой" = 0 
f = Constant + s, esent 
r = zç 3 als 
= 
3 
Now f' =O at infinity; hence one mst choose fo = 0, and thus 


f = Constant 


This means that behind the reflected shock, the flow, to the first order, 
is uniform. Since the flow behind the incident shock has undergone com- 
pression up to the reflected wave, it can be seen that, to satisfy the 
condition at infinity, the reflected shock mst be followed by a very 
rapid expansion. Otherwise, the pressure after the second shock would 
have been higher than that after the regular reflection. It is there- 
fore concluded that in the case of a turbulent boundary layer the inci- 
dent shock is reflected as a shock and behind the reflected shock there 
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must be an abrupt expansion so as to cancel the overcompression brought 
about by the train of upstream compression waves. The existence of the 
sharp expansion behind the reflected shock was also confirmed by experi- 
ments (reference 9). The pressure distribution and boundary-layer 
growth, to the first order, appear to be discontinuous as shown in fig- 
ure 12. 


Downstream Thickening for Turbulent Boundary Layers 


The downstream thickening can be estimated by use of the formula 


Now the difference between the laminar and turbulent cases is that H 
differs for the two cases. Since, in general, Ht < Hj, the downstream 


thickening in the turbulent case is less than the thickening in the 
corresponding laminar case. Empirical relations mst be relied on to 
estimate H because of the lack of knowledge of the compressible turbu- 
lent boundary layer. According to Nitzberg and Crandall (reference 19), 
for local Mach numbers greater than the free-stream Mach number, but 
less than 1.4, the compressibility effect is well approximated by 


н + § 9) 


Use this relationship to estimate the downstream thickening and 
then compare the results with the existing experimental data. By 
assuming a 1/7-power law for the incompressible profile, 


H= 1.29(2 + o. 


The predicted thickening is shown in figure 13. It shows that the down- 
stream thickening increases as the Mach number is decreased. This 
behavior is also present in the laminar case. 


Using this value of H, it was found that the predicted thickening 
for М. = 1.4% and є = h.5? із larger than the visually estimated 
thickening in the experimental case. On the other hand, the predicted 
thickening for M, = 2 and € = 6^ is slightly less than the visually 
estimated thickening in the experimental case. It should be noted, how- 
ever, that, for M > l.h, a relationship has been uséd that is supposedly 


Reflection of a weak shock wave from a boundary layer along a flat plate I: Interaction of weak .. — 385 


NACA TN 2868 47 


valid for M < 1.1. Moreover, this relationship merely accounts for the 
effects of compressibility. It would appear that some effect of the 
shock must also be included in the determination of H. However, at 
this time, owing to the lack of exact information, it must be neglected. 


Consequently, it appears that if the relation H = 1.29 (2 + 0.0м,2) ав 


used for Mach numbers not too much larger than 1.4, one can expect to 
have a minimum estimate of the downstream thickening. 


SUMMARY OF RESULTS 


An investigation of the reflection of a weak shock wave froma 
boundary layer along a flat plate yielded the following results. 


Laminar Case 


1. In all cases investigated, the pressure along the wall overcom- 
presses downstream of the point of incidence. The pressure disturbance 
decays exponentially from a definite value at the point of incidence to 
zero far upstream of the point of incidence. Downstream, the pressure 
rises to a maximum value and then falls, gradually, to the constant 
value corresponding to regular reflection. 


The exponential pressure rise appears to be verified in the case of 
a shock deflection angle of 1°, since ве, ‘ation has probably not 
occurred. For larger deflection angles (the next larger angle for which 
there are experimental pressure distributions is 3°), the experimental 
pressure distributions exhibit the familiar pressure bump between the 
separation point and the origin. For these angles, a true comparison 
between experimental results and theoretical results cannot be made 
since the present theory does not account for the effects of separation. 


2. If the upstream influence is considered to be the distance to 
the point at which the disturbance has decayed to a specified fraction 
of its amplitude at the origin, the upstream influence, when measured in 
multiples of the boundary-layer displacement thickness бо*, is found to 


increase with increasing Reynolds number: x/Bj* « (Re/m,,)2/' 2 where x 
is the coordinate parallel to the flow direction, Re is the Reynolds 


number, m, = 


1, and М. is the free-stream Mach number. For 


decreasing Mach number, the upstream influence also increases. If the 
disturbance is considered to decay to, say, 5 percent of its amplitude 
at the origin, the upstream influence for M, % 2 and Re = 1500 is of 
the order of 30 boundary-layer displacement thicknesses. 
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3. The pressure građient is such that the boundary layer may separate 
ahead of the point of incidence. In the event of separation, an increase 
of shock strength, for fixed Mach numbers and Reynolds number, increases 
the distance between the separation point and the point of incidence. 

For fixed Mach number and shock-deflection angle, the separation point 
measured in multiples of ôọ* moves upstream with increasing Reynolds 


number. For the case of M, = 1.44 anā Re = 2000, the boundary layer 
separates for all flow-deflection angles є > 1.039. 


For fixed Reynolds number and shock-deflection angle, the separa- 
tion point, measured in multiples of 6 *, moves upstream with decreasing 
Mach number. 


For a complete determination of the constants of integration, an 
estimate of the downstream boundary-layer thickness was required. For 
the cases investigated, the effect of the downstream thickening on the 
outer flow is rather small. In fact, for practical purposes, this effect 
of downstream thickening can be neglected in the determination of the 
separation point. The distance between the origin and the separation 
point will then be slightly underestimated. 


4. The present theory is applicable only in the case when a weak 
shock is incident upon a laminar boundary layer. In addition to the 
outer flow field, the boundary-layer displacement thickness has also 
been linearized. The latter linearization enables a linear differential 
equation with constant coefficients to be obtained for the perturbation 
velocity potential. This equation immediately yields the general solu- 
tion of the outer flow. Upon investigating the size of the perturba- 
tions, the maximum velocity perturbations are found to be about 10 per- 
cent or less. The thickness perturbations, on the other hand, are much 
larger, being about 30 percent near the origin; thus the linearization 
of the displacement thickness becomes questionable as the point of inci- 
dence is approached. Had the displacement thickness not been linearized, 
а rather complicated nonlinear differential equation would have been 
obtained from the boundary condition for the perturbation velocity poten- 
tial. A solution of this equation would be expected to yield more accu- 
rate results. However, it is problematical as to whether the equation 
could be solved without the imposition of additional assumptions which, 
in themselves, might nullify any accuracy that the nonlinear boundary 
condition may provide. 


Turbulent Case 
In the case of shock-wave interaction with a turbulent boundary 


layer the upstream influence is found to be considerably less than in 
the laminar case. In addition, to first order, the incident wave must 
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be reflected as a compression wave followed immediately by an expansion 
wave, so that the end pressure condition is satisfied. 


Cornell University 
Ithaca, N. Y., January 11, 1952 
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Figure 1.- Simplified model of shock-wave boundary-layer interaction. 
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o 500 1000 1500 2000 2500 


(a) Various values of Mæ 


Figure 4.- Measure of upstream influence. xa/5o* = - Š loge (1/a); 
disturbance at xd/5ox is a percent of disturbance at origin. 
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(b) Various values of Re. 
Figure 4.- Concluded. 
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Figure 6.- Reynolds number against 13. Re = UBo*/vo. 
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Figure 7.- Upstream influence against deflection angle. М. = 2; 
Re = Ибо*//о = 2000; and Rex = Ux/«, = 51,600. 
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REFLECTION OF WEAK SHOCK WAVE FROM A 
BOUNDARY LAYER ALONG A FLAT PLATE. II - INTERACTION 
OF OBLIQUE SHOCK WAVE WITH A LAMINAR BOUNDARY LAYER 

ANALYZED BY DIFFERENTIAL-EQUATION METHOD 1) 


By Yung-Huai Kuo 
SUMMARY 


By analogy with the boundary-layer concept, the flow produced by 
the interaction between a shock wave and a laminar boundary layer is 
subdivided into a viscous layer and a potential field. ‘The assumptions 
that the compressibility effect in the inner layer is negligible and 
that the original flow in the outer layer is uniform lead to simple 
analytic solutions for the perturbed flow. The joining conditions at 
the interface between the layers determine an eigenvalue which gives 
the rate of decay and the character of the disturbances both upstream 
and downstream of the point of incidence. The final conclusions are 
in agreement with experiments. 


INTRODUCTION 


The present investigation is an independent study of the inter- 
action of an oblique shock with a laminar boundary layer in a compress- 
ible supersonic stream. In reference 1, where interaction of weak shock 
waves with both laminar and turbulent boundary layers was treated, the 
integrated momentum across the boundary layer was considered, rather 
than the balance among various dynamic effects at each point. This 
momentum-integral method is simple and, in certain respects, powerful 
and capable of yielding useful qualitative information such as the 
upstream pressure influence, pressure distribution, and the growth of 
boundary-layer thickness due to the presence of a shock, but it fails 
in regard to what actually happens inside the boundary layer. In the 
present report a different approach has been adopted, with the inten- 
tion of filling the gap left by the previous investigation. The pur- 
pose will, on the whole, be complementary, so as to provide a physical 
picture for the understanding of this complex phenomenon. 


1) NACA Technical Note, 1953, No. 2869 
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Contrary to reference 1, the differential-equation method is 
employed here. According to available experimental observation, when 
an oblique shock is incident upon a laminar boundary layer the result- 
ant flow bears no resemblance to the flow predicted by potential theory. 
For if the viscous flow is absent the flow ahead of the shock will not 
be affected. Because of the presence of the boundary layer in which 
there is a subsonic layer, however, a sudden decrease of pressure at a 
point will immediately be transmitted forvard by the inability of the 
subsonic layer to support an excess pressure rise. When the pressure 
is transmitted, the flow in the boundary layer will be retarded and the 
streamlines distorted. Since the outer field is supersonic, this change 
occurring in the viscous layer will affect the whole potential field. 
This is actually observed. For stronger shocks, the flow in the bound- 
ary layer generally will separate and will have backflow under the 
influence of an adverse pressure gradient. An adequate theory that is 
able to account for the observed effects cannot be formulated unless 
the boundary-layer hypothesis is abandoned entirely. One therefore is 
faced by a much more difficult mathematical problem. 


To restrict the scope and complexity of this study, let it be 
assumed first of all that the boundary is an insulated flat plate, and, 
secondly, that the incident shock is weak and its angle of incidence is 
such that regular reflection would be possible, were the flow friction- 
less, and, lastly, that the free-stream Mach number is not large. Under 
these assumptions, the angle of deflection of the flow in passing through 
the shock wave will be small, and the temperature variation between the 
free-stream condition and that of the plate will not be large. In fact, 
the study of a laminar boundary layer indicates that, for moderate Mach 
number, the temperature as well as the compressibility effects are unim- 
portant (reference 2). This must remain true even if the flow is not 
boundary-layer flow. Therefore, without loss of generality, it will be 
assumed that the viscosity and thermal conductivity of the gas will be 
taken as constant and the Prandtl number is unity. 


In order to bring the interaction problem within the scope of prac- 
tical mathematical analysis, these simplifying hypotheses have to be 
made in the absence of a proper method of approximation, such as the 
boundary-layer theory. Broadly speaking, examination of schlieren 
photographs of the flow produced by the interaction between a shock and 
а laminar boundary layer will reveal that two characteristically dif- 
ferent outer and inner regions exist for sufficiently high Reynolds 
number, The outer field is characterized by its strong potential char- 
acter, whereas the region close to the wall is predominantly viscous, 
which is quite reminiscent of the boundary-layer flow. It appears 
natural, therefore, to assume a priori that the viscous effect is con- 
fined to a thin layer in the vicinity of the boundary and the outer main 
flow is potential. These two different flows are then in dynamical 
equilibrium. If one is disturbed, the other will be affected. Since 
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the outer field is supersonic, any local change will be felt in a much 
larger region than that in a subsonic field. 


After the flow field is separated into two regions, specific assump- 
tions regarding the structure of the viscous layer can be made. It is 
important to note that in the case of a compression incident wave, the 
overwhelming effect taking place in the viscous layer is the sudden 
decrease of the velocity or even reversal of flow (backflow). If back- 
flow sets in, the flow speed in the subsonic region will be very much 
reduced. As a result of this, the streamlines will be pushed outward 
and the flow compressed. On account of the displacement of streamlines, 
the subsonic region will become thicker, and the thickening of the sub- 
sonic region is a decisive factor that distinguishes the strong from 
weak interactions. The importance of this dimension (the thickness of 
the subsonic layer) has already been established by Tsien and Finston 
(reference 3) in the case of inviscid theory. 


The viscous layer, thus, must have two distinct sublayers, each 
displaying a different character. In the supersonic layer, the flow is 
characterized by large velocities and is not unlike that of an unsepa- 
rated boundary layer. Therefore, for this layer both viscous and inertia 
forces are important. On the other hand, in the subsonic layer, espe- 
cially with backflow, the average speed will be very small. In this 
case, because of slow motion and moderate temperature change, the change 
of density is always a lower-order effect. In fact, the contribution 
due to compressibility is proportional to the square of Mach number , 
and, if the average Mach number in the subsonic region is small, the 
compressibility effect is, indeed, negligible. Because of this physical 
fact, the subsonic layer will be taken as incompressible. 


With these assumptions, the problem is finally solved by pertur- 
bation of weak incident waves. As a test of these assumptions, a simple 
flow with broken-line velocity profile is taken as the basic flow: In 
the incompressible layer, the velocity is a linear function of the dis- 
tance from the plate; in the compressible layer, it is constant. The 
density in the basic flow is constant in each layer but takes different 
values. Thus, at the interface where the two flows join, the velocity 
is continuous but density is discontinuous. For this case, a first-order 
solution consistent with these assumptions is completely determined. 


In the case of weak shock, excellent agreement with experiments has 
been achieved for the pressure distribution on the plate. It confirms 
the conjecture that separation of the flow as well as backflow always 
occur. Because of the occurrence of backflow, transition downstream of 
the point of incidence is unavoidable in the viscous layer. There are 
strong experimental evidences but detailed investigations are yet to 
be conducted. In the outer field, on the other hand, it is predicted 
that in the place of the regularly reflected shock there is a strong 
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expansion, and farther downstream a train of strong compression vaves 
must exist, eventually forming an envelope. Therefore, downstream of 
the point of incidence a second shock must occur. This deduction is 

also confirmed by experiments. 


Lastly, the importance of nonlinear effect is discussed. 


This study was conducted at the Graduate School of Aeronautical 
Engineering, Cornell University, under the sponsorship and vith the 
financial assistance of the National Advisory Committee for Aeronautics. 
The author wishes to acknowledge the efficient assistance of Mr. Nelson 
H. Kemp. 


SYMBOLS 
A constant 
al speed of sound 
C15 02,03, Ch 05,06 constants 
D constant 
a constant 
a/at convective derivative 
F,G scalar functions 
£158, defined by equations (43) and (41), respectively 
H nondimensional enthalpy 


3/2 
n fe ) Bessel function of first kind with imaginary argument 


33/5 Bessel function of first kind with real argument 


Ky Kg 1K3,Ky constants 
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3⁄2 
Me ) Bessel function of second kind with imaginary argument 


k= (y - пеле, + (z 33] 


Tc 
Es КЕ - ое, + 4 a) 

L length of plate from leading edge to point of incidence 
M Mach number 

n dilatation 

P pressure 

Ру, Pa, Ps constants 

p nondimensional pressure (>' ыл.) 

р' pressure 

R Reynolds number (ur)? 

r = r(1/3)/3°/3 

e nondimensional temperature 

T temperature 

s,t defined by equations (Bh) 

U velocity 

u,v nondimensional velocity components 

u',v' velocity components 


D. ^N, constants 
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X = -d /^2 
х,у nondimensional Cartesian coordinates 
x',y! coordinates 
209) defined by equation (Ch) 
z defined by equation (30) 
а = 0.332 
& = p, (ar 


58 


defined by equation (43) 
defined by equation (C15) 


gamma function 

ratio of specific heats 
Laplacian operator 

deflection of flow (equation (B6)) 
flow-deflection angle 

defined by equation (31) 
defined by equation (C6) 
defined by equation (C5) 
eigenvalue 

free-stream kinematic viscosity 
nondimensional density 


density 
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po density at y = 0 
g = XR - 2 
202) 3 
¥ defined by equation (C7) 
@ nondimensional velocity potential 
v stream function 
w angle between velocity and shock 
Subscripts: 
с complementary 
с solution in compressible layer 
1 solution in incompressible layer 
o value on plate 
p particular 
s due to step wave 
sep at separation point 
t due to transmitted wave 
x partial derivative with respect to x 
y partial derivative vith respect to y 


in region 1, before shock (see fig. 1) 
2 in region 2, behind shock (see fig. 1) 
3 in region 3 (see fig. 1) 


- free stream 
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lI parallel to oblique shock vave 


ai! perpendicular to oblique shock wave 
Superscripts: 

(0) zeroth order 

(1) first order 

(2) second order 

(3) third order 


STATEMENT OF PROBLEM AND BASIC ASSUMPTIONS 


Let there be a laminar boundary layer in a compressible viscous 
fluid along an insulated flat plate immersed in a steady uniform super- 
sonic stream, and let an oblique shock be incident upon the plate. When 
the steady condition is established, the flow in the neighborhood exhibits 
a character which is entirely different from the original flow. 


From all indications, this flow does not obey the boundary-layer 
approximation; nevertheless, for simplicity for future analysis, the 
concept of boundary layer, or viscous layer, will be retained. Namely, 
the whole flow field is visualized as consisting of inviscid and viscous 
flow in equilibrium with each other. The possibility of existence of 
such a demarcation line will be assumed at this moment. The solutions 
obtained are consistent with the assumption, as will be seen later, so 
that the theory is self-consistent at least. Naturally, its further 
justification rests upon experimental evidence. 


The main feature in the viscous layer is that, in the case of a 
compression wave in the inviscid outer flow, backflow generally exists. 
For this reason, terms in the equations of motion which are unimportant 
according to boundary-layer approximation become decisive as the sup- 
posed large-order terms vanish. Therefore, the pressure gradients along 
both directions have to be considered. To simplify the mathematical 
process, some minor effects, such as the variation of the viscosity 
coefficient and thermal conductivity with temperature, will be neg- 
lected and the Prandtl number will be taken equal to 1. For moderate 
Mach numbers, less than 3, say, this neglect, according to boundary- 
layer investigations, will have little effect on the major character- 
istics of the flow. 


The inviscid flow generally is rotational, as it involves shocks. 
This is particularly true in the case of a local supersonic zone over 
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a curved surface. For a purely supersonic flow, if the shock is 
slightly curved, the vorticity generated behind the shock is of high 
order and can be neglected. The perturbed flow in the outer region can 
then be regarded as irrotational. 


As the region which is influenced by the presence of the shock, 
according to experimental observations, is confined to an area about 
the point of incidence, with a dimension only a fraction of the length 
of the plate, a point which lies at a distance about the length of the 
plate from the point of incidence will be considered as at infinity. 
Consequently, the boundary-layer flow will be replaced by a "shear flow" 
extending to both positive and negative infinities. This approximation 
is justified if the derivative along the flow is much larger in the 
perturbed flow than that in the original flow. For large Reynolds num- 
ber, this condition can always be satisfied. 


METHOD OF SOLUTION 


The flow is supposed to be two dimensional and steady and the fluid 
is compressible. If the flow field can be subdivided into viscous and 
nonviscous regions, the flow in the viscous layer satisfies in dimension- 
less variables the system: 


өле” >< tert п) a) 

"у + RÉ" + 3 n) G 

(ou), + (pv)y = 0 (3) 
gene < (R) لع س‎ o 


and in the case of perfect gas 


p= (n2) or (5) 
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Here the subscripts denote partial differentiations with respect to the 
Cartesian coordinate x or y indicated; the Laplacian operator A, 


the convective derivative d/dt, the nondimensional enthalpy H, and 
the dilatation n are defined by 


LE d 


A = == + 


a a 


палачан a Oa 
at а ду (6) 


n= m LT wl? + 2) 


n = ux + Vy 


Furthermore, the velocity components u' and v', the pressure p', 
the density р', the temperature Т', and the coordinates x' and у! 
are nondimensionalized as follows: 


(7) 
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where U,, Pos and v, are free-stream velocity, density, and kinematic 
viscosity, and L is the length of the plate from the leading edge to / 
1/2 


Чы, 
the point of incidence. Finally, the parameters y, M, and R = (s=) 

m 
stand for, respectively, the ratio of specific heats, the free-stream 
Mach number, and the Reynolds number. 


On the other hand, the inviscid flow in the outer region is assumed 


to be irrotational and, consequently, is determined by a nondimensional 
velocity potential (x,y) satisfying the equation 


5 - tels - zurvguy + [e = oF boyy -0 (8) 


where the sound speed a' is given in terms of the velocity components 
u' and v' by the relation 


(a) = (ant)? - nies +P. vé] (9) 


By the assumption that these two different flows are in equilibrium with 
each other, the flow determined from equation (9) mst join smoothly with 
that given by the system of equations (1) to (5) subject to the boundary 
conditions 


when y = O and 


when y = œ. 


As the disturbances are initiated by the incident shock, it is 
expected that they are small if the incident wave is weak. From experi- 
ence, this is at least the case in the field upstream of the point of 
incidence. If the shock strength is characterized by the flow-deflection 
angle є, then for small values of є the solutions аге expanded in 
powers of є: 
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u = (0)ں‎ eull) + ezu(2) + . . . 
v= vl) + er(L) + ezv(2) + 。.。 „ 
pis pO) up ye Ле s 
р = pl) + ep(1) + «20(2) +... 


Т = 70) + er * en) +... 
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(1o) 


By substituting the quantities defined in equations (10) into the system 
of equations (1) to (5), there results the following system of equations, 


according to the powers of є; namely, for the zero order, 


a(o)u(o) 


000) е, Чье 2 


Nu - nto) , ijo «ia 


(0%), " (oy) zo 


КО а(9)н(0) alm) ç {475 a he) 5 («oo 
at R R at dt 


2(.(0).(0)) . 2(,(0)4(0) 
ЖОККО | 


р(0) = (E) 1 (o)m(o) 


]- 


4 


s (ш) 
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where 
a). 40 3, о) э 
y? . rO), 7 3 T e. o ,() 02) 
269). „(ОЎ , (0) 
for the first order, 
ms + 4 Qu 
(m mem). mamme vm, 
3v Q), la yY) 
(Oul) + pul) + (000,0) + a0). =0 (13) 


(9) ae ‚ (а) ©), мо) #0), Osia, 


(y - ue pom : so) (eye see) 
Gi» A Я x 
R m y 


at at dt dt 


PAGES i O) 5 (ома) £ sex] 


BL) = (ум) (0) + 4:0) j 
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a M2, 2 

at à ду 

g 2 9) 4 (у = 2) X0) , (00,0) an 


a(t) = u (2) + +у%) 


and for the second order, 


(9) 


iid au ی )دد | ا‎ AORE 280), ple) hO «9% w, 
4t dt at dt 


2 + (s «2 n,(2)) 


KA) (4(0),(2) ао чаш), se AKES] O E 
at at at at 


ay? ET CU a ) 


(ом) + (402 + 540)... (000) + 5,0) V s), -о 
(15) 


(0)g(2) а) (o) @) 0 e atl 
20) ыш " (o a), gaa) a) a) К (e a2) 0409 ays 09) о. 


фаб) NO xe (кем) А aX) Ќ «X м 


at at 


(se К abet) А ау 2 PRONG) eX) ел). 


(eye) + AO), se), | 


(2) - (эё) (pnt) 4 40) + KO J 
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where 


a). 8) 24 ve) 


à 
y 

2 2 
а Ы. мое) „9,0 p 40 ‚уа ) c5) 


al) - wl2) + v (2) 


In the case of the potential flow, if the velocity potential is 
expanded as 


РОУ ice (17) 


there will occur, similarly, equations for the first- and second-order 
Quantities. These are: For the first order 


p. (1) (0) 0 (18) 


and for the second order 
وم‎ 560) = aÊ le Lib). 0, 0, s, (19) 


where B= бё 


FIRST-ORDER SOLUTION - UPSTREAM, x < 0 


Let the point of incidence be chosen as the origin of the Cartesian 
coordinates. Then, negative x will be called upstream, and positive x, 
downstream, of the point of incidence. The various regions will be num- 
bered by 1, 2, and 3 as shown in figure 1 in which 05 indicates shock 
and OM, the limiting Mach line of region 2. 
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As it has been assumed that the basic flow is a laminar boundary- 
layer flow of a Blasius type, such as considered by Von Kármán and Tsien 
(reference 2) and by Emmons and Brainerd (references 4 and 5), system (11) 
simply reduces to the well-known Prandtl boundary-layer equations, whose 
solution has already been found in these references. 


Since the basic flow is a boundary-layer flow with constant pres- 


sure р(0), system (13) can be simplified. From experiments it has been 
established that the space variation of the perturbed quantities is much 
more rapid than that of the unperturbed quantities. By the boundary- 
layer approximation, the ratio of the partial derivatives Ә/дх:д/ду 

is 1:R. For large Reynolds number, the x-derivatives of the basic 
flow, as well as v(O), which is of the order Rl, can be neglected in 


comparison with the y-derivatives. That is, wu (0) and p (9) are func- 


tions of y only. This approximation is confirmed by experiments and, 
as a matter of fact, it is customarily used in the pressure measurements, 
because the wave is shifted forward and back relative to a fixed pressure 
orifice to measure the pressure distribution before and behind the wave. 


In the case of unit Prandtl number, x (0) is a constant. Then, by 
dropping terms such as v (04,0) and ux (0), 1), system (13) becomes 


pO (uO) е. uy (0QJ) op 0)5 io + a) 
plulO) (2) = p) + #0) +2 ay) 


plal) + wip, (1) + v (Ds (0) = o 


P^ (20) 


оо о)н, = 2 ag + a [oan E 


[utm E 90) | 


>@®) - (ag)? (, (04) , 0)0)) 
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Incompressible Layer 


It is noted that the coefficients of system (20) depend on the 


basic velocity profile u(9) 6). Since aly) cannot be expressed 
by simple functions, in order to simplify the analytical work further 
simplifications are necessary. 


First of all, in the case of insulated plate, the temperature and, 
hence, the density in the basic flow will have a vanishing gradient on 
the plate. This makes the variation of the density in the viscous layer 
much smaller than that of the velocity. When the flow is subject to an 
adverse pressure gradient, the flow will be further retarded. When the 
backflow occurs, the average speed will be very low and, consequently, 
the representative average Mach number will be small. Under this condi- 
tion, the change of density is less important than that of the pressure. 
A layer where this approximation is valid is called an "incompressible 
layer" and the dominant effects will be pressure and frictional forces. 


Of course, it is difficult to define the thickness of this layer 
beforehand. Generally, it would correspond to the subsonic portion of 
the viscous layer. In the basic flow, the sonic boundary can be exactly 
calculated. When the flow is perturbed, it is unknown, but certainly 
will be thicker, for the flow is subject to an adverse pressure gra- 
dient. Owing to this fact and also for mathematical expediency, the 
thickness will be taken in accordance with the way the velocity profile 


ul)(y) is represented. This will become clear below and the thickness 
defined turns out to be nearly half the original boundary-layer thickness. 


Because of the assumption that density is constant and assumes the 
value p (0) on the plate, system (20) simplifies to 


p Oa) + (0,0) = pe + дй) 
a, (OO (1) = )ہو‎ + as 
(21) 


n(1) =0 


po 000 (2) = 2 u) + Ip uy (Oly, (2) 
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Thus, the velocities, pressure, and temperature can be dealt with inde- 
pendently. For the velocities, the first three equations yield by 


elimination of p(l) 


e uu, Q2 - v 0). + (Оу, (0,0 = چ‎ fa (2 - vn) 


(22) 


a(t) = 0 


After the velocities are known, the temperature will be given by the 
energy equation. In the present problem, however, temperature is not 
an interesting quantity and will subsequently not be mentioned. To 
solve equations (22), let a stream function v b (x,y) be introduced 
by the relations 


MOMS 


vl) ےپ ے‎ 2) 
From equations (22) yO) then satisfies the equation 
ONERE b 2402) + (Оу (Oy G) (23) 


By neglecting the compressibility effect in the inner layer, the 


basic velocity profile u(°)(y) becomes the Blasius profile. The vari- 
able coefficients of equation (23), for small values of y, will be 
power series in y. However, it has been recognized that in the case 
of Blasius profile the velocity attains the free-stream value fairly 
rapidly and the initial portion is nearly linear. Consequently, it will 
not involve serious error to replace the continuous profile by a broken- 
line one, so that the initial part is proportional to y and the 
remaining part, constant with the free-stream value unity. If the skin 
friction agrees with the exact value, the velocity profile can then be 
defined as 


ayy = ay when OS y S yy 
(24) 
uy) =1 when уу <y S 
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If the velocity is continuous at у = yj, then y, = a7) which is about 
half the boundary-layer thickness, namely Xi 3. If the incompressible 
layer is defined as the interval 9 Sy S ¥, then equation (23) becomes 


ty ay, 0 = aay) (25) 


where & = p, (Oar. 


To solve equation (25), it is natural to assume the form 


Q), Ax 
7 Ұбу)е (26) 
入 > 0 


for region 1 where x <0. This assumes a special form of compression 
waves induced in the potential field; that is, the solution of equa- 
tion (18) 


00) „а Абеу) (т) 


where A is a constant to be determined. This із entirely in agreement 
with the conclusions reached in reference 1. Substituting equations (26) 
in equation (25) and simultaneously putting 


v ev = z(y) (28) 


there results 
zx (ay - x2)z = o (29) 


The general solution of this equation is 


z = от (2 13/8) + Con EG yl °) (30) 
3 
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where 
n= 0201/3(y - лаг) (31) 


C, and C, are constants, and (2 sf) and Kı 13/2) denote the 
3 3 

Bessel functions of the first and second kind with imaginary argument. 
With z known, the solution of equation (28) is 


¥ = Сз cos Tn + Cy sin TH + 


n 1 
zam (cos +n)z(n) an - en f (sin +n)z(n) an (28а) 
No No 
with += X02723. оп the plate у = 0 and u(t) = v(1) = 0; hence 
¥(0) = V'(O) = 0. For large Reynolds number and small values of X, 


у = 0 corresponds approximately to т = О. The boundary conditions 
thus require C3 = Cy = 0. Moreover, at у= Уј, т will be large, 


л сов 
and since 75; = Ауу< 1, the integrals үй w/e тетү (2 le) an 
o sin 3 3 


2 „3/2 
л 
will diverge like / a dn as m approaches infinity. ‘Therefore, 
о 


Cg = 0. The solution in the incompressible layer can then be read as 
follows 


yt) = 2 (sin mf" n2 (cos "(2 y?) dy - 
3 


"n 
cos nf n? (sin "(2 2/8) an |e (32) 
š 
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Thereby the velocity components are 


all) ے‎ c4 (a)1/3 [= mf" 12/2 (cos "wi 5/2) dn + 


(sin wf nV? (sin "x 9/2) Je 
(33) 


у). amies ™ (eos walg yf?) šq = 


(бату) d. nU? (sin тк (2 93/2) alos 
3 


On the other hand, the pressure can be obtained by integration of 
the first of equations (21) and is, by the form of solution, 


p(t) = -ou(oju(o)uG1) - um 


+ „(М + URS 


where the constant of integration vanishes by the condition at negative 


infinity. Substituting ul) ana vy) from equation (33) and making 
use of equation (28), a straightforward reduction yields 


) 
Sr A wi 18/8) + (san wf n (cos тпк 03/2) an - 
3 
E ds T aU (sin wal 13/2) ait 
Tn Ке» wf nV? (cos "кф 3/2) ара 


(sin mf nV? (sin mal 3/2) «4 ex (34) 
3 
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On the plate y = п = O this reduces to 


р(2)(х,0) = зы], (3a) 


Compressible Layer 


In the compressible layer, because of the forward momentum of the 
potential flow outside, the velocity is everywhere positive and differs 
from the basic flow by a small amount in order to support the pressure 
rise. As the velocity is high, both compressibility and viscous effects 
will become important. Under this condition, the problem is considerably 


simplified by taking a uniform basic flow, namely ul?) = p(0) = 1, as 
discussed above. Accordingly, equations (20) reduce to 


ъ@) = 0) + Hout?) P i x) 
vy, (1) = ES (1); io +} ay) 
20) 


)35( 0- م + 


aO) = das, G & aye NO 


) - (ae) а), p0) 


where 


gay (y. (y - pah 


The elimination of p(t) from the first two equations gives 


(O = my) = Fale) - 07) (36) 
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After differentiating the first and the second of equations (35) with 
respect to x and y, respectively, an addition yields 


ass 


MOMS 


moreover, by definition 
a, C) ы np, 0) + (> - іма, 0) + nt) 


A substitution of H. (l) ana Am (l) tm the energy equation leads to 


g(t) ма (2) + 2 (au, + 10) = Шай) 7ے ۔‎ а), 


мё а) Gus amfa z om GT) 


Equations (36) and (37) form a system of linear partial differential 
equations for u 1) and х0) with constant coefficients. The solu- 
tions, if carried out, are expressible in terms of trigonometric and 
exponential functions. According to the arguments of these functions, 
they fall into two groups: One varies slowly and is "potential-. like"; 
while the other varies rapidly and, therefore, is "boundary- -layer-like. " 
The latter group consists of two exponentials whose arguments differ by 


& term of о(2). Hence, for large Reynolds number, the latter two expo- 
nentials will degenerate into one. It was found that this form of solu- 
tion can be obtained by solving a much simpler problem, namely, by 


assuming a) = 0. This assumption appears to be nothing but a method 
of approximating the solution of equations (36) and (37) in the case of 
large Reynolds number. 


те u'1) зз taken to be zero, then instead of equation (37) there 
is in its place 


NUN иеа) аа a(t) (38) 
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by elimination of p(t) ana r. mo solve the system (36) and (38), 


two scalar functions ra) and g(t) are introduced through the 
relations 


aD ے‎ x) + 60) КҮ. 
м) O 


The equivalent system, then, is as follows: 


м) = pa ag 
(40) 


we) + م‎ - эё ae 0 -Wool + aË ao, 0 


According to the form of the potential solution, it will again be 
&ssumed that 


00). ву Ge 
F(L) - fi(y)e 


By the condition that g(t) is finite at infinity, the solution is shown 
to be 


C. 
& = Сз сов Xy + Cy sin dy + = ev (41) 


where Ср, C3, and C) are constants of integration and 


2 = aR - 22 az) 
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By substituting g) from equation (41) in the second of equations (40) 
the solution for fi was found to be 


By 


тү = ©з sin Ay - Cy cos Xy + Cge PIY + cge 工 + 


(43) 
入 
RÊ + (2 Е ёк 
where 
a = (p2 - ех MS 
3R 3R 
The velocity components for у> Yi by equation (39), are given by 
Meum лое 0751) FA ac 07) : 
m RÊS - = Ож cc, 671) ex m 
Jun 
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by redefining the constants C. It is noticed that the first group of 
exponentials varies with both x and y with a slope proportional 

to A, which, according to experimental evidence for this type of flow, 
is a small number; that is, the variation with x is relatively slow. 
On the other hand, the second exponential varies with y with deriva- 


tive proportional to а, which is of O(\AR). For large Reynolds num- 
ber, it appears that а could be thousands of times larger than i. 
Therefore, in the case of large Reynolds number where the viscous layer 
is thin, the first group of terms changes only slightly while the second 
exponential drops to zero. Applying the boundary-layer concept, the 
potential-like terms will be taken as constant and equal to the boundary 
value of the potential solution. Consequently, the solution can be 


written as 
u(t) = Ë + d - Boge mos 


ye É - (к^ + Bae). 


(lla) 


with 


eo tfta e (e. j£ 


It is seen that when oy - y) becomes large, this solution joins the 
potential solution at y = O and the constants Cs and C6 will be 
considered as eliminated. By means of this approximate solution the 
pressure p(t) is shown to be 


zu) -区 E ae emis (us) 


where 


[e efc) 
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Eigenvalues X 


In the last two sections, the velocity and pressure have been cal- 
culated by entirely different methods of approximation in two different 
layers. For the incompressible layer, the nonslip conditions are sat- 
isfied on the plate, whereas in the compressible layer, the velocity 
agrees with the potential flow at infinity. The complete solution is 
then left with three undetermined constants Ci; Co, and A and with 


an arbitrary parameter X. To determine these constants, it is assumed 
that the two solutions (33) and (34) and (hi) and (45) must join at the 
interface y = Yi. Now, because of the simplification made in connection 


with equation (44), the conditions at the interface are to be stated as 
follows for y = yy: 


volt) = v, (2) (46) 


where the subscripts c and i indicate, respectively, solutions of 
compressible and incompressible layers. The u velocity profile thus 
will have a discontinuity in slope. This could be improved by dropping 


the assumption нї) = 0. However, as pressure depends only on the 
velocity and its second derivatives, an error in shear can produce only 
minor contributions and can be ignored. By substituting the solutions 
in equations (46), there results the following system of equations: 


A+ (к : xe = 00) (пус = 0 


-ВА - ez * 2), Ф уб пусу = 0 (47) 


c k 1 
ХА + Е Cy = pl ayer =0 
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where 000), уб), and p(t) are defined by 


1 
00) 2 БИЕ КУГА 1 „1/2 (cos "x dn + 


1 
(sin т), 1 mV/a(ein m X, “| 


уб) 2 БА ™) J LT ma а> 


(cos m) fr nl? (sin n “| 


(о) 
>00) „ ae ET m3/2) + (ал) 1/340) - мөмө 


In order that linear system (Т) will admit a nontrivial solution for 
Ci; Cg, and A, it is both necessary and sufficient that the determinant 


х 0-45 m 


kc? 1 Q). 
B e + 2) v =0 (48) 
ЕЧ 3 ko p(t) 
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vanish. This equation serves to determine all proper values of X. 
After À has been determined, the constants Сү and Сә corresponding 


to this can be solved for in terms of A, namely 


(49) 


put) , y(2) 


eH (EH 


Ca = 


where the constant A remains to be determined. 


To solve determinantal equation (48) analytically even for this 
simplest case does not seem to be possible. The procedure from here on 
is essentially numerical. For the present purpose, the numerical solu- 
tion will be carried out, based on the approximation that т will be 


taken mathematically as infinity and тү, small. Accordingly, the 


integrals in у@%), уб), and Р(1) viii have an infinite upper limit 
and cos түе 1 and sin Tn * Хуу. Furthermore, for large values 


3/2) -3/4 -2 113/2 
у у e 


9f n, the Bessel function (2 will be 


3 
very small and can, therefore, be neglected. Equation (48) is finally 
expressed explicitly in terms of the parameters R, В, and a. To 


retain terms up to the order o(R5/6), the determinantal equation 
becomes 


вура - al: Bey aH re o, ap =0 (50) 


where r = (з. 


For M = 2, Е = 77h, and а = 0.332, there are two pairs of posi- 
tive and negative roots. The negative roots would make the perturbation 
infinite at negative infinity, which is contrary to assumption. Therefore, 
negative roots ere not admitted. For the pair of positive roots, one 
is roughly 20 times the other which is 0.0167. For large Reynolds num- 


-3/2 1/2 A -1/4 
ber, these would correspond to ay = p and л * 83% ne 


434 郭 永 怀 文集 


30 NACA TN 2869 


In region 1, x is negative. The disturbance with a logarithmic rate 
of decay Ау will quickly disappear. The observed disturbance mst 


have a decay rate equal to л. 


According to this solution, the dependence of the distance influ- 
enced by pressure disturbance on the Mach number and Reynolds number can 
be discussed. By the form of the first-order solution, the pressure 
decays exponentially from the point of incidence. For a given value 
of є, when -AgX= d, d being a constant, the pressure disturbance 


would have dropped to a certain fraction of its initial value. Thus, 
-X = d/\g would serve as a measure of the distance reached by the pres- 


sure. Therefore, by varying M and R, the distance X'/L will change 
according to the law 8 3 m^, Namely, by increasing both Mach num- 


ber and Reynolds number, the distance reached by pressure disturbances 
will decrease. This result is quantitatively different from that arrived 


at in reference 1, which is в^!/®к-1/®, Ву comparison there is ап 
increase of both compressibility and viscous effects in the nev result. 
This shows how gross an error can be made if the boundary-layer approxi- 
mation is applied. It is surprising also that the upstream pressure 
propagation depends only on M and R but, to the first order at least, 
is independent of the shock strength. This seems to be in agreement with 
experiment (reference 6). 

It can be shown from equations (33) and (34) that for arbitrary 


values of A the pressure p(1)(x eps 9) at the point of separation 


where uy = O is proportional to B-1/2R-1/2. 
FIRST-ORDER SOLUTION - DOWNSTREAM x > O 


As in the upstream first-order solution, one must start with the 
potential solution. TIn order to determine the flow in region 2, the 


interaction between the incoming vave pO and the shock must be 
considered. 


Potential Solution 


In equation (27) the incoming wave is given by 


190) - A eh (x-By) 
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When this train of waves hits the shock, the shock will be slightly 
modified according to Rankine-Hugoniot conditions. The velocity poten- 
tial in region 2 with these conditions satisfied is shown to be (appen- 
dixes A and B) 


2900) 7а Mx ЖЕ à e) (x-By) (51) 


That is, to the first order, the flow in region 2 is simply a super- 
position of a step vave upon the transmitted wave. Since the conditions 
are prescribed on the shock OS, they are uniquely defined in region 2, 
terminated only by the extreme Mach line OM. 


To continue this solution into region 3, two possibilities present 
themselves. It may be either continuous or discontinuous there. If it 
were continuous on OM, there would be a discontinuity in pressure at 
the point of incidence. In the case of inviscid flow, this, of course, 
would be admissible. But, by the condition that the viscous layer will 
Join smoothly with the potential field, this would make the velocity 


ч) (x,y) discontinuous at the origin х = 0. Hence, the first possi- 
bility must be discarded. If the solution is discontinuous at OM, and 


the pressure as well as the velocity u(t) are continuous at the origin, 
then the discontinuity must correspond to an expansion. This, of course, 
is what has been observed. 


Assuming that the pressure returns to the value dust in front of the 
shock, a simple calculation shows that the turn of the flow through a 
Prandtl-Meyer expansion has to be 


-<0(,u)(0) - 2:0) 


where ju(1)(0) ana „ш(1)(о) are, respectively, the velocity ull) 


just before and after the shock. By means of solutions (27) and (51), 
the turn required is є. Now the direction of the flow before the expan- 
sion is e(l - BA); therefore the total inclination of the velocity 
vector at OM is 


«(2 - BA) 


A solution in region 3 subject to these conditions is found to be 
(appendix B): 


(1) 


1 1 
ФО = SG + By) -Bx - By) + 


á AGB) (52) 
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The velocity in region 3 can then be given by 


po = AeMx-By) 
yw = 2 - pAeMx-By) 


Were the perturbation velocity to remain finite at infinity, À would 
have to be negative in region 3, as x - py 2 0. 


Viscous Solutions 


As potential solution (52) in region 3 is a superposition of two 
different types of waves, namely, step waves and transmitted waves, it 
is expected that the viscous solution will also be composed of two dif- 
ferent parts, each associated with a special wave in the external field. 
Since the origin and character of the disturbances are different, they 
can best be discussed separately as the following: 


In view of the fact that the step waves are opposite in sign, they 
do not change the pressure but give rise to a uniform vertical velocity 
in the potential field. The flow in the viscous layer due to this uni- 
form deflection may vary rapidly in the y-direction but certainly not 
in the x-direction because of the constancy of pressure. The main 
effect of the step waves, first of all, then, is to produce a constant 
deflection along the edge of the viscous layer. If the velocities due 


(1) (1) 


and ve ‘, the problem should be solved 
subject to the boundary conditions: 


to step waves are us 


us(L) = v,(1) = 0 when y = 0 
ug) = 0, v,(1) = 2 at outer edge of viscous layer (53) 
uy C? 0 when x20, y Z0 


It must be borne in mind that generally the flow in region 1 has 
been separated, with a considerable region of backflow in the neighbor- 
hood of the point of incidence; the resultant flow in the incompressible 


layer must be small. If u (1) and v (1) are considered as additional 
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perturbations due to the step waves, the problem can then be simplified 
by neglecting the inertia forces in the neighborhood of the plate. ‘The 


perturbation stream function v Q? then satisfies 
aay =o (sh) 
в 
in the incompressible layer OS y < 3j 


As the objective here is to demonstrate approximately the effect 
of the step waves on the viscous layer, only simple solutions will be 
considered. A simple solution that satisfies both the first and third 
of conditions (53) is clearly 


2 


v D - (z) í. PIE (55) 


for y in 0SyS yy; Where D is а constant. The velocities are 
thereby 


Q) at y\x 
u, = 2р 2-01 -二 | 一 
3 » A 


(56) 


Accordingly, the pressure, or the pressure gradients, in the incompress- 


ible layer due to the step waves is of the order RJ-l and for the pres- 
ent approximation will be neglected. 


In the compressible layer where the viscous effect is not as impor- 
tant as the compressibility effect, a flow that does not associate with 
a pressure rise can either be a uniform field or the one with a vertical 
velocity varying linearly as y. According to equation (37), the fol- 
lowing, with the second of equations (53) satisfied, is a solution for 
Y, Sy S y, y, being defined as the outer edge of the compressible 


layer: 


438 郭 永 怀 文集 


34 NACA TN 2869 


(57) 
чор) 


The fact that equation (57) is а solution shows the importance of both 
the compressibility and the viscosity in this layer, which allow the 


independent variation of p 1) ana т(1). тһе joining condition at 
the interface gives the constant D a value -буу/У2- 


Thus, it is seen that the deflection of the flow due to step-waves, 
though it contributes no pressure, induces a forward velocity in the 
incompressible layer. Since it increases linearly with x, the back- 
flow should be expected to be reduced in the downstream direction. Of 
course, the possibility exists that an additional pressure might also 
enter if the inertia forces, though small, were not neglected.  Never- 
theless, it can be safely stated that the pressure is always of the 
secondary importance in this case and hence the above conclusions will 
remain valid. 


On the other hand, the perturbation velocities u Q and ҮЗ) 


due to the transmitted wave, according to equation (52), are subject to 
boundary conditions 


u 0) < v U) «0 when y = 0 
a, Q NN x Q = -phe* when у= > (s8) 
a Q = 20) when x =0, y20 


To solve this problem, the viscous layer is again subdivided into incom- 
pressible and compressible layers. Since the boundary conditions and 


the differential equations are the same, a, Q and 50) will have 
the same forms as those given in equations (33) and (44), with eigen- 
value À satisfying equation (48). Now if the perturbation is required 
to vanish at positive infinity, 入 should be negative. But were 入 
negative, solutions (33) and (hh) would be highly oscillatory, as the 
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arguments of both Bessel and the exponential functions involve a fac- 
tor VAR. That is, the solution of the incompressible layer would 


2 
involve 46 o, (Xo y ) and that of the compressible layer would 


have cos VAR y and sin VAR у. For large Reynolds number, these types 
of solutions for a steady laminar flow must be rejected as impossible. 
By the same reason, complex roots are excluded. ‘The only alternative is 
to accept the positive А. 


If X is positive, it follows that the velocity „@) апа ргев- 


sure p,(1) will continue to increase until the process of linearization 


breaks down. This would imply that in the potential field the train of 
compression waves, immediately following the expansion, will grow expo- 
nentially with x. The flow direction as well as the curvature of the 
streamlines will also increase sharply. For such a flow, it is well- 
known that the Mach waves will converge and form an envelope. There- 
fore, in region 3 a shock eventually must be developed. On the other 


hand, in the viscous field, as a, UO * u, 0) for any constant y will 


increase with x, backflow, though slightly reduced by the step waves, 
will become stronger in the downstream direction. Now, it has been well- 
established that the laminar velocity profile with a point of inflection 
is highly unstable. As the pressure continues to grow at a Reynolds num- 
ber generally above the critical value, transition mst occur after a 
critical pressure gradient is reached. The flow from there on cannot 

be theoretically studied without considering unsteady flow. 


It is therefore concluded that in the case of an incident compres- 
sion shock, laminar flow is not possible for the whole viscous layer 
and transition always occurs. This appears to be in complete agreement 
with the present available experimental observations. 


Character of Flow After Transition 


Although the flow from a certain point on is unknown, the inter- 
esting fact is, however, that the flow up to the point of transition is 
very insensitive to what happens beyond the point of transition. In 
the previous sections, the problem has been reduced to depend only on 
one constant A on which the quantitative behavior, but not the char- 
acter of the flow, depends. A quite similar conclusion has also been 
reached in reference 1 and seems to be an experimental fact (refer- 
ence T). In one of his experiments, Liepmann introduced an expansion 
wave immediately after the incident shock, and the observed upstream 
flow field was practically unchanged. Therefore, in order to account 
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for the observed pressure distribution, say it is sufficient just to 
take approximately the effect of the flow downstream of the point of 
transition. 


Assume that the second shock starts at the edge of the viscous 
layer and, by linear theory, has the same strength є. Inasmuch as the 
direction of the flow on OM is constant and equal to є(2 - BA), if 
the flow after the shock TR (fig. 2) is parallel to the plate, the 
direction in front of the shock at large distance mst be ¢. This con- 


dition gives A= gk Moreover, as the velocity vector is turning away 


from the plate, the pressure continues to rise and will be stopped only 
by transition. In that event, the sudden increase of shear of the vis- 
cous layer will thicken the viscous layer. This thickening will make 
the flow expand and consequently & drop of pressure will ensue. After 
this, the streamlines will gradually level off and the reattachment of 
the partially turbulent layer, if not yet accomplished prior to the 
transition point, will be certain to follow. If the point of transition 
is chosen to coincide with the point where v = O along the boundary 
streamline, the location is then determined by Ax; = log.2. 


For values of x greater than ху, the flow in the immediate 


neighborhood of transition would have a greater influence than that far 
downstream where the flow is more uniform. Since the flow in the tran- 
sition region is of a boundary-layer type, namely, the backflow ceases 
to be a factor, it can again be approximately represented by the inte- 
grated effects, such as the momentum and pressure. If the flows before 
and after the point of transition have the same pressure and total 
momentum, the dynamical equilibrium can then be maintained. According 
to the solution given in reference 1, the pressure distribution in the 
transition region is approximately 


Mx x 
$n + Kye 


where № and A2 аге negative constants, being functions of М 

and R and Kj and Кә are integration constants. By the conditions 
that at x = xj the pressure and its derivative are continuous, Ki 
and Kg can then be determined. 


It must be emphasized again that the conditions stated in this sec- 
tion are tentative. No obvious reasons beyond the ones outlined at the 
beginning of the section can be given at this moment. 
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NUMERICAL EXAMPLES 


As a numerical example, the case of M = 2 апі R= 77h is pre- 
sented. First, the determinantal equation (50) is solved numerically 
for only one Mach number 2 but at different Reynolds numbers. ‘The 
results are shown in figure 3. At this Reynolds number, À is 0.0467. 
The velocity u(x,y) and the surface pressure p(x,0) for this à аге 
calculated. It is seen that for the shock strength of є = -1°, the 
boundary layer first separates at хер * 1.106 (fig. 4(a)) and, subse- 
quently, backflow sets 1n. When the shock strength is increased to 
€ = -39, say, the separation occurs at a much earlier station, namely 
at xsep = -22.4。 The region of backflow is proportionally wider 


(fig. 4(b)). However, if the step waves are taken into account, then 
in the case of є = -19 there would be no separation (dashed curve in 
fig. h(a) for уу = 3 and ya = 9); whereas in the case of є = -3° 


the flow at the same location remains separated but the backflow has 
been very much reduced (dashed curve in fig. h(b)). These results show 
quite the same characteristics &s the experimental measurements by 
Ackeret, Feldman, and Rott (reference 8) of the velocity distribution 
over & curved plate. 


The pressure distributions over the plate for these cases are shown 
in figure 5. For the weaker shock є = -19, surprisingly good agreement 
with experiment (reference 6) is obtained. This very fact seems to 
justify the present assumptions regarding the structure of the viscous 
layer. In the case of stronger shock, for example, є = -39, there is, 
however, a distinct difference between theory and experiment. Theoreti- 
cally, the pressure would still decay exponentially upstream but would 
begin with a larger amplitude. Experimentally, it was found, strangely 
enough, that, over a considerable range of the upstream disturbed region, 
the pressure first decreases very slowly and then decays more or less 
exponentially. This "pressure bump" seems to be characteristic of the 
pressure distribution in the case of interaction between stronger shocks 
and the laminar boundary layer. This bumpy character in the pressure 
distribution, by all evidences, must be attributed to the nonlinear 
effect of the flow. This will be exhibited in the following section. 


APPRAISAL OF HIGHER-ORDER EFFECTS 


It has been shown that, if there is no backflow in region 1, the 
pressure disturbances will decay exponentially. When the shock strength 
increases, however, the pressure in the disturbed region becomes much 
higher and drops much more slowly than that predicted by the theory. 
This appears to be due to the fact that when backflow develops, there 
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will be an underestimate of the perturbed velocity and, consequently, 
а much lower pressure. 


To estimate the effect due to higher-order terms, a second-order 
solution is found and is given in appendix C. According to the second- 
order solution, the correction terms for wall pressure would be 


In view of the fact that there is an overestimation of the first-order 


pressure by the condition A = в}, the correction term is expected to 
be negative for small values of x and positive far upstream. Then 
Ax 


P > о and Pa < 0. Since е“ ** increases faster than x? and e), 


when x is positive, the correction would be negatively large far down- 
stream. It has been pointed out previously that the iteration process 
fails for positive values of x; this solution shows further that it 
diverges oscillatorily. In order that the solution will behave properly, 
it will have to be carried to an odd order, such as one or three. To 
third order, the correction for wall pressure would be 


Ах 2Xx 3x 
Ble + Poe + Pse 


If Pj = 0.75, Pg = -1.83, and Pj = 1, the wall-pressure distribution 
for € = -3° would resemble the curve as shown in figure 6, which does 
exhibit the same character as measured by experiments. This, of course, 
cannot be considered as conclusive evidence, but at least it shows that 
higher-order terms such as given above do have the possibility of 
accounting for the observed behavior of the wall-pressure distribution. 
It is very important that this step be carried out. 


DISCUSSION 


This study being intended as an exploratory study, the numerical 
results obtained are not expected to be exact, but only accurate enough 
to insure the conclusions. As far as the first-order solution is con- 
cerned, the entire problem depends on the determination of one param- 
eter X, which was calculated on the basis of two main approximations: 


æ 
(a) the contribution of the integral T wl KE 13/ ?an is negligible 
лү 3 
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and (b) Ay, is small such that terms of order (ìy))? and higher can 


be neglected. The subsequent solution for À satisfies this criterion. 
The question remains, however, whether w = n(1) is also а solution 


m 
- 1/2 {cos 2 13/2 
or not. If Ay, = n(1), the integrals ds ay’ n) 9G »/ an 
would require a more elaborate evaluation. The possibility exists and 
is worth testing. 


As from the outset the boundary-layer approximation is rejected, 
it is of interest to examine the character of the perturbed flow in the 
light of boundary-layer theory. According to the boundary-layer approxi- 


mation, if the velocity u' = O(U,) and 3/àx' = o7), then the 
velocity v' = 0(u,R) ana Ə/ày' = о(і718). Now, from the character 
of the solution for perturbed flow in the present theory, ò/òx' = o(z-193/*) 


and Ə/Əy' = о(1-155/%). By comparison, the derivatives for the perturbed 
flow are mich larger than the corresponding derivatives of boundary-layer 


theory. Moreover, from the equation of continuity the ratio v(t)/,(1) 
of the perturbed velocities is о(в-1/®). Ав in the vicinity of the 
wall ult) bd u(o)， ,Q) is much larger than the vertical component in 


the boundary layer. Since in this case Ə/àx' < 3/ày! ana v (1) <м@), 
а set of equations analogous to those for the boundary-layer flow can be 
deduced as long as backflow does not take place. Therefore, for expan- 
sion and even weak compression incident waves, a much simpler problem 
would be feasible. 


Finally, it might also be noted that, owing to the assumption that 
the flow far away from the plate is inviscid and irrotational, there is 
introduced a sharp discontinuity in higher derivatives at the demarcation 
line between the two flow fields. Because of the presence of shock, how- 
ever, a first-order discontinuity is also expected, because, by the 
assumption of frictionless flow at large distance, a smooth transition 
from small shock thickness at large distance to a larger one at the 
vicinity of the wall is precluded. The viscous-layer concept then 
idealizes the situation by taking the shock as a discontinuity in the 
outer field but continuous in the viscous flow. The effect of this is 
exhibited in a discontinuity in slope of the streamlines. This picture 
is entirely in agreement with the observed flow patterns. 


According to the numerical example, the step waves tend to weaken 
the backflow downstream of the point of incidence but are unable to make 
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the flow reattach if the separation has occurred upstream of the point 
of incidence. This may very well be due to the poor approximation 
inherent in the Stokes flow which may underestimate the rate of change 
in the y-direction. If a more exact solution is given, reattachment of 
the separated flow might be accomplished in the laminar regime. This 
point should be considered as open. 


CONCLUSIONS 


The following conclusions are drawn from an analysis by the 
differential-equation method of the interaction of an oblique shock 
wave with a laminar boundary layer along a flat plate: 


1. The pressure perturbation decays exponentially forward of the 
point of incidence and the distance of pressure propagation varies with 


different Mach and Reynolds numbers as p~3/"'y~3/* (where в is Vm 


M 18 Mach number, and R is Reynolds number ) and very slowly with the 
shock strength. 


2. If the shock strength is strong enough, separation of the flow 
always occurs. For given Mach and Reynolds numbers, the separation point 
depends strongly on the shock strength. 


3. The pressure at the point of separation varies with Mach and 
Reynolds numbers as в-1/%а71/®, 


h. In the viscous layer, laminar flow is not possible everywhere, 
no matter whether the incident shock is strong or weak. In the distance 
of about two or three boundary-layer thicknesses, transition would occur. 


5. The curvature of the streamlines after the shock is positive and 
the Mach waves in the potential field must coalesce to form a shock which 
approaches asymptotically the regularly reflected shock in the inviscid 
fluid. As its position depends on the point of transition, the exact 
location cannot be predicted by the present theory. 


6. From the calculated pressure distribution over the wall, it is 
definitely proved that the observed overcompression of the wall pres- 
sure is a consequence of the positive curvature of the streamlines and 
the expansion is associated with transition. 


Т. The observed "bump" in the pressure distribution in region 1 for 
strong shocks is definitely a nonlinear effect and is an indirect conse- 
quence of separation. 
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APPENDIX A 
PERTURBATION OF AN OBLIQUE SHOCK 


Let Wp wp Pp and pl denote, respectively, the parallel 


and normal velocities with respect to an oblique Shock, the pressure 
and density in front of the shock, and, by replacing 1 by 2, the corre- 
sponding quantities behind the shock. These variables are related to 
each other by the Rankine-Hugoniot conditions: 


PERLES PZ pip 


n= gun 

(л) 
2110013 
yc Ry. "OR EN DUE 


If the flow in front of shock is given, equations (Al) yield the fol- 
lowing solutions: 


= 2 2 2 
ва = ру + — (uj - a) 
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where ау is the speed of sound in front of the shock. If a, and U, 
are the speed of sound and velocity at infinity, then ау can be 
expressed in terms of velocities by the relation: 


2 -1(,2 2 2 - 
al +725 (a 42) wad +25 


Furthermore, if Ф is the angle between the velocity (чуу) and the 


shock, it is easy to show that the Cartesian components before and after 
the shock are related by 


в. 2 
Ug = ul + 2 (a sin2w + Vi sin w cos Ф E -1 
7+1 91 sin'o 
(А3) 
2 ay? 
о = Ү - (a, cos o sin Ф - Vy вш) ——®—— - 1 
тукт 91 sin“w 


[NDS 2 
with чү чу“ + V°. 


In the case of weak shock, the shock angle w can be expanded in 


terms of une deflection angle є. Then cos o and sin o are shown 
to be 


+ 1 | + We ,1) alee, 
ав? 8p2 


(Ak) 


rure y alee, + 
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Now since the velocity components uy and уу can be expanded: 
u =1 + eu (1) + ey, (2) ЖУО 


у= ev, 0 + ety (2) + 
If œ has the expansion: 


wl) + eoll) + eol) + 


and ol) 18 ME by equations po then a prar reduction 
gives 

uw-1l* cua) + ey, (2) + 

vg = e 0 + e2vo(2) 4... (55) 
where 
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APPENDIX B 
POTENTIAL FLOW IN REGION 2 


If the flow in region 2 is irrotational, there exists a poten- 
tial 2oy) and, if the shock conditions are satisfied, it must 
possess the expansion: 


є 90) + 2 29(2) +. <4 (B1)‏ + × = 9ے 


For the first-order solution of the shock conditions, namely, on a line 
x + By = 0, 


F. ach. 
ge Ë 7*1 


(1) 


1 
2y er. 


= v. 


Now on the shock 


uj (2) = де2^х 


00) = -Вде2^х 
If the perturbed shock angle is 
oll) = ged(x-By) 


the solution 20) must be 


2%) = $e + py) + se GRO (23) 
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Substituting wt) ana 20 1n equation (B2), the two equations 
yield uniquely 


aad 
X 
(Bh) 
м/у -1 1 
t x= E 


The solution in region 2 is thus & superposition of the transmitted 


waves eX (x-By) and a uniform step wave x + By introduced by external 


agency. 
Since this solution will terminate on the Mach line OM, the solu- 
tion in region 3 will be found by the condition that on x - By = 0, 
Q). 4) 
з“ n (25) 
By this condition, the Prandtl-Meyer flow requires a deflection 


88 = -eB 10000) = gi) (86) 


Solution (A3) gives 58 - c. Consequently, the initial direction of the 
flow in region 3, to the first order, is 


„+ (0) + вә = (2 - Bale (вт) 
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SECOND-ORDER SOLUTION 


Potential Field 
If the first-order potential is of the form: 
90) „а Gc) 


it can be shown that the second-order equation (19) admits a solution 
which reduces, at the edge of viscous layer y - O, to 


ul?) = I 


(c1) 
0. 


Ë 


0+ M ans 
m 
2 
is derived from the particular integral „тшме ye2X (x-By). The 


reason that both ах and ех are included іп the complementary рагі 
of the solution is that the solution in region 2, according to equa- 
tion (A6), contains both solutions. 


where B and C are arbitrary constants and the term 


Incompressible Layer 


Assuming that, to the second order, the density in the inner layer 
remains constant, the system of equations (15) simplifies to 


^O a - rhy aw, P - 0,01) (c2) 
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where the second-order stream function y@) is defined as 


ul) у @) 
y) = 4 (2) 


By substituting (1) into the right-hand side of equation (C2), the 
particular integral can be found; this is 


(2). —— Г (cos 79)2(%) аў - 


Y 
* (zin. )2/3 


P 


cos TT 


ў 
eae SU (sin 55)z(5) aq е2Ах (c3) 
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where the function 2(ў) stands for 
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л 
"^6 13/2) Б "f v2 (cos тт » dn + 


(sin mf" nV? (sin "n “| > 
o 


i "Q6 4) Е UA 12/2 (cos n» an - 


л 
(сов т) f nV 2 (sin тп)ку “ (cs) 
o 3 
and the variables: 
~ ~ 41/3, zy 
= (284 PIA 
q = (28%) > = ) (c6) 
# = aha) (ст) 
The general solution, consequently, can be written as 
(c8) 


"Om A * „®) 


where the complementary integral ve), by the first-order solution, 
will be given by 


Yel) = c Oye + e Qaem (c9) 
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Since the form of vq) is known, and, furthermore, va) = y (0) =0 
the solution y(2) 1s determined with two arbitrary constants Сз and Cy. 


With y(2) determined, the second-order pressure pl?) (x,0) on the 
plate can be written, similarly, as 


р(2)(х,0) = Pye + Pze2hx + Pree (clo) 


where 


2R аа a aja е 
Р sro) "h " FON ata) as 


and РІ and Pg take the same form as the symbol Р for the first-order 
pressure pl), 


Compressible Layer 


In the compressible layer, p(0) = u(0) = (0) = 1. Again, if 


2 


н“ ja 0, equations (15) become 


(„@)-„„®) - Baa(uy(®) - wy) а), KON 
«убо. (ay2 


BaP) „(2) _ 2,0) E a1) = (1 + од) + 
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Similarly, by introducing (2) and G(2) through the relations 


al) s (2) + o @) 


v@) a9) - Ga) 


- 
there result the following equations: 
ac, (2) - FA ag) = Aug), LOU), 


vag 0) ۔‎ yap, 0) 


(00660) - م‎ - ze, a9). daar) 
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The solutions rl?) and сб) сап be written іп ап analogous 
manner. That ів: 
p) „к @) ‚у @) 
(c13) 
of?) - a 0), 6608) 


Неге Fy?) and o, C) &re known from the first-order solution and 
Fp) and Gp are given as follows: 
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where the constants K are defined by 
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-Y > a2K2R2 
е ева) O - (Ê кї). р-р S 6° 
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ner (cis) 
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The second-order solution now involves six arbitrary constants and, by 
the conditions at the interface, all but one can be determined. 
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Plane subsonic and transonic potential flows 


SECTION F 


PLANE SUBSONIC AND TRANSONIC 
POTENTIAL FLOWS ” 


Y. H. KUO 
W. R. SEARS 


Е,1. Introduction. In classical hydrodynamics we take as a model a 
fluid that is both inviscid and incompressible. If the flow is assumed to be 
irrotational, as is frequently justified on physical grounds, a mathe- 
matical theory of hydrodynamics is built up upon the branch of mathe- 
matical physics known as potential theory. Fundamental questions of 
the existence and uniqueness of solutions can be answered with great 
generality in this framework. Once the hypothesis of incompressibility 
is rejected, however, the differentia] equations of the problem are non- 
linear. Thus, high speed aerodynamics has a distinctive character, as 
has already been pointed out in Sec. A, and is no longer & branch of 
classical potential theory. 

To meet this situation, & number of approximate techniques have 
been developed, and useful results obtained; these are the methods 
described in Sec. C, D, and E of this volume. In general, however, these 
do not suffice to answer questions such as existence and uniqueness of 
solutions. Moreover, they usually involve approximations of unknown 
magnitudes, so that their accuracy cannot be assessed, and it is desirable 
to compare their predictions with exact solutions, if such can be found. 
In the special case of steady plane flow, these objectives can be realized 
io some extent by the introduction of the hodograph method, ie. the 
use of velocity components as independent variables. This is the subject 
of the present section. 

In a broad sense, the hodograph method is not new in fluid mechanics. 
Prior to its application in high speed aerodynamics, Helmholtz [58] 
solved a number of problems involving plane walls and constant pressure 
surfaces (free boundaries), using the velocity plane to simplify the 
boundary-value problems. This method was subsequently perfected and 
has become a standard technique in dealing with this type of problem 
in hydrodynamics. The importance of this device as a means to linearize 
the equation of a certain gas flow was first recognized by Riemann ul 
in his famous investigation of wave propagation. 


(490) 


1) Published in General theory of high speed aerodynamics, section F. 1954, 490-582 
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Finally, at the end of the nineteenth century, Molenbroeck [69] and 
Chaplygin [下 gave essentially the method used in this section, and thus 
succeeded in reducing the steady potential flow of a gas to a linear 
problem in the hodograph plane. 

Between the problem of jets considered by Molenbroeck and Chaply- 
gin and the typical aerodynamic problem of flow past a cylindrical 
obstacle, however, there is an essential difference. The hodograph method 
is ideally suited to describe the free surface boundary condition that 
occurs in the jet problems described above. In the problem of flow past 
a cylinder, however, it linearizes the problem but complicates the bound- 
ary conditions, for specified physical conditions in the flow plane cor- 
respond to unknown boundaries in the velocity plane. What is even more 
serious, the boundary is dependent upon a parameter of the flow, such 
as free stream Mach number. The advantage gained by the transforma- 
tion is therefore compensated, to a great extent, by the loss of simplicity 
in the boundary-value problem. Nevertheless, when the exact shape of 
boundary is not essential, exact solutions for particular boundaries are 
obtainable, and the salient features of a nonlinear motion can be studied. 

In this section, we shall deal with isentropic plane potential flows 
that are either subsonic everywhere or partly subsonic and partly super- 
sonic; the latter may be called mixed flows or transonic potential flows. 
Those involving shock waves or computed by methods other than the 
hodograph transformation will be excluded; these are discussed in Sec. 
G and H. Inssmuch as purely subsonic flows do not yield the most 
interesting new phenomena, our main concern will be the mixed subsonic- 
supersonic flows. 

As mentioned above, a solution constructed in the hodograph plane 
cannot usually be made to satisfy a prescribed boundary condition in 
the flow plane for flow past a surface. Instead, a guess has to be made, in 
the hodograph plane, as to the form of solution which, when transformed, 
will yield & useful flow pattern. There are two such procedures, due, 
respectively, to Chaplygin and Cherry. In the case of a closed body, 
Chaplygin's method proceeds by analogy with an incompressible flow, 
namely, the solution in the limit of vanishing Mach number reduces to a 
known flow in the flow plane (Art. 5-8). On the other hand, when such 
an analogy is not possible, a solution has to be selected possessing the 
desired singular behavior in the whole velocity plane (Art. 9). In prin- 
ciple, Cherry's method is the same as Chaplygin's, as both involve first. 
the determination of the analytic behavior of the solution, but Cherry's 
approach is indirect, as will be seen in Art. 9 below, and hence more 
difficult but also more general. 

In the closing articles of this section, we discuss the apparent non- 
appearance of steady, mixed, potential flows in experiment, and some 
of the proposed explanations of this dilemma. 
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In the space available in this volume, it has been found impossible 
to reproduce in complete detail even the most important works using 
these methods. We are also forced to omit entirely a number of interest- 
ing investigations and merely to list them in an appended bibliography. 
In spite of this, the amount of mathematical analysis included in the 
section may seem objectionable to some readers (while it will certainly 
be considered insufficient by others). It has been our intention to point 
out the main features of the methods without unnecessary mathematical 
elaboration, but it must be agreed that many of these main features are 
mathematical in nature, and therefore cannot be discussed without equa- 
tions and formulas. One compromise has been to collect in an appendix 
(Art. 16) a number of lemmas and formulas pertaining to the hypergeo- 
metric functions which are used occasionally throughout the section. 


F,2. The Hodograph Transformation. Let и, о be the velocity com- 
ponents in the directions of the Cartesian coordinates z, y, respectively, 
and let p be the density of the fluid. If the flow is steady, isentropic, and 
irrotational, there exist both velocity potential (z, y) and stream func- 
tion ¥(z, y), defined by 


9% 9% 
u= ы 
апа 
pu = DE w= م‎ z (2-1) 


where p° is the stagnation density. By the elimination of u and v, we 
have as one fundamental system for two-dimensional flow, 


аф _ oP ay 
д: д 

z^ рду (2-2) 
зө _ _ pray 

ay р Әх 


In the case of isentropic potential flow, pressure р and density р are 
related by the equation of state 


p = ko” (2-3) 


where k is a constant and y the ratio of specific heats. In this case the 
equation of motion for steady flow can be integrated to give p in terms 
of the speed q (= y/u? + v3): 
1 
аА her 
p = р f: 3 JF (2-4) 
where a° is the speed of sound a = \/yp/p at stagnation conditions. 
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F,2 . THE HODOGRAPH TRANSFORMATION 


By means of Eq. 2-4, the elimination of the stream function y from Eq. 
2-2 yields a differential equation for ¢ (cf. III,A,9, Eq. 9-11): 


(a? — éD — 26;%,%s + (a! — e$. = 0 (2-5) 


where the subscripts denote partial differentiation and the speed of sound 
ais 
y= 
2 

Eq. 2-5 is a second order, nonlinear, differential equation with coeffi- 
cients involving the first derivatives of the unknown function. For flows 
in which q is everywhere less than the speed of sound a, the differential 
equation is of elliptic type. For flows in which q is everywhere greater 
than a, the equation is of hyperbolic type. Since the coefficients are 
variable, conditions may occur where both elliptic and hyperbolic 
domains coexist and the flow thercfore changes its character locally. 
For example, in the flow past an object placed in a subsonic stream of gas, 
the flow may locally become supersonic and then return again to sub- 
sonic. The possibility of the existence of such smooth, mixed, transonic 
flows is of both mathematical and practical importance. 

In the hyperbolic domain, the differential equation (2-5) is associated 
with two families of real characteristics, described by the ordinary 
differential equation 


(а? — u!)dy? + 2uudzdy + (a? -- v®)dz* = 0 
or (2-7) 
(a? — ut)dy = (~w + ау — a*)dz 


The significance of these characteristic curves in the hyperbolic region 
is discussed in several parts of the volume (see B, 2). Mathematically, 
it may be said the analyticity of the solution in a supersonic region may 
break down along these lines, instead of at isolated points as in the 
subsonic region. Physically, these lines of discontinuity represent weak 
disturbances or wave fronts whose orientation with respect to local flow 
direction was first given by E. Mach. They are the Mach lines frequently 
visible in schlieren photographs. Eq. 2-7 shows that Eq. 2-5 actually 
changes its type, as described above, along lines where q = a = a*. 
This brief discussion shows us that the transonic character of isen- 
tropic compressible flow is intimately related to the nonlinearity of the 
differential equation (2-5). In studying this type of flow, therefore, we 
cannot avoid this nonlinearity. On the other hand, we have no adequate 
technique to deal directly with such nonlinear equations. To get around 
this difficulty, the differential equation may be transformed to a linear 
form by a method first suggested by Riemann [/], in which the roles of 
dependent and independent variables are interchanged. In the following, 


at = (at)? — Tg = (oo (t+ 43) 02-6) 
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we shall give two well-known methods, namely, the Chaplygin trans- 
formation and the Legendre transformation. 

Chaplygin transformation. The Chaplygin transformation consists of 
8 straightforward change of independent variables from the coordinates 
z. y to the hodograph coordinates q, 0, where q is the magnitude of the 
flow velocity vector and 6 its inclination relative to the z axis. The func- 
tions o and y are retained as dependent variables. The analysis given 
here is substantially that of Chaplygin’s original paper [2]. A different 
derivation, essentially geometrical, has been given by von Kármán [3] 
апа is reproduced in IIL,A,13; it is suggested that the reader compare 
these methods. 

To effect this transformation, we start by writing 


dó = udr + vdy (2-8) 
ody = —pvdz + pudy 
in accord with Eq. 2-1. If pg 天 0, the inverse relations are 
1 Pp. 
dreg cos &d$ — — sin ay 
(2-9) 


if. Р 
у= sin 62% + — cos бдр 


where 0 is the inclination of the velocity vector defined above. Now, if 
q and @ are taken as independent variables, and ¢ and y are now treated 
as functions of q and 6, we can write 

de = Фад + Ф16 

ay = фе + yao 


Substituting these expressions for dé and dy into Eq. 2-9 we have 
L Pa 1 P 

demi. cos 04, — 7 sin He ats sos 06, — ain We ав 

(2-10) 

dy = E [sin бө, + # oon a] da + 3 [sin гә, + 2 con oye] o 


Since both dz and dy are total differentials, the condition of integrability 
requires that 


3 [cos ё p° sin 6 ] ә | р sin Ө ] 
== . EU» 


( 494 ) 


470 


郭 永 怀 文集 


F2- THE HODOGRAPH TRANSFORMATION 


A simple reduction gives 


Go 


[- Ler + (E) vr] soso + (3o = HET =0 


For any 6, the vanishing of the determinant leads to 


E 
o, = — (1 — MY 

(2-11) 
EA 
qe Ge 


where we have made use of the relations 


20) ais E ü — M (2-118) 


and M = д/а. The fundamental system Eq. 2-11 in the g, 0 plane, i.e. 
the hodograph plane, is equivalent to the system Eq. 2-2 in the z, y plane. 
The essential difference is, however, that the transformed system Eq. 2-11 
is linear. The linearization is valid as long as the Jacobian of the trans- 
formation, J = (z, y)/9(q, 6), is finite and nonvanishing. 

Thus, we see that in the hodograph variable the equations are linear, 
and thus the principle of superposition of solutions is allowed. In other 
words, if particular solutions are obtained, linear combinations of such 
solutions are also solutions. By this principle, general eolutions can be 
constructed. However, the fact that most of the physically interesting 
solutions are many-valued in the hodograph plane makes the actual 
construction of such solutions very difficult in practice. 

Legendre transformation. To effect this transformation, the velocity 
components u, v are introduced as independent variables and a new func- 
tion x(u, v), related to the stream function, is introduced according to 
the following definition: 


x-zucby 49 2= Xu у= х, (2-12) 
The differential equation corresponding ќо Eq. 2-5 ів [6] 
(a? 一 и?)х,, + 2uvx«, + (a! — v*)xuu = 0 (2-13) 


The relation between x and the stream function follows from Eq. 2-1 and 
2-12; it ів 
" 
"n2 = UXuu — UXuv 
x (2-14) 
Ey, = sx., — ux,, 
А 
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Eq. 2-13 and 2-14 form a complete system equivalent to the system 
Eq. 2-11. This transformation is also subject to the same condition as 
stated above for system Eq. 2-11. 

Coordinate functions. When the stream function ¥(q, 6) is given in the 
hodograph plane, the streamlines in the flow plane, corresponding to 
constant values of y, can be calculated by integrating Eq. 2-10. One way 
to accomplish this purpose is to perform the partial integration of the 
equations as they stand, viz. 


1 P". 
z=- cos Өфе — — sin бу, | dé + 2(4) 
q j [ р ] (2-15) 


v= Lf [sin os + # coe ys] a0 + o 


The arbitrary functions 2(@) and §(¢) introduced as а result of the inte- 
gration can be determined from 


1 Ps 
ze = [cos вө, — £ sin ov] 
(2-16) 
ve = [sin oo + оњ] 
«73 6+5 2 


It will be clear later that, when y and hence also ¢ are expressed in 
the form of certain infinite series, the integration in Eq. 2-15 can easily 
be carried out. 

In the case of the Legendre transformation, once x is specified the 
coordinate functions can be obtained by differentiation. However, we 
have to integrate Eq. 2-14 to get y in order to define a relation between 
the velocity componente, hence there is no obvious advantage to the 
Legendre transformation in our problem. If not otherwise stated, we 
shall follow the Chaplygin procedure. 


F,3. The Particular Solutions of the Chaplygin Equation. In 
this article we shall obtain some particular solutions of the transformed 
linear equations (2-11), which are useful in the construction of practical 
flow patterns. Except for the simple solutions given in Eq. 3-8 and 3-10, 
below, these will involve the special functions known in mathematical lit- 
erature as the hypergeometric functions. 

By eliminating ¢ from the system (2-11), there results a differential 
equation satisfied by y(g, 6): 


Vee + (1 + Mave + (0 — Mee = 0 (8-1) 


Since M depends only on q, this equation is linear and its solutions can 
be built up by adding together particular solutions. As particular solu- 
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tions we can choose 
Р -ligë 
y = gF, (r)i, r= 15- s 
where > is a real number and the function F,(r) is a solution of the 
equation 
7(1 ОР + [v + 1 — (a, + b. + 1)r]F, — a,b,F, =0 (3-2) 
where the parameters a, and b, are defined by 


tb bp ab, = -PCED 63) 
and ү 
B= Ree 
This is a special hypergeometric equation involving two arbitrary param- 
eters, > and y. The two independent solutions are denoted by 
Flan bni v+ 1j r), F(a, — v, b, — v; 1 — v; r) (3-4) 


F(a,, b,; v + 1; т) is known as the hypergeometric function [4, p. 281] and 
is defined by the power series 


Te + 1) S га, + m)T(, + m) r" 
F(a,) Tr(6,) > TOFi+m) т! 


F(a, bi» + 1;7) = (8-5) 


which is uniformly convergent in a domain |r| < |. 

The reader should note at this point the significance of the several 
parameters involved in each of these hypergeometric functions. The 
independent variable, for our work, is the variable r, which, for a specified 
gas, is uniquely related to the local Mach number A/28:/(1 = т). There 
are two parameters: the adiabatic exponent y, which characterizes the 
gas, and the index >, which will be given various values in order to con- 
struct solutions to satisfy given boundary conditions. 

Now, ва q increases from zero to the maximum possible value 
{mas = M/2/(y — 1)а°, r varies from zero to unity. The condition g = a*, 
or М = 1, is given by т* = (y — 1)/(y + 1). Therefore, the integral as 
defined by the series (3-5) holds for the whole range of possible flow 
speeds. 

‘The case т = 0 may be taken to represent either very low speed flow 
or the flow of an incompressible fluid. For this value of т, F,(0) = 1 for 
all » > 0; thus the particular solutions considered here reduce to the 
familiar particular solutions of the incompressible case. Thus, each of the 
particular solutions of Chaplygin’s equation may be thought of as the 
analogue of a certain incompressible solution. This analogy was used by 
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Chaplygin and will be mentioned again in the detailed work of this 
section. 

When the parameter v is 8 positive integer, the second solution cannot 
be represented by a single power series. In this situation another inde- 
pendent solution is needed to replace the second of Eq. 3-4; it is given 
by [4, p. 201; 26] 

т" — har" In r F(a,, b; n + 1; т) + Viln)r*F (Gn, ba; n + 1; 7) 
+ r"Ga.(r) + H,(7)] (3-6) 


where the functions G,(r) and H,(r) are defined by 


T(n 1 b) V Ta. + т)( 0)" тт 
Gu) = та пури) 2 , 09 ™ ГЪ, — nr mm 
: 
ll <1 
ES 
Hats) = Tin + 1 — b.) V F(a. — n + m)T(n — m) r" 


Г(а„ — n)T (n) - Te += 6, = т) mi 
Wiln) = h, [ve + 1) + ¥(1) — (an) 一 YI — b.) + ám 3 


Wi(n, m) = ¥(1 — ba) — (1 — b, — m) + (an) — (a, + m) 
+ ¥(m + 1) — VQ) + y(n + m + 1) — y(n + 1) 


Г(а„)Г(з + 1 — b.) 


he = Fla, а) — BFTN T 1) 


ya = Zn г@) 


Here the constants a, and b, are chosen to be positive and negative, 
respectively, for n > 1.1 Having the forms of the second solution defined 
as in Eq. 3-4 and 3-6, according to » being nonintegral and integral, 
respectively, we can write the particular solutions of Eq. 3-1 as 


eS), Ете" (3-7) 


where 
P(r) = F(a,,b,; > + 1; r) 


and F..,(7) denotes either F(a, — v,b, — v; 1 — v;7) (for nonintegral ») ог 
the expression within the brackets in Eq. 3-6 (for v = n, an integer). 
Distinct from this class of solutions we have also for = 0 


@ and Ј a - yg (8-8) 
The latter, in the limit of incompressible flow, reduces to 2 In q. 


1 Forn = 1, F(1, —6;2;r) = зу — (1 =) Јала Far) = 1 + ©. 
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These are our particular solutions for the stream function y(g, 0). 
We need now to find the corresponding particular velocity potentials 
Ф(а, 6). This can be done with the aid of the fundamental relations (2-11). 
We have 


ZÊ La 
de = — (1 — M9) È + 2 абв 
If ¥(g, 0) is given by the first of Eq. 3-7, then? 
dé = i (1 — M'g F (etia + P q S P Moderna 


This can be integrated without difficulty with the aid of the differential 
equation (3-1), an alternative form of which is 


а (p о 
2 (е vs) +2 — Мун = 0 
or, in terms of the particular solution now under consideration, 


£a — amer 14 [Pez ee] = 2[£er o] 


where t,(r) denotes 2 () 4 in AP, (9). The integral is 


$ = i e Ote + const 


Therefore, the corresponding particular solutions for ¢, corresponding to 
Eq. 3-7, are for > > 0 


EPRE and {єт oet BD) 

and, corresponding to Eq. 3-8, for » = 0 
(1-9 Hl a- nok and 6 (3-10) 
F,4. Particular Solutions of the Equations Resulting from the 
Legendre Transformation. In analogous fashion, let us determine 
some particular solutions of the linear equation (2-13) which we obtained 


by the Legendre transformation. In the first place, from the relations 
(2-14) in polar coordinates, we have 


w= - 26 
mm Xe + xe) (4-1) 


* If ¥(q, 0) is given by the second of Eq. 3-7, we need only change > to —» in the 
subsequent formulas. 
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where x(g, 0) satisfies 
"Xa + (1 — M?)gx, + (1 — Mx = 0 (4-2) 
If we assume again 
x = ФЕ(а,, b, v + 1; rje (4-3) 
Eq. 4-2 reduces to 
та — F7 + [r + 1 — (4, + 6, + 1)r]F, a5 一 0 (4-4) 
where 


а+БЬ=›+в, ab, = -PCD 
and (4-5) 
F,(r) = FG, b, v + 1; r) 


Eq. 4-4 is again the hypergeometric equation (cf. Eq. 3-2), the only 
difference being that the parameters have been defined differently in 
terms of » and y. Thus, the particular functions x(q, 6) involve the same 
hypergeometric functions as we used in Art. 3, but with slightly different 
meanings of the parameters. 

Let us now determine the forms of the particular stream functions 
¥(q, 0) corresponding to these particular x(q, 6)'s. Substituting x(q, 6) 
from Eq. 4-3 into Eq. 4-1, we have 


w = 00, — of — DF le 


and by Eq. 4-4 
Ve = —2(y — DO — HE + (> + Pige (4-6) 
Following T. M. Cherry |5], we notice the identity 
P, + of, = vF (ay, 5,; v; r) 
By differentiation, 
rf; + ( DP, = ара, + 1,5, +1; + 1; 7) (4-7) 


It is easily verified that the hypergeometric equation satisfied by F(à, + 1, 
6, + 1; + 1; r) can be transformed into Eq. 3-2 by the substitution 


F(8, + 1,6, + 1: » +132) = (1 — 2)2F,() (48) 
By means of Eq. 4-8 and 4-7, partial integration of Eq. 4-6 gives us 
Wla, 8) = i(» 一 DEF, re (4-9) 


where the arbitrary function of g can only be the second of Eq. 3-8 and 
therefore has been omitted. 
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Corresponding to this particular solution (4-3), the coordinate func- 
tions are 
z = q—'[2rF*(r) сов 0e? + vP, (rje) + const (10) 
y = g='[2rF; (r) sin Geri”! — iP, (rje o] + const 
where the prime denotes differentiation with respect to 7. These func- 
tions F,(r) and P(r) can be expressed in terms of F,(7) and F,(r) as 
follows [24,63]: 
a — 0) = + DEG) + =F) 
(4-11) 
Za- уй) = (r [eo + go) | 


In like manner, if x = т'Ё_,(т)е+'*, we find 
x = +4» + I)qF_, (reir (4-12) 
Thus, it turns out that the particular stream functions corresponding 
to our elementary x(q, 0)'s differ only in multiplicative factors from those 
selected in Art. 3 as elementary solutions of Chaplygin’s equation. This 
identification is due to Cherry [6]. 


Е,5. The Chaplygin-Kármán-Tsien Approximation. Before we 
proceed to treat the problem more exactly, let us deal first with an 
approximate method which has had considerable application in practice. 
It was first noted by Chaplygin [2] that, if we put y = —1, the system 
(2-11) can be greatly simplified and its solutions are none other than 
those of the familiar Laplace equation. This can easily be established by 
the fact that, for y = —1, the solutions of the hypergeometric equation 
(3-2) become* 


3 ; 
ro = [rra] ° 
a RO BB Ne" TERSA ы 
a? = [xci rem] н 
Thus, if we introduce as a new variable 


2q 
?= TET + FETT 0 


3 This follows from the identity 
»r 1 P1! 
(на ->[ + ۷1 + S] 
(Forsyth, А. R. A Treatise on Differential Equations. 1885, p. 207.) 
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the particular integrals of Eq. 3-1 are 
qie-* and grret (5-8) 


Consequently, the boundary-value problem of a compressible flow having 
a value of y equal to —1 becomes, in a qı, 0 plane, identically that of an 
incompressible flow. 

The question remains, however, whether this simplification has any 
meaning physically. We can look at this problem from two aspects. 
Following Chaplygin we can write the system (2-11) in the form 


Фа = KG) 
Ф = –ұа 


an -f -me 


(which agrees with Eq. 5-2 in the case y = —1) and K(r) = (1 — e*r)/ 
(1 — r)“, with о? = (y + 1)/(y — 1). The coefficient K(r) varies very 
slowly with т and is practically constant and close to unity if r is small, 
ie. for small Mach number. "Therefore, the case y = —1, for which 
K = 1, can be regarded as an approximation, to the order 7°, for a purely 
subsonic flow. 

On the other hand, it is seen that, for an isentropic flow, the pressure 
and density will be related by p ^ p-' when y = —1. This can be inter- 
preted as an approximation by a line tangent to the adiabatic curve in 
the pressure-volume diagram (Fig. F,5a). In a flow field, if pressure and 
density do not vary through & wide range, this linear law of state can 
give a fairly close approximation to the true situation governed by the 
adiabatic law. If the point of tangency is chosen to correspond to the 
free stream condition, the approximate equation of state given by von 
Kármán and Tsien [8,6] is obtained: 


(5-4) 


where 


p-p = a(t- +) (6-5) 


Here the subscript = indicates the free stream condition. It is easy to 
verify that, at free stream conditions, this equation gives the exact slope, 
(dp/dp)» = a£. 
With this linear equation of state, the integrated equation of motion, 
Eq. 2-6, becomes 
а — ي‎ = (a*)* (5-6) 
which, in conjunction with Eq. 5-5, gives 
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Thus, we see from Eq. 5-6 that in this approximation the sonic speed can 
never be attained in the flow field. 

In his original treatment [2], Chaplygin employed a different equa- 
tion of state, since he chose the stagnation condition p°, p? as the point 
of tangency to the adiabatic curve, rather than p<, p<. The Kármán-Tsien 
approximation seems better suited to most aeronautical applications. 

It might be mentioned here that the Kármán-Tsien approximation 
can be adapted, at least formally, to the study of purely supersonie plane 


Fig. F,5a. Approximation to true isentropic pressure-volume curve. 
flows [64]. The hodograph equation (5-4) assumes a simple hyperbolic 
form. The value of this procedure is difficult to assess, especially in com- 
parison with other available techniques such as the numerical method of 
characteristics (Sec. G). 

Transformation of incompressible to compressible flows. As a result of 
this simplification, we are able to show that, given an incompressible 
flow, a “similar” compressible flow, subsonic everywhere, can be con- 
structed. Let UıWı = ¢ + iy4 be the given complex potential of an 
incompressible flow and U, its undisturbed stream velocity. We have 
already seen, in connection with Eq. 5-3, that the functions 


$= Alt, 9), v = (gi, 0) (5-8) 
represent the velocity potential and stream function of a compressible 
flow in terms of the quantity qı defined in Eq. 5-2. Once ¢ and y are 
known, the coordinate functions (2-9) can be expressed as 

ie o 
a= [aw + an] (5-9) 
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where dz = dz + idy. To eliminate g, we have, by Eq. 5-2, 


gı 
% = TRAF 


e _ 1 + 9/40) 
р 1 — g?/4(@°)* 


Substitution of q and pa/p in Eq. 5-9 yields an expression for de in terms 
of quantities of the qı, 6 plane only: 


1 2 2 
-—— 9 i gi 
dz Te IE - (asy ;] do, e + 2] % 
Furthermore, define 


whence 


(5-10) 


—ÓÀ = Uaw 

ш = ge, dz, r^ 

so that dz, is the increment of the position vector z, in the original incom- 
pressible flow corresponding to increments dé», dy, of the velocity poten- 
tial and stream function. We can now relate this increment dz to the 
analogous incremental vector dz of the compressible flow, which cor- 
responds to the same increments dé, dy, of its velocity potential and 
stream function. We have, namely, 


de = da (уа (5-11) 


where W, and 2, are the complex conjugates of W, and д, respectively, and 


^ stands for Ma/(1 + 4/1 — Mi), M. being the free stream Mach 
number. Integration of Eq. 5-11 gives 


= —\з / (ay di (5-12) 


The constant of integration can be determined by proper choice of the 
origins of the two coordinate systems z and 2. Eq. 5-12 can now be con- 
sidered as a mapping function which transforms a given incompressible 
flow pattern into a compressible flow around a “similar” but different 
contour. Given the incompressible flow pattern, the second term of Eq. 
5-12 is a correction to the complex coordinate of the compressible flow 
at which any given values ¢, y are found. The similarity of the two pat- 
terns is closer as the Mach number M. diminishes, until an identity 
occurs when М. = 0. 

A difficulty however is that, if the incompressible flow involves circu- 
lation, then the correction term in Eq. 5-12 is no longer single-valued. A 
closed boundary in the z, plane will be mapped into an unclosed one in 
the z plane. Hence, Eq. 5-12 in the present form fails to deal with circula- 
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tory flow. This problem was attacked by several authors [7-11]. We shall 
briefly present Lin’s method, which appears to be most simple and 
general. 

Lin’s suggestion is to interpret w, more generally than was done by 
Tsien, as reproduced above; namely, we can choose 


w = k(a)qu t (5-13) 


and dz, = U dW, /u, as before, where k(z) is another analytic function. 
Instead of Eq. 5-11, we then have, from Eq. 5-10, 


dz = k(s)dz, — № (25) E (5-14) 
and, instead of Eq. 5-12, 
2 
:- fe» - «f m E (5-15) 


We now impose two conditions on the function k(z). The first is that 
Eq. 5-13 be analytic; this leads [7] to 


(| < 160) < © (5-16) 


Secondly, to insure that a closed contour in the z plane will be mapped 
on a closed contour in the z plane, we have, from Eq. 5-15 


frends, — vb (z a -0 6-17) 


Thus, given a function W, which represents an incompressible flow 
with circulation, we can always construct a related compressible flow 
with circulation by choosing properly the auxiliary function k(z,), sub- 
ject to Eq. 5-16 and 5-17. In Lin’s paper, the problem is formulated in 
such a way as to place it within the scope of familiar incompressible fluid 
airfoil theory. 

Pressure correction. When the flow about a certain body is deter- 
mined, the pressure distribution over the surface can be calculated, 
although the numerical work may be somewhat tedious. The main inter- 
est in subsonic flow appears to be the effect of the compressibility of the 
fluid on the pressure distribution, under given geometrical conditions. 
Within the approximation permitted by the assumptions of the present 
theory, this has been achieved by von Kármán and Tsien. 

Let C, be the pressure coefficient at a point in the flow field, defined by 


с, = =P: 
dd 


where p is the local pressure and pa, Pe, and U denote, respectively, the 
Íree stream pressure, density, and velocity. By making use of Eq. 5-5 
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and 5-7, we find 
2 1 + g?/4(a%)? 
Com m: [ -vM ed (18) 


Now qı is associated with a contour in z, plane, while C, is the pressure 
coefficient on & contour in the z plane. According to Eq. 5-12, these two 
contours are different. Consequently, the determination of C, for a 
given contour involves the calculation of the incompressible flow about 
a different contour, which must be determined by use of the mapping 
function. Tsien has carried out this process for the case of compressible 
flow about an elliptical cylinder [6]. 

For practical engineering work, however, Tsien has suggested using 
a further approximation to avoid this lengthy procedure, namely, to 
neglect, the difference between the two contours involved. If we ignore 
this difference, we can regard Eq. 5-18 as a formula relating the pressure 
coefficient C, to the pressure coefficient on the same body in incompres- 
sible flow. The pressure coefficient in the incompressible flow would be 


Cn. = 1-(#) 6-19) 


Eliminating q, and after simple reduction, we obtain 


ry 
Cy = Cn, [VIR ME + ME Soe" в 


This is the famous Kármán-Tsien pressure correction formula. It has 
frequently been used in engineering practice. Having the form C, = 
Cp(Csı, Ma), it replaces the Prandtl-Glauert rule for plane flow (C,6) 

It is clear that formula (5-20) becomes identical to the Prandtl- 
Glauert rule if the second term in the denominator is neglected, i.e. 
Copa. = Coing(l 一 MZ). Furthermore, the nature of the improvement 
afforded by Eq. 5-20 over the simpler first order result can easily be seen, 
vis. 

€, < Cora, 


Thus, the Kármán-Tsien rule predicts pressure coefficients that are 
numerically greater in regions where Cp, is negative and smaller where 
C,,,18 positive. Reference to the data of C,8 will confirm that this 
tendency is, qualitatively, in the right direction. 

It seems clear that the validity of this result rests on the assumption 
that the distortion of the boundary due to compressibility is negligible. 
We can study this by taking |dW./dz| in Eq. 5-12 to be 0(1), the integral 
f (aW. /ds)*dš, must then be of the order of the body dimension. If + and 
m are the thickness ratios of the bodies in the z and z, planes, respectively, 
a rough estimate shows that т/п = 1 + O(Min). But we have shown 
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Fig. F,5b. Comparison of pressure correction formula with experiments [70] at differ- 
ent free stream Mach numbers M., for NACA 4412. At 30 per cent chord, upper sur- 
face, а = —2°. 


At 27.5 per cent chord 
a=—0° 15’ 


0 02 04 06 08 1.0 


Fig. F,5c. Comparison of pressure-correction formula with experiments [70] at differ- 
ent free stream Mach numbers Mu, for NACA 4412. At 27.5 per cent chord, upper 
face, œ = —0*15". 


that Chaplygin’s approximation holds only for small Mach numbers, and 
the idea of replacing the adiabatic curve by its tangent further precludes 
cases of large disturbance or thick bodies. Therefore, when both M. and r 
are restricted to be small, the distortion, being of O(M27)), can, of course, 
be neglected. 

The merit of Kármán-Tsien formula, however, is not that it has a 
theoretically sound basis but rather that it is justified by its practical 
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Fig. F,5d. Comparison of pressure-correction formula with experiments [70] at differ- 
ent free stream Mach numbers M. for NACA 4412. At 25 per cent chord, lower sur- 
face, а = —2°, 


-一 Kaplan's results 


0 02 0.4 0.6 0.8 1.0 
E 

Fig. F,be. Comparison of theoretical maximum pressure coefficient on a bump 
with pressure-correction formula at different free stream Mach numbers M. and 
thickness ratios r. (From [66].) 
utility. In practice, we find close agreement between experimental results 
and theoretical predictions, even when the formula is applied at rather 
large subsonic Mach numbers. Examples are presented in Fig. F,5b to 
F,5e. 

Tsien's tentative explanation [12] of this phenomenon can be sum- 
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marized as follows. By examining Fig. F,5a, we notice that the linear 
equation of state generally underestimates the pressure. On the other 
hand, transformation of a body in the incompressible flow to that in 
compressible flow, as will be shown later, increases the thickness ratio 
of the body. Ignoring this increase is equivalent to overestimating the 
pressure in regions of reduced pressure. As the two effects work in opposite 
directions, they may counteract each other. A rigorous mathematical 
proof has not yet been offered. This subject is discussed in some detail in 
E,2. 

Application to elliptic cylinder. As an example let us take W, to be 
the complex potential for flow about an elliptic cylinder. 


b 
Watt + (5-21) 
and 
a=t+} 
Substitution of this W, into Eq. 5-12 gives us, after integration, 
EDL gl, s Ez 
s=t+ i ۸ Ë: +7 + FET 


Now, the body contour in the z plane is given by t = be“ in the ¢ plane; 
the parametric equations for the contour in the z plane are therefore 


== (0+ cose 
2b cos @ +1 


-M [o + 1) сове + On Re ә ее tt (5-22) 


y= б - 1) ча 6 一 x [ser — 1) sin 9 — err usi] 
The derived contour is again symmetrical (Fig. F,5f) but is not an ellipse 
except when M. (and therefore À) is zero. The deviation from an ellipse, 
due to the presence of the In (. . .) and ќап-! (. . .) terms in Eq. 5-22, 
grows rapidly with Mach number; in fact, it is proportional to M2. As 
a measure of the change of the incompressible flow contour in going 
over to compressible flow, let us define a thickness parameter r as the 
ratio of the minor to the major axis, namely 


1-м [> — دو‎ — 1) tan p i] 


alas 60 —D*, 1 
Ы Ë + у=] 


(6-23) 


т=т 


where т, = (b* — 1)/@ + 1). 
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As the parameter b ranges from 0 to =, the elliptical cylinder in the 
% plane ranges from a flat plate to a circular cylinder. Throughout this 
range of b, the ratio r/r is always greater than unity. A calculation, 
based on Eq. 5-23, for ellipses of small thickness ratio r, leads to the 
approximate relation 


Zn trus оер] (5-24) 


"This confirms our earlier estimate, which was r/r: = 1 + O(M&r). 


zi plane z plane 
Fig. F,5f. Relationship between bodies in z, and z planes. 
F,6. Examples of Simple Flows. As was shown in the preceding 
section, the approximation y = —1 makes it possible to transform the 
problem of subsonic compressible flow to one of incompressible flow. 
Clearly, if the problem is to be solved exactly, no such simplification 
generally exists. A quite different method has to be employed. To begin 
with, let us consider some simple flows such as sink, vortex, doublet, and 
80 on, for which the solutions require no superposition. 

Source or sink. Let the fluid be at rest at infinity and flow radially 
from or toward a center. When the steady state is established, the stream 
function must be a function of 6 alone, that is 

y = C6 (6-1) 


where the constant C is arbitrary. Then, from the system (2-11) 
$- -cf£a — M*)dg + const (6-2) 


With this form of ¥, the coordinate functions can easily be obtained from 
Eq. 2-15: 


= = CP cos 0 + 200) 
»" 9. 
v = C “sin 0 + 900 

= @ 


since $, = 0. Moreover, #(q) and 0(4) must be constants, as a conse- 
quence of Eq. 2-16 and 2-11а. Let us choose the coordinate system such 
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that £(g) = $(g) = 0; we have, then 
p* ws 
z=C—cos#, у= С sine (6-3) 
pq ^1 


Ав {һе streamlines аге given by # = const, it is clear that these lines are 
radial. By elimination of 0, the equation of the lines of constant q, which 
are the equipotentials in this case, is found: 
р Сз 
tg? 
These lines are concentric circles. If the constant C is so chosen that 
pC? = (р*):(а*)?, asterisk indicating the value at q = a = a*, then 
the equation of these circles can be written 


m+ = (zzy (6-5) 


Now, the mass flow pg is a function of q, which has a maximum value 
at M = 1, as is clear from Eq. 2-11а. The fact introduces an interesting 
phenomenon in the present problem, namely, the radius of the equi- 
potentials (6-5) has a minimum value; our flow pattern is confined to the 
region outside of a certain circle at which sonic speed occurs. 

If we differentiate Eq. 6-5 with respect to q along a streamline, vis. 


а зу) (ey 1-и 

quom e ТУЛ БЕ 

we see that the radius of the circle decreases аз g їпсгеазев. But when 
the minimum circle is reached, at which M = 1, further increase of q 
increases the radius again, because d(z? + y*)/dq > 0. Thus, we obtain 
another possible flow of the source or sink type, which has sonic speed 
at the minimum radius and increasing supersonic speeds at all greater 
radii, reaching maximum speed at infinity. (Naturally, for physical reasons 
we cut off this solution at some speed less than gmax, the speed correspond- 
ing to zero density, or, perhaps make an abrupt transition from super- 
sonic flow through a shock.) The fact that these two different flows 
appear to be plotted on top of each other in the z, y plane here is of no 
significance. Given the boundary condition М = 1 at z? + у? = 1, we 
will have either one or the other of these flows, depending on the condi- 
tions specified at larger radii. 

To be sure, the fact that these compressible source and sink flows 
Possess a minimum radius where dg/d /2* + y? becomes infinite is, in 
this example, simply a manifestation of the familiar phenomenon of 
choking in a nozzle throat: The flow cannot progress inside of the minimum 
radius because the stream tube area does not increase there. Neverthe- 
less, we shall find below that this is but & special example of a more 
general and profound phenomenon of plane isentropic compressible flow. 


a yte (6-4) 
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Vortec. For в vortex, we have, on the other hand, 


Ф = Се (6-6) 
"Then, system (2-11) gives 
[и e» 


Thus, in this case constant q lines are streamlines. 
The coordinate functions, accordingly, are 


z= cÈ? + 


v= - ° eqq) 


where 2(g) and f(g) are again constant and can be taken equal to zero, 
The streamlines, by elimination of 0, are circles: 
п 
^+) = а (6-8) 

Thus, in contrast to the case of source flow, the speed varies mono- 
tonically with the radius, being subsonic at large radii and changing 
smoothly to supersonic at а specific radius. At a sufficiently small radius, 
q reaches gmax, a vacuum is theoretically created and, of course, no flow 
is possible. Therefore, in this case a core again exists, though the physical 
nature is entirely different from the previous case. 

Doublet: flow around an edge. We know that the incompressible flow 
whose complex potential W, has the form of a doublet in the hodograph 
plane, viz. 

wal’ 
w 


corresponds to flow about an edge in the z plane. The complex velocity 
for this flow in the z, plane is given by the formula 


"NL 
22, 
where С is real and positive. The streamlines of this flow in both the 
flow plane and the hodograph plane are sketched in Fig. F,6a. If the fluid 
is compressible, the analogous flow pattern, in the analogy suggested by 
Chaplygin (Art. 3), would be described by the stream function 
y = Co F_(r)e* 
For the particular value » = —1, it can easily be verified that the 
hypergeometric equation (3-2) has the following solutions (cf. note 1): 
F.i(7) = const and F_,(r) = const (1 — 7): 
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The first of these corresponds to the second solution mentioned in Eq. 
3-5. Let us follow Ringleb [18] and study the case F_, = const,‘ i.e. we 
take for the stream function the simple form 


cos 6 
q 


where the constant С is again real. The streamlines in the hodograph 
plane are therefore the system of circles passing through the origin. 


y-C 


(6-9) 


zi plane w plane 
Fig. F,6a. Incompressible flow patterns around an edge іп z, and w planes. 
Furthermore, by integration of Eq. 2-11, 


$7 - C dns (6-10) 
With these forms of ¢ and y, partial integration of Eq. 2-15, gives us 
r= - да — 7) sin 20 + £(g) 
v = дд @ — r eos 20 + 00) 


where the arbitrary functions #(q) and (q), by Eq. 2-16, satisfy 
20 =0 000 = 一 08( - 5 
Integrating, 


ta) = Cı and 00) = -f a - 9*9 + c 


where C; and C, are constants which can be taken to be zero. Finally, we 
* The other solution has been studied by Temple and Yarwood [14] 
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have our coordinate functions 


т 1 sin26 


E (6-11) 


y Y Sapa. е оо 
و‎ com, | XL 一 了 -sdr 
if C = l(a". 

We note that, after elimination of 0, the constant g or constant + lines 


are again circles: 
1 2 
Ө) + 1-w) =R 


where 
te ае and R= (1 — +)" 
As the streamline hodographs are circles, namely 


ті = ki cos 0 (6-12) 


where k is a constant depending only on y, we can eliminate 0 between 
Eq. 6-11 and Eq. 6-12. The resulting parametric equations for the stream- 


Line of singularities 


Fig. F,6b. The derived compressible flow patterns in z, y and u, » planes. 
lines in the physical plane are 


2 


1 e INL. 
i--ge0- o ( - 1) 
d--ie-2* 2-1) -1 f oa- eg 


For various values of k, the streamlines are shown in Fig. F,6b. 
Examining the flow pattern, we notice that the flow field is divided 
into subsonic and supersonic regions by the sonic circle q *, In the 
subsonic region, which lies outside the circle, there is a sí resem- 
blance between this flow and that of the incompressible flow around the 
edge (Fig. F,6a). However, in the supersonic region this similarity 


(6-13) 
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gradually disappears, and as the speed increases an entirely new phe- 
nomenon appears. First of all, the streamlines in the central region tend 
to bend more rapidly and hence become flatter than those of the incom- 
pressible case. This flattening produces two “throats” in each stream 
tube, at the two sonic lines, and between them the familiar expansion 
that is characteristic of supersonic ducts. As we move toward the origin, 
there occurs a first streamline (curve C in the figure) on which an infinite 
pressure gradient occurs. From there on, every streamline, instead of 
proceeding smoothly to the other side, makes four abrupt turns in the 
form of cusps. No streamlines enter the region PSRQ; consequently, we 
have again encountered an area in which no solution is possible. 

Upon closer examination of the equations of the streamlines, it is 
easy to see the mathematical reasons why this happens. For if we differ- 
entiate these equations (6-13), the elements dz, dy, and dr are related by 


+ 
-pt -y(t e 1) Ë -— ete 
y = r -oo - ar + 28% | ar 


Thus, when a critical value of r is reached whereby 
1 = atr + 287 =0 


dz and dy momentarily vanish for given dr, i.e. they become differentials 
of higher order. As a result all space derivatives such as д/дх and д/ду 
become locally indeterminate. The implication of this singular line PQR 
(Fig. F,6b) will be explored further in Art. 12. 

From a different point of view, the example is not without practical 
interest. If two streamlines such as A and B are taken as channel walls, 
we find that the flow through this channel is partly subsonic and partly 
supersonic. It starts from rest at one end, accelerates to a supersonic 
speed, and then decelerates continuously, without shocks, back to sub- 
sonic speed again. Thus Ringleb’s results emphasized the fact that sonic 
speed is not a theoretical barrier to smooth, isentropic, accelerating- 
deceletating flow, contrary to earlier beliefs (e.g. Taylor [15]). By suit- 
able choice of wall shape according to these results, a supersonic Mach 
number as high as 2.5 can be reached, with subsequent deceleration, 
without occurrence of any abnormal effect. The fact that a mixed smooth 
transonic flow can be established theoretically is of considerable impor- 
tance. This is one of the significant results of the hodograph method of 
attacking the nonlinear equations of gas flow. Its practical meaning, in 
terms of the design of ducts or airfoils, has not yet been completely 
established; flows of this type have apparently never been observed 
experimentally. 
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F,7. Two-dimensional Gas Jets. The first step toward the solution 
of the general problem was made by Chaplygin [2] in his study of the 
efflux of gas from a slit. The technique used to overcome, to a certain 
extent, the difficulty of boundary conditions is to imitate the analogous 
incompressible flow. For this purpose, we shall begin with an investiga- 
tion of the incompressible problem. 

The incompressible jel. Suppose the half-plane z, 5 0 to be filled 
with incompressible fluid at a given pressure. If the plane z, = 0 has an 
opening AA’ symmetrical with respect to the zi axis, the gas, when it 


v 
A 
8 Ic" 
B Ic 
^ 

z, plane w plane 


Fig. F,7a. Flow patterns in s and w planes. 


rushes out through this slit, produces a jet bounded by two free bound- 
aries AC and A'C' on which pressure is constant (Fig. F,7a). The flow 
Starts with zero velocity at infinity and converges to a parallel jet at 
positive infinity. The problem is to determine the shape of the free 
boundary and the velocity distribution inside the jet. 

The first solution of this incompressible flow problem was given by 
Helmholtz by the hodograph method. To map conformally the flow on 
the w plane, we proceed as follows: Since the pressure of the free bound- 
aries is constant, they correspond to a semicircle ACC’A’ in the w plane 
(Fig. F,7a), while the walls AB and A'B' appear as segments of the v axis 
inside the circle. The whole flow field is therefore mapped into a region 
inside the semicircle. This region can be further mapped into half-plane 
R.P.(r] > 0 (Fig. F,7b) by the so-called Joukowski transformation 


= -v+ (7-1) 
and 
ш = qe = u — 
where U is the velocity on the free boundary AC or A’C’. 
To establish a relation between t and Wi, we note that on the wall 
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and the free boundary the stream function y, is constant. If the quantity 
of flow through the slit is Q, it is clear that yı = #Q on BAC and 
yı = —}Q on B'A'C'. The flow field in the W, plane therefore lies in a 


Cplane 


1 


Fig. F,7b. Flow field in £ plane. 


strip (Fig. F,7c). The transformation of the half-plane into this strip can 
be effected by 


9n 
W=-= ni (7-2) 


By substituting ¢ from Eq. 7-1 in By we finally arrive at the expression 
for the complex potential W, in the hodograph plane: 


Qn (t 
W= – ш 2-9) (7-8) 


Study of this expression shows that the flow pattern in the w plane 
(considered, for the moment, as a flow plane itself, rather than the 


W, plane 


Fig. F,7e. Flow field in Wi plane. 


hodograph of another flow pattern) consists of the superposition of a 
source at the origin and two sinks at w = +U. The function W, is 
single-valued in the cut plane —7 < 0 < т and for |w| < U possesses 
an expansion 


mn (mice (7-38) 
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Separating this into real and imaginary parts, we have 


wo n SY E(B) nm 
n= – 80 -> (人 sin 2n8 


The compressible jet. On the basis of Eq. 7-4, Chaplygin chose the 
form of solution for the compressible jet to be 


O ИЕ 


in —r < 0 < r and q < U where r, is the value of r at q = U. It is seen 
that when a° is infinite (т = ri = 0) the solution reduces identically to 
the incompressible flow. In any case, on the free boundary q = U, 
y = y (U, 6) = +Q/2 and the same value occurs on the walls 0 = +x/2, 
thus, formally Eq. 7-5 is a solution satisfying the boundary condition. 
To establish its convergence, we need only demonstrate the inequality: 


scr Ë (z ) Fo Ры) < C e [o] 


where T is the function defined in the appendix to this section, and Т, 
denotes the value 7(ғ1). This can easily be done, making use of the 
asymptotic properties of F,(r) discussed in the appendix (Eq. 16-3), pro- 
vided that the flow is everywhere subsonic. Moreover, since d(Tq)/dq > 0, 
Tq < Т\Ш. Therefore, the dominant series converges absolutely if 
Tq < Т.О, and it follows that series (7-5) converges uniformly in any 
closed domain Tq S TıU — ô, ô > 0. 

From Eq. 7-5 together with Eq. 3-9 and 3-10, the velocity potential 


bis 
а [в ЕРЕ -afma те 9] 


9 l(aY" FG) 
+21 M) Fac) Em(r) cos 2n, q<U (7-6) 


q«U (7-4) 


This series converges in the same domain as Eq. 7-5, since |#s,(r)| = 0(1) 
as n — œ by Eq. 16-7, for subsonic flow. 

At this point both ¢ and y are determined up to an arbitrary multi- 
plier Q, proportional to the mass flow. The coordinate functions now can 


(518 ) 


494 BAR KR 


Е,7 · TWO-DIMENSIONAL GAS JETS 


be integrated in the following manner: Upon substitution of Eq. 7-5 and 
7-6 in Eq. 2-15, partial integration vields 


— gu = XC 4)" £r seo ses x04. ennt zer] 
2471, n 2 


Т Ў (8 "^ (т) [= (2n + 1)6 _ сов (2n 一 2d D oos o} +а@ 
T 


Fari) 2n +1 2n — 1 
(7-7) 


v 9 a =n ORA "m [=з 1 саи 
T 
ü 5: (sy Fae [= po tue + sin E EI ae o) +9@) 
1 


Now z = О and y = 0 when 6 = т/2 and 0 respectively, hence, we must 
have 


4=9=0 
Thus, the coordinate functions have the forms 


LS 位 (的 E eso) | 
n тз) 
ша? (g) FES вво — sion — sin о) 


where the coefficients CH, CH, S§}, and S® denote the four trigono- 
metric functions of @ that appear in square brackets in Eq. 7-7, i.e. 


(0) = сов (2n + 1)0 ‚ cos (2n — 1)0 
" 2n +1 2n— 1 


X 
cos (2n + 1)0 _ cos (2n — 1)0 
CR TT AGI 3-1 


Seo) = i 1)0 m sin a- De 


sin (2n + 1)0 _ sin (2n — 1)0 
Qn +1 2n —1 


On the jet boundary, q = U and r = ru the parametric equations for 
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the curve are 


„20 > lbss(rOCR(9) — CROJ — сово) 


y= 9797 (Y emir sR — SRON — sin 0) 
1 


ог 


2.9007 e bs (r9 C80) 


yo dur 9 ева — 5] 
1 


as, for 0 < 0 < r, it is known that 


N віп (2n — 1)@ т 


2n —1 4 


and 
D саф = — eos 6 
1 


Let 2b be the width of the jet at infinity, and let Q be defined as 
Q = 2001 — n, 


TE Ë = Y е0] 


If the aperture of the slit in the wall is 2a, then, for 0 = z/2, у = —a. 
The contraction ratio is therefore 


Um [! "n (- FE J (1-9) 
1 


This ratio was calculated by Chaplygin for a series of Mach numbers. 
He found that the ratio increases with the Mach number from the lowest 
value of 0.611 at sero Mach number to 0.74 when the maximum Mach 
number, i.e. the Mach number at infinity and along the free boundary, 
is close to 1 (Fig. F,7d). 


We have 


(520) 


496 


郭 永 怀 文集 


F,8 - FLOW AROUND A CLOSED BODY 


When the pressure in the receiver is lower than the critical value 
corresponding to unit Mach number, the jet boundary is mapped on a 
circular are in the hodograph plane with radius greater than sonic speed. 
The flow in the jet is then partly subsonic and partly supersonic, with 
the transition taking place along sonic curves projecting into the flow 
from points A and A’. At these two points the speed jumps from subsonic 
to supersonic in a discontinuous way. Consequently, the boundary hodo- 
graph curve is not closed, and the method used here to solve the problem 


1.0) 


0.9) 


Contraction ratio b/a 


м 


Fig. F,7d. Increase of contraction ratio with Mach number at infinity of the jet. 


fails. For further development along this line, reference should be made 
to the work of Frankl [16] and Guderley [17] (cf. H,9). 


F,8. Flow Around a Closed Body. Аз a generalization of Chaply- 
gin’s method, let us consider now the typical aeronautical problem of 
flow around a closed body. In the absence of circulation, the problem is 
to be solved subject to the following conditions: (1) the solution for the 
compressible flow should have the same analytic behavior as does the 
solution for a given incompressible flow; and (2) in the limiting case of 
vanishing Mach number, it must reduce to the incompressible solution. 
It appears that once more we must study the incompressible flow as our 
first step. 

Conformal mapping of incompressible flow. For a simple example, we 
consider the flow about a circular cylinder. If the flow at infinity is repre- 
sented by ш = 1, then on the cylinder the well-known result is 
|w| = 2 cos 6. In going over from the z, to the w plane, we observe, in the 
first place, that the infinity of the z, plane corresponds to a point w = 1 
in the w plane; the parts of the real axis outside the cylinder are mapped 
on the segment ç = 0,0 5 u 5 1; and the imaginary axisfor1 $ y < ©, 
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on which v is again zero, is mapped on 1 S и 5 2 (see Fig. F.8a). Further- 
more, the streamline S. PS, in the z, plane, according to the result just 
mentioned above, corresponds to the circle S. P,S, in the hodograph 
plane. Thus, the streamline R_P,R, appears as this circle together with 
the segment v = 0, 0 5 u 5 1, on which both R_S_ and S,R, overlap. 
Since the highest velocity of the flow field is attained on the boundary, 
according to a general theorem for flows of this type, the whole upper 
half of the flow field must be mapped into the interior of the circle with 


T 
I 


Sheet corresponding Sheet corresponding 
to upper z, plane to lower zi plane 


Fig. F,8a. Conformal mapping of incompressible flow from z into w plane. 
center at w = 1. Proceeding to the lower half of the z, plane, we have, by 
symmetry, the same mapping, as is also shown in Fig. F,8a. 

Consequently, we see that the z, plane, when transformed into the 
w plane, will be two-sheeted, i.e. will cover two w planes. 

In Fig. F,8a six regions of the flow field, designated І, II, IIT, I’, II’, 
and III’ are indicated, their boundaries being the z, axis and the lines 
along which |w| — 1. The locations of these regions in the two hodograph 
sheets are also shown; here, of course, their boundaries are the real axis 
and the unit circle. 

The mapping can be considered one-valued if a cut is put in from 
w = Otow = 1, i.e. along R_S_ and 5,Е,. This cut prevents our passing 
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from the upper to the lower half of the flow field; thus, the w plane repre- 
sents one or the other, but not both We shall consider the upper half 
first, and obtain the flow in the lower by symmetry. 

Even in the cut plane, it is not possible to write down a single expan- 
sion for Wi, in the form needed to carry out Chaplygin’s method, which 
is valid throughout the region of interest. This is due to the presence of 
a singularity at the point w = 1, where all streamlines converge. Instead, 
it is necessary to use the following expansions in the various regions of 
the w plane: 


iW. = Y Anur, іш <1 
o 
Wi =i) Bw »-a-4 w >1 (8-1) 
° 
W=- Ула, [wl <1 
0 


where ıW,, Wı, and ,W, are the proper expansions for W, in the regions 
I, II, and III of Fig. F,88, respectively. In the case of a circular cylinder, 
the constants A, and B, are 


A, = _ (> ri — $) 
rg + D 
в, = - &+ bre -H 
R Tera +1) 
By symmetry, the complex potential in the other sheet (lower half of the 
flow field) is related to these expansions by the relations 


iW; = W; Wi = — W, Wi = W, (8-2) 


Thus, when W, is determined, W is known. 

A trial solution of compressible flow: region I. Following the principle 
of the preceding article, we can at once construct a solution for com- 
pressible flow about a distorted circular cylinder by applying Chaplygin’s 
analogy to the expansions (8-1), if the flow is subsonic at infinity. 

With considerable generality, we can select for our solution in region I 
the expansion 


Wi = УА. )Е, (чч, jw] <1 
5 
where W, has Yi as its imaginary рагі, F,(r) is the hypergeometric func- 
tion and 7, (т,) is a function of n and ту, ri being the value of + corre- 


sponding to the free stream condition. 
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To satisfy the conditions (1) and (2) stated at the beginning of this 
article, f,(r:) must be chosen so that f,(0) = 1 (since Р„(0) = 1); and 
for large n, since F,(r) is asymptotic to a multiple of Т" for atr < 1 by 
Eq. 16-3, fa(rı) must be asymptotic to a multiple of Тг” if W, and iW, are 
to have the same analytic behavior at + = ту. Clearly, to meet these 
requirements, f,(ri) may either be F.(ri)-! (as in the example of our 
preceding article) or Тү". Both of these forms have been used, but the 
latter, as pointed out by both Lighthill [18] and Cherry [6], is a more 
suitable choice if the boundary involved is closed. Accordingly, we take 
as our trial solution in region I the expansion 


т. = УА)", lol<1 (8-3) 
0 


where S,(r) = Fa(r)/T?. 

Formally, we now have a solution satisfying both conditions (1) 
and (2). In order that it actually be a solution valid in the region indi- 
cated, we have to show that it converges. In the first place, we have the 
inequality 


È A«s.()w| = Ў [Asl 
0 ° 


But from Eq. 16-3, б„(т) < C(T/T)^if a'r < 1 and n is large. It follows, 
therefore, that 


14.8. (rl < Clan (79 


the dominant series is then convergent absolutely if Tg < Тү. Conse- 
quently, series (8-3) converges uniformly and absolutely for any closed 
domain Tg 5 T, — 8, ë > 0. Furthermore, as Tq is zero when q = 0, 
is T, when q = 1, and is monotonic in between, the series has exactly 
the same radius of convergence as Eq. 8-1, i.e. |ш| < 1. 

Continuation into region II. The solution, however, is still incom- 
plete. In order to have a complete solution for all the regions, the ques- 
tion of analytic continuation arises. We obviously cannot write down an 
expansion for region II, for example, without making sure that it is the 
correct continuation of Eq. 8-3. This problem has been attacked by 
several authors [5,18-22] by different techniques—not all of which are 
correct. The method of Lighthill [18] and Cherry [6] is presented here. 

The flow within region I is purely subsonic; it was discovered by 
Lighthill and Cherry that in this case $,(r) possesses the following 
representation (cf. Eq. 16-6): 


wo Gf SMe] os 


T 
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By virtue of Eq. 8-4, expansion (8-3) can be rewritten’ as 


ws = few (Fw) - у A (oy NX 


Since both series in this solution are absolutely convergent in region I, we 
may interchange the order of summation: 


| NN (z N 
W. = Ji (z v) = Y har” TF (ir) (z ») » 2n 
2 0 


But, in view of Eq. 8-1, it is easily verified that 


sey fei 


п+т 


with ¢ = Tw/T,. It follows that 


- š z 
Wi = f(r) Wis) 一 } кеке f. {Widg (8-5) 
s 


Now, although we have restricted ourselves to region I (|w| < 1, Le. 
І < 1), Eq. 8-5 is actually in a form that constitutes a continuation into 
а larger region. For in region I, ,W, converges to Wi, which is an analytic 
function throughout larger region, while the infinite series in Eq. 8-5 
can also be shown to possess a larger radius of convergence. To prove 
this, we need only note that the integral appearing there (when we read 
once more W, for :W,(t)) is bounded for all ¢, provided that the path of 
integration avoids the singular point + = w = 1, where W, itself is 


infinite, i.e. 
If ТИЙ, C ite 
: 1 sz 


Therefore the series in Eq. 8-5 is dominated by YA." TF, (7)/m which 
converges for all а? < 1; hence, it is uniformly and absolutely con- 
vergent in any closed region where the flow is subsonic. Thus Lighthill 
and Cherry have succeeded in Eq. 8-5 in continuing W beyond region I 
into all subsonic and supersonic regions of the flow excepting, of course, 
the point w — 1. 

* It is interesting to note that, in the special case y = —1 considered in an earlier 


article, this solution becomes the one used by von Kármán and Tsien. For in that 
case f(r) = 1 and all the A's vanish (see Art. 16); thus Wı = Wi(qe). 
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For simplicity, in going from region I to region II, let us perform the 
integration in Eq. 8-5 along the following path: 


t as г 
f = Ref 8 
where the second contribution along the semicirele about the branch 


point vanishes, and t is restricted to values corresponding to 7(t) in 
ni € т({) < 1. Now in region II, according to Eq. 8-1 


ses AN AU dil 
[ir Wap = Y Be pei ق‎ 
0 0 


Substituting in Eq. 8-5 and again interchanging the order of summation, 
we finally arrive at a solution in region II, |w| > 1 and rı < r < 1: 
Wr = iY в.ш" — У һут T)" (ен (8-0) 
0 т 
where 


1 = m 
o = f war У —,# ana vate) = ipso) 
° 


In the present example 
W= -0 — i — (1 — D+ 


whence I 
en = — (m + Dmr) 
j; пча Tim +8) 
and 


> в, __1 г(-т+фгф ,1 Fm + pre 
tm m+} T(—m + 1) m Г(-т+1) 


As т is a positive integer, 1/T(—m + 1) = 0; therefore, gm is real and 
equal to 
= — (m+ )Г(т)гф) 
ys Tm +) 


1t is interesting to note that the continued solution (8-6), which we 
have derived by continuation of Eq. 8-3, differs in form from its “parent 
solution,” i.e. 2W; in Eq. 8-1, by the presence of an additional series. 
This series vanishes with vanishing r, as it must, but destroys the sym- 
metry of the required solution. 

Modified solution and continuation. As the contour in the limit of 
incompressible flow is a circular cylinder, the solution of the compressible 
flow must at least possess fore-and-aft symmetry, which our trial solution 


(8-7) 
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fails to exhibit. We need, therefore, to revise our solution to permit 
supersonic local conditions. 

Again we follow Lighthill [18] and Cherry [5] to accomplish this. 
Their method is to replace Eq. 8-3 by a different form of solution for 
region I; in fact, they add to Eq. 8-3 a series of exactly the form that 
gives trouble in region II, i.e. 


Wı = D, AS. C)u* 十 > љам Ту ret (8-8) 
° 2 


Since the second series converges in ri ,< т < 1 only the first series has 
to be continued. By repeating the above process, we find the solution in 
region II: 


Wi- iy B.sS_,(r)ur- 9, юш > 1 (8-9) 
° 


In the subsonic range, by Eq. 16-3 the series (8-9) is dominated by 


TW 
21 
° 
which, according to Eq. 8-1, converges if Tg > Ti, which we have seen to 
be true. Again, in the supersonic range, the dominant is 


"ED 

E GT 
which converges if VTi T; < r (see Eq. 16-4). This inequality is found 
to be true in connection with the proof of Eq. 16-6. Consequently, the 
continued series (8-9) converges uniformly and absolutely in any closed 
domain in 1 € |w| < g<... 

To complete our solution, we have only to extend it into region III. 
Tf the path of integration for the integral in Eq. 8-5 is taken from t = 0, 
around w = 1, back to t = 0, and thence to an arbitrary point in III, 
we have 


[i momar = [гъ + [° awat + ff uswa 


= —2gn + f War (8-10) 


by virtue of Eq. 8-1, where again the contribution from the circle about 
t = 1 is zero. Substituting Eq. 8-10 in the continued solution, corre- 
sponding to Eq. 8-5, the solution valid in region III is 


Ws = — YAS (rho — > љт Toss)! (8-11) 
° 2 
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The three expressions (8-8), (8-9), and (8-11) taken together make up 
the solution in the first complete Riemann sheet and, moreover, satisfy 
the conditions (1) and (2) at the beginning of this article. This final 
solution has another important advantage over our “trial solution” dis- 
cussed above, namely, that it represents a flow symmetric about the y 
axis, while the solution based on Eq. 8-3, upon continuation into region 
III, is found to be asymmetric. Thus, even for purely subsonic flow 
patterns, the “trial solution" was inappropriate for the present problem. 

By symmetry, the solution in the second Riemann sheet, representing 
the lower half of the flow plane, can also be given as in Eq. 8-2, namely 

W.-W, Wi=-W, И =}, (8-12) 

Thus, it can be stated that, given an incompressible flow without 
circulation around a body, the Lighthill.Cherry method with proper 
conditions, such as symmetry, closed body, etc., leads to a unique solu- 
tion for compressible flow [18]. The extension to the case of a body with 
an isolated infinite curvature, e.g. the trailing edge of an airfoil, can 
easily be carried out if the formula (16-6) is modified to include negative 
integers; this has been done by Kuo [25]. 

Coordinate functions. To complete our solution, we must calculate 
the coordinate functions relating z and y to the hodograph variables. 
The stream function is found by taking the imaginary parts of Eq. 8-8, 
8-9, and 8-10 for the three regions of the plane. The methods of Art. 3 
then lead, without difficulty, to the following expressions for the velocity 
potential: 


&-ü-2*) Даре Б) cos nd, 1 >¢ 
9 


a = (L — nD Bos). e) sin», 1 <q < gw (8-13) 
° 
$i = —(1—)*)) Дб.) 0) cos n, 1> 4 
° 


where A, = A, 一 Һу: T )>", 

Both y and ¢ being known, the integration of Eq. 2-15 and 2-16 can 
be performed. The results are as follows: if the stagnation Point is taken 
to bez; = +z, and y = 0, we have, for q < 1,0 > 0, 


z = ++ EST S (CP) — ce) 
Ё (8-14) 


n= 52 V ases te. – spo 


( 528) 


504 


郭 永 怀 文集 


Е,8 - FLOW AROUND A CLOSED BODY 


where the coefficients СФ, СФ, SW, and S® are the trigonometric 
functions defined in connection with Eq. 7-8. Similarly, in 1 < q < qms 
and —x/2 < 0 < x/2 

z ЭУ unns 0698700) — SPO 


s (8-15) 
и=»- C527 Bars OE (0090) — CPI 
anding<1,@<0 
13 = —2\ (8-16) 
У = o 


The constant in z has been determined so that zz = 0 when 0 = 0; 
the constants ze and yo will be determined by the condition that, оп 
q = 1 and 6 = 6, on the body, i.e. (1, #0) = 0, we have 


m= =й (8-17) 


By symmetry, the coordinate functions of the second branch (lower part 
of the flow field) are given by 

= 2, = 

BM= -ry = -ys (8-18) 

m= 2 и-и 

Results. The theory outlined in this article has been applied by 
Cherry [24] to the flow about a blunt symmetric cylinder. The case 
studied by Cherry is the one that reduces to a circular cylinder when the 
Mach number is zero. His results are reproduced in Fig. F,8b, where 
several streamlines are plotted for flow at a stream Mach number of 
0.5098. The cylinder is very nearly circular at this Mach number. The 
values of r noted in the figure indicate various values of the speed, 
sonic speed corresponding to т = 0.1684. A local supersonic region 
appears with a maximum value of + that indicates a local Mach number 
of about 1.39, In the same paper, Cherry has extended the theory to 
handle a cylinder that is symmetric fore and aft but has camber, and 
has again calculated and plotted the streamlines and local speeds. 
Method of Tsien and Kuo. There is another method [19,20] that is 

mathematically simple and should be briefly mentioned. We return to a 
discussion of the form to be assumed for the stream function in region I 
and its continuation into the other regions. If, as in Eq. 8-3, the solution 
inside the unit circle is 


yo = — У Asc sin ns, 0 < 0 < 2r, (8-19) 
T 
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the solution for q > 1 and 0 < @ < 2х can be assumed to be 
® = У Barros) cos v6 + Y С") sin ng (8-20) 
0 1 
In order that y be the analytic continuation of y, they must coincide 
ong = 1,0 < 0 < 2r, ie. 
39(1, 8) = vq, 0) 
уга, 0) = ve, 0) 


If the B, are supposed to be given by Eq. 8-1, then the constants Д, 
and C, are determined from Eq. 8-21 by Fourier's theorem. Multiplying 


(8-21) 


Fig. F,8b. Streamlines and constant-speed lines for fow at M. = 0.5098 past a 
wanka 1 cylinder, derived from incompressible бот around a circular cylinder 
|. y = 1405. 


both sides by sin nô and integrating from 0 = 0 to 0 = 2r, we obtain 


A.8.) — Cs GD = iy BLS бды 
S (8-22) 
ninal) alra) — пб еа) = 1 2; Вз) (т). 
(580) ° 
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where In, = (n + p) + (n — п) and д = m + $. Now, by means of 
Eq. 16-6 together with Eq. 8-1, the first sum of Eq. 8-22 is shown to be 


Aas) 一 Ља (Т) (та) (8-23) 
апа the second, by similar process, is 
пА 5 (т1) (ту) 一 Magn (т) (та) £s (71) (8-24) 


When these are substituted back in Eq. 8-22, the algebraic equations 


yield the solution 
А, = А, 一 h.g.(i TD" 


C=0 


It is seen that the solution represented by Eq. 8-19 and 8-20 agree 
respectively with Eq. 8-8 and 8-9. In their original treatment, however, 
Tsien and Kuo [79,20] chose Chaplygin's form, viz. Ё„(т)/Ё„(т\) instead 
of ®„(т). As a result, corresponding to the second terms in Eq. 8-23 and 
8-24, they have infinite series, and for any nonvanishing Mach number 
the coefficient C, is not zero. The mere presence of this additional series 
in Eq. 8-20 indicates that the analytic behavior of y and y is not the 
same. Consequently, their solutions do not have the character required 
by conditions (1) at the beginning of this article. Tsien and Kuo’s results 
cannot, in fact, be considered correct. It appears, nevertheless, that the 
error is not numerically great, especially in the most interesting (tran- 
sonic) regions, and that their results can be accepted as approximations. 
This is true of the interesting velocity distribution over a symmetric 
cylinder, calculated by Kuo [20], which exhibits smooth acceleration and 
deceleration through the sonic speed, just as do Cherry’s results described 
above. 

Conclusion. To summarize, the problem of constructing a solution 
along the line of Chaplygin for the flow about a closed body can be 
adequately dealt with so long as no circulation is present. However, 
when circulation is present, none of the proposed techniques is com- 
pletely satisfactory. Cherry [26] has added circulation to the case men- 
tioned above, where the body in the incompressible fluid is a circular 
cylinder; the results seem to be so involved as to be impractical for 
numerical application. More general problems involving circulation and 
obtained by modification of incompressible solutions have been treated 
by Lighthill [18]. Again the results are too complicated for utility. 

Finally, we should call the reader’s attention to Bergman’s method 
[26,27] of constructing a solution for compressible flow by “‘integral- 
operator” methods. Due to the form of the solution, it does not appear 
suitable for practical computations (except perhaps by machine methods, 
as suggested by Bergman). Cherry [28] has shown that Bergman’s solu- 
tions can be converted to Chaplygin’s form; hence, the details of his 
technique will not be reproduced here. 

(51) 
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F,9. Two-dimensional Laval Nozzle. The flow through a con- 
vergent-divergent symmetric channel can be either symmetric or asym- 
metric. The symmetric flow starts from rest at negative infinity, acceler- 
ates smoothly to a maximum speed in the throat, and then decelerates 
gradually in the divergent section to rest at positive infinity. For a 
given channel, the flow may either be entirely subsonic or may have 
local supersonic regions attached to the walls at the throat. This type 
of flow was first studied approximately by Taylor [29]. It can be treated 
exactly by the methods dealt with in the previous articles. 

Distinct from this is the asymmetric flow, which, in the same channel, 
is subsonic in the convergent section but supersonic in the divergent one. 
Physically, it occurs when the pressure ratio is sufficiently increased 
beyond that of a subsonic symmetric flow. First, a shock wave appears 
downstream of the throat and then, as the pressure ratio is increased 
further, the shock moves downstream leaving the flow behind it as 
described here. From the mathematical standpoint, it is a new type of 
problem, and, furthermore, it is characteristically different from the one 
involving flow about a closed body. First of all, we note that, when the 
flow is mapped onto the hodograph plane, the streamlines cross one 
another in the supersonic region and, therefore, the hydrodynamic func- 
tions must be many-valued. Secondly, in a hyperbolic region, singulari- 
ties, if they occur, cannot be isolated points but must be curves in the 
region. Consequently, the problem of analytic continuation must be 
expected to be very tricky. 

Before we discuss the actual task of constructing a solution, let us 
determine the nature of the singularities involved in this type of flow. 
"This can be accomplished by investigating the solution in the neighbor- 
hood of the sonic region. We know that, although the functions $(g, 0) 
and y(g, 6) are many-valued, the inverse functions g(¢, y) and 6($, ¥) 
are, nevertheless, single-valued. Thus, in the neighborhood of the sonic 
region in the center of the throat, we can assume the expansions 


0 = fy + th + 
q = fc +4 + eu 
where fo, fu fa, fs, . . . are functions of ¢, and g denotes g — 1 normal- 


ized with respect to sonic speed. For this form of solution, we have to 
invert the system (2-11). By approximating the coefficients in the sonie 
region by linear functions of g, we find 


6, = at, 
в, = 2500, 


where a = (2 ;) «ла» = (H) Upon substitution of Eq. 9-1 


(9-2) 
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in Eq. 9-2, there result 


fı = 28% 
fs = afi 


or 
Л = fae 
fa = Ља (Ај + fe) (9-3) 
fa = ba(t + 4fafife + Л) 


Thus, the problem is uniquely determined if the axial velocity dis- 
tribution fo(#) is specified. In the neighborhood of the origin, let us 
assume that f; is constant and equal to k > 0; 0 can then be expressed as 


0 = RIE — Be s] (944) 


Consider the region near the origin, wherein the approximation repre- 
sented by the first two terms of Eq. 9-4 is valid. In the subsonic region 
q < 0, according to this approximation, constant 0 corresponds to only 
one real value of y. However, when g > 0, i.e. in the supersonic region, 
constant 0 corresponds to three real values of y. For 0 = 0, we have, for 
example, y = 0 and y = + k-1(32/2)*. This leads us to conclude that, in 
the supersonic region, y(g, 0) will be given by a Riemann surface of 
three sheets, joined at the branch lines 


6, = 0 


Therefore, the branch lines, ог envelopes of streamlines in the hodograph 
plane, are found to be 


one Fee (95) 


These results were first discovered by Lighthill [65]. 

It is interesting to note that this singular curve in the hodograph 
plane is independent of the velocity distribution fo($) and, therefore, 
independent of the wall shape. As a result, the branch lines are fixed 
universal curves in the hodograph plane; they exist under all boundary 
conditions. It can, furthermore, be shown that each will belong to one 
family of characteristics of Eq. 3-1 (cf. Art. 12). Since the three surfaces 
overlap and are joined across two branch lines in two different planes, 
there must be four characteristics at the origin O; Fig. F,9a is a sketch 
showing the three surfaces and the branch lines. 
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Cherry’s method of solution. From the previous discussions, we 
notice that in the case of asymmetric channel flows Chaplygin’s analogy 
between incompressible and compressible solutions breaks down. We 
have shown, however, that the singular behavior of the solution for this 
type of flow is independent of the conditions at the boundary. Therefore, 
any possible solution must possess the following properties: 

1. It is single-valued in the subsonic region and triple-valued in the 
supersonic region. 

2. It has two branch lines Q+ and Q-. 

3. It is finite and has finite partial derivatives. 


Fig. Е,9а. Riemann surface of y in q, 9 plane. 


To construct such a solution for the Legendre potential, it is observed 
by Cherry [80] that the hypergeometric and Bessel functions have similar 
properties, as shown in Art. 16. If the solution is 


У Стен" 
0 


it can be transformed into a new series involving Bessel functions by 
means of Eq. 16-9 and 16-11. By a suitable choice of the C,, part of the 
resulting series will be found to be summable. 

We begin by considering a solution 


rT(n + 1) (n/e)" (9-6) 


where xn(r) denotes r"F',(z) and r, й, are defined respectively in Eq. 16-4 
and 16-10. These series, according to Eq. 16-9 and Eq. 16-11, can be 
transformed into 


У еее Y Rar (nx (ese 
7 
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a) [! +2 Y J. (nt) cos т] 
ç 


= 2 Ë + Èv < + Fs) 09-7) 


where the summation У, is taken over the roots of J,(ut) = 0 and f,(r) is 
defined in Eq. 16-11, provided rearrangement of the double series is 
allowed. The rearrangement can be shown to be permissible for a?r < 1 
or t < 1. (The variable ¢ is defined in terms of r in Art. 16; see Eq. 16-4a 
and 16-11.) 

The solution then is a superposition of Kapteyn series and, on account 
of the Bessel functions, considerable simplification results. Call 


K(t, 0) = 1 + 2), ‘n(nt) cos n6 (9-8) 


7 
Lı( 0) 1+ Y Ta(nt) (= + =) (9-9) 
: 


We can then write Eq. 9-8 and 9-9, when 0 < t < 1, as 
QK + Y f, (9-10) 


The series K (t, 0) is a well-known Kapteyn series and has the sum 


1 


1 — t eos £ e 


K(t, 0) =1 + 2 7.00 cos п = 
T 


where ¢ is the root of 

£—tsin£-6 (9-12) 
This is the celebrated Kepler equation. These relations (9-11) and (9-12) 
make it remarkably simple to verify that our solution has the correct 
behavior. In the first place, the Kapteyn series (9-1 1) provides a means 
of analytic continuation beyond t = 1, i.e. into the supersonic region, 
and the Kepler equation serves to determine the character of the solu- 
tion. For t S 1, the solution #( 0) is single-valued, but for t > 1 is 
triple-valued as in the neighborhood of £ — 0 and t — 1, 


9 一 上 一 纶 一 站 十， 


which is the same as Eq. 9-4 if £ is replaced by y. Furthermore, the 
branch lines are 
Ө: = 1 —tcost=0 
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i.e. t = sec £. With this value of £, we have from Eq. 9-12 the equation 
of the branch lines 


0 = t(tant VF — 1 — VF — 1) (9-13) 
But according to Eq. 16-10, the right-hand side of Eq. 9-13 is just +w, 
where w is the quantity defined in Eq. 16-4a; i.e., the curves 0 = +o 
are characteristic curves (epicycloids) passing through the sonic point 
on the axis in the hodograph plane. This verifies that K has the required 
singular behavior, except that it becomes infinite on the branch lines, 
in violation of (3) above. Consequently, Eq. 9-7 is a possible solution for 
the present problem. To establish its validity, we need, however, to 


x, y plane 


Fig. Fb. Flow in a nozzle in z, y plane. 
continue it into the supersonic region, verify the singular behavior of L,, 
and remove the infinities on the branch lines. 

Analytic continuation of K and L,. Corresponding regions in the 
physical and hodograph planes are numbered as shown in Fig. F,9b 
and F,9c. The functions valid in the respective regions will be numbered 
accordingly, such as xr, xu, etc. In order ultimately to obtain the com- 
plete, continued solution in the form of a definite integral, we return to 
the series form for K in Eq. 9-11. Thus, both K and L, must be continued. 
To illustrate the principle employed, only K will be briefly considered 
here. 

Since the Kapteyn series is convergent in 0 < £ < 1 and —r 5 0 5 r, 
then in region I we have, by definition, 


K =1 + 2 J.G) cos ng = Kı (9-14) 
T 


To continue K we consider in the half-plane R.P.(v] > 0 the integral 
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ere) 
$= Iola 


along a closed path. By choosing the path to be an appropriate semi- 
circle in the half-plane R.P.{v} > 0, it can be shown by Cauchy's 
theorem that 


t- wi girt) 


Е у J,(vt)dy (9-15) 


Y Јадете = Û 
1 


where the series represents the contributions from the simple poles 
v = 1, 2, . . . and the path of integration crosses the real axis between 


t, 0 plane 


Fig. F,9c. Riemann surface in t, 9 plane, 

0 and 1, i.e. 0 < 5 < 1. But, by the properties of J,(vt) near t = 1, we 
can verify that this integral actually converges uniformly in a small 
region G, surrounding ¢ = 1, of a complex ¢ plane, provided 6 is also 
suitably restricted in a complex 6 plane. Specifically, it converges uni- 
formly for || — 1| < r and n(r) < R.P.(0] < 2x — (т) where ә — 0 as 
r0. 

Thus, in Eq. 9-15 we have a form that constitutes a continuation of 
the series from I into a small region G around ¢ = 1. The next step is to 
identify this, along a part of the real axis in G, with a form that permits 
continuation throughout II. This is done, for t z 1, by distorting the 
path of integration of Eq. 9-15 to lie along the rays arg » = +r, avoiding 
the points » = 0, —1, —2, . . . by indentations. We obtain 


Yz me, = Í ° Jedy — 1 — дее 
ür 1 1 
1 + 2 》 Ja(nt) cos ne = E JL (vt)e-t*t7 dy (9-16) 
т 


The integral in Eq. 9-16 converges in £ > 1 and o < 0 < 2r — o, 
where 0 = +e again defines two characteristics. In consequence, we have 
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succeeded in continuing K through G into region II. The continued form 
is given by Eq. 9-16, i.e. 
Kn = | Joey (9-17) 


For the continuation into III, it is most convenient to consider fixed 
t > 1 and Ки an analytic function of 0. From the relations between the 
Bessel and Hankel functions, it can be shown that the integral is regular 
in the half-plane 1.P.[0] > 0, is singular at @ = —w and 0 = 2x + w, 
and can be continued between these points into the half plane I.P.(0] < 0. 
In particular, Eq. 9-17 is valid in region III, where t > 1, —w < 0 < w. 
Now, the singularity of the integral (9-17) at @ = — in the 0 plane 
can be shown to be a simple branch point. In order to obtain a funetion 
Krv different from Km, as required by condition (1) above, it is necessary 
to choose the other branch in passing over from 0 > —w to 0 < —w, 
viz. [80, p. 560] 
Ky = 一 { J,(vb)ettay (9-18) 


This branch diverges at 6 = +w and is symmetric in 0; thus 0 = w 
is again a simple branch point, and by a process similar to the above it is 
found that 

Ky = f° иена» (9-19) 
By comparison of Eq. 9-17 and 9-19, the symmetry of the solution is 
verified. 

In the case of L,, the key formula analogous to Eq. 9-15 is 


3 Jane | mJ (utet _ (0-) J (whe 


п —и sin ux "e T — p) sin wr A99) 


1 
Here we assume, for the moment, that џи is complex and I.P.{u} > 0. 
After the continuation, however, it will be put equal to a zero of J,(ut), 
as in our definition of L,. By carrying out the similar steps, we can deduce 
that L, has the same character as K and has, in the various regions, the 
following continuations: 


^ 
(L): = у Zein eee = (Lu 
° 
fee _ 
a = [OE а, = (ш aay 
(Laie = Í LOO a, 
ао, = (tes, 
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Analytic continuation of x. We have shown that both K and L, 
satisfy the conditions (1) and (2) and, therefore, Eq. 9-10 can be accepted 
as в possible solution. Let this solution be denoted by x. Then in region I, 
i.e. 0 < ( < 1 and 6 real, we have by definition 


x = QK — Y f: 


Sinee in region I rearrangement of the double series is allowed, by 
applying Eq. 16-9 and 16-11, the series can be reconverted into Eq. 9-6, 
namely 


у! (asorte | y Aart (пхае 
mari 十 ler (9-22) 


The continuation of x: to region II, according to Eq. 9-16 and 9-21, can 
be expressed in the same form as Eq. 9-22, namely 


хи = x: (9-23) 
provided t Z 1 and w < 0 < 2x — w. 


In region III, taking the proper forms of K and L,, we have, on the 
other hand 


xa = Q [оеп — y, (7 Toe, 


By an interchange of the summation and integral signs, it follows that 


xm = үн ШЕ (a- Y А E 3 d 


From Eq. 16-9 we have finally 


-Tor si (r)en 
хш = J (yr ms (7 dy (9-24) 
Similarly, in regions IV and V the continuations are respectively 
EM w/e) "x. (re? 
xiv fe OFI? (9-25) 
and 
_ [7 Tr’ sin vex. (eio 
xv = f She E dy (9-26) 


Having verified that the solution made up by Eq. 9-22 to 9-26 satisfies 
the conditions (1) and (2), we notice, however, that according to Eq. 9-11 
it is infinite on the branch lines Q- and Q* and hence violates condition 
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(8). In order to remove this infinity, we can integrate the solution twice 
with respect to 0, because partial integration of a solution with respect 
to @ also yields a solution. The arbitrary functions introduced by integra- 
tion must vanish if the branch character is to be preserved. Once this is 
done, the condition (3) will clearly be satisfied. As this final step involves 
no new principle, its details are omitted here. 

For details of Cherry’s analysis, the reader must refer to his original 
paper [30]. To date, no numerical examples of the flows obtained by this 
theory are available. 


F,10. Approximate Solutions for Transonic Flows: Channel 
Flows. In the case of flow past boundaries with small curvature, the 
flow field may be expected to be nearly sonic everywhere, except possibly 
near stagnation points, if it is near sonic at infinity. For this type of flow, 
the problem can be considerably simplified. 

We begin by making approximations to the fundamental system of 
Eq. 2-11. In this article it is most convenient to redefine the stream 
function, replacing p° by p*, i.e. ри = p*y, and ро = —p*y.; then the 
fundamental relations are 


p* 
ф.о Ии 
à (10-1) 
EP =Py, 
a е Р a 
where, as usual, the asterisk denotes sonic conditions. Let us define a 
new variable 
= [em 
d jJ: >g 


Now we are assuming g = a* + q’, where q’ is much smaller than a*; 
under this assumption, we obtain the approximate relations 


1- ма +0 
ПЕ 


whereupon Eq. 10-1 become, approximately, 

Ф = (Y + le 

$T» 
The approximate differential equation for the stream function then 
becomes 


(10-2) 


w— (1+ 1)W = 0 (10-3) 
(50) 
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It is seen that this equation is elliptic if 4 < 0, i.e. in the subsonic 
region, and hyperbolic if g > 0, ie. in the supersonic region. This is 
known as Tricomi’s equation [81]; it is simple, and yet it possesses all the 
important features of the exact equation in the transonic region. It is, 
in fact, the equation obtained by applying the hodograph transformation 
to the Kármán-Guderley transonic equation discussed in A,7, D,32, and 
D,33. 

A number of interesting solutions has been obtained from the Tricomi 
equation, both for smooth flow past special boundaries and for super- 
sonic flows involving shock waves. Jn the former category are the investi- 
gation of von Kármán and Fabri of flow past a corrugated wall [$2] and 
the studies by Tomotika and Tamada [33] regarding transonic flow about 
certain cylinders. In the second category, involving weak shock waves, 
are the calculations of Guderley and Yoshihara [34,35], Cole [86], апа 
Vincenti [37]. Flows of this type are discussed in some detail їп H, 
6-H,13. 

In the present article, we shall present an application of this approxi- 
mation to flow through convergent-divergent channels. This is also based 
on the work of Tomotika and Tamada [38]. 

Tomotika-Tamada solution for channel flows. We begin by inter- 
changing the roles of the dependent and independent variables; we trans- 
form Eq. 10-2 into 


9, = 0 
1 
% = (у + Us 069 
(ef. Eq. 9-2). Elimination of 8 yields 
ag _ + +1) =0 (10-5) 


Wi 2 w 
This equation is nonlinear and hence cannot generally be solved in 
any simple manner. However, as Tomotika and Tamada [88] have shown, 
а special group of solutions can easily be discovered. In the following, we 
shall outline their derivation of the one that gives convergent-divergent 
channel flow. Let the form of solution be 


rEg = Z@) + op 
where (10-6) 
Fw ار‎ 
With 4 written in the form of Eq. 10-6 together with Eq. 10-8, the 
second of Eq. 10-4 gives, upon integration, 
(т + 1)0 = 40200) + 26 + 87] (10-7) 
by noticing that 
ә 2 42 
эў WZ) = Z + 2p d 
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where the arbitrary function of $ is chosen to be zero. In view of the 
striking similarity between this form and Eq. 9-4, it is expected that the 
flow represented by Eq. 10-7 in the z, y plane must be of the Laval 
nozzle type. The function Z(f) serves to describe the axial velocity 
distribution. 

If q in this form is substituted іп Eq. 10-5, there results the following 
ordinary differential equation for Z: 


d dZ az 
a (#%)-% aeo 
or 
az 
Z Z= 2 (10-8) 


where the constant of integration has been absorbed in ¢, as both ¢ and V 
are arbitrary in this regard. To integrate Eq. 10-8 let us introduce a new 
variable n defined by 

dt 


x z (10-9) 
Then 
ат ے‎ 2 _ ,dZ 
dy df dy dr 
As a result, instead of Eq. 10-8 we have the linear equation 
dr dr 


of which the solution is 
t = ce + oe (10-10) 


Thus, according to Eq. 10-9, the function Z in terms of the variable n is 
2 = 2cye™ — сае" (10-11) 
Elimination of 7 between Eq. 10-10 and 10-11 leads to an integral 


(Z + DG — 20! = 20 (10-12) 


where c is a constant. 

To understand the nature of the flow, we shall discuss only the 
behavior of Z(t), leaving out the numerical details, which can be found 
in the work of Tomotika and Tamada. First, we note that for c = 0, 
Z(t) reduces to two straight lines through the origin, viz. Z = —t and 
Z = 2%. Secondly, if с? is considered as a function of the two variables Z 
and t, it evidently changes sign when Z and t both change sign, and 
hence is antisymmetric in this sense. The integral curves Z(t) will lie in 
two distinct groups according as c < 0 and c > 0. These curves are 
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shown in Fig. F,10a for the values c = 0, +0.05 and +0.10. There are 
four branches A, B, A’, and B’ with Z = —f and Z = 2} as asymptotes. 

By Eq. 10-6, when Z(t) is positive, d is positive and the flow is super- 
sonic. Branch A’ (see Fig. F,10a) therefore corresponds to purely super- 
sonic flow and is of very little practical interest. B and B’, on 


М. dA i 
"alt 4 

š //7 

\ // | 
NV |) 


E 24 
Ж 


Fig. F,10a. Families of integral curves Z(t) [88]. 


the other hand, have singularities dZ/dt = œ оп Z = 0. However, 
Фф = [4/(v + 1))[Z' (t) + 2W and g, = [2/(v + 1)] Z” (t). Infinite qj and d, 
imply that the Jacobian J = A(z, y)/a(q, 6) is zero; for 


960) GV) — 
"= FD ay) = ON + Dag — di 


in the present approximation. A solution with this type of singularity is 
physically impossible (cf. Art. 12) and hence must also be rejected. 
On branch A, we have Z(t) everywhere negative and the axial 
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velocity therefore subsonic. If the stream function is increased in either 
the positive or negative direction, d increases from its axial value and 
attains the largest value on the wall, i.e. at y = +w, say. Where —Z(I) 
is small, the value attained by at the wall may be positive; i.e., the 
flow may be supersonic near the wall. We note that this occurs only 
near t = 0, which means that supersonic flow can appear only in the 
neighborhood of the throat. This type of flow is shown in Fig. F,10b, for 
the particular case c = —0.10. This will be designated Taylor’s type of 
flow [29]; it is the sort of flow called “symmetric” in Art. 9. 


0.2 I 
ө l 
-0. | 
I 
0.8 10 12 
x q/a* 
x, y plane q, Ө plane 


Fig. F,10b. Flow patterns in z, y and g, # planes for c = 0.10, Taylor's type [58]. 

The limiting case of this family of solutions is the case c = 0, i.e. 

Z = —t, t>0O 
= 2, r«o 
The supersonic region then extends all the way to the axis at one point, 
viz. $ = 0, ¥ = 0. This solution has a discontinuity in Z'(r) att = Z = 0, 
ie. along the curve ¢ + ү? = 0 in the flow plane. Since this singular 
curve lies in the supersonic region (4 > 0) and is a characteristic of 
Eq. 10-5, it must correspond to a Mach wave in the physical plane 
(cf. Art. 12). 

On this singular line the velocity is continuous, but the curvature of the 
streamlines is discontinuous. This curvature is qd0/d$ = 4qV[Z'(I) + 2]; 
thus a discontinuity in Z”(z) causes a jump in its value in crossing the 
singular line from t > 0 to t < 0. If a slight discontinuity of wall curva- 
ture is allowed, this limiting solution may still represent a feasible flow 
(Fig. F,10c). 

On the other hand, if the whole branch Z = —t for both positive and 
negative t is considered, the axial velocity is purely subsonic on one side, 
t > 0, and supersonic on the other, t < 0. This evidently corresponds to 
Meyer’s type of flow, ie. Laval nozzle flow (Fig. F,10d). In this case 
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again there is a singularity on a characteristic. But the discontinuity in 
(dy/dz), and d6/d$ does not occur, and the flow is а physically possible 
flow, of a type for which an exact solution has already been given in the 
preceding article. 

These solutions, although approximate, are interesting in several 
aspects. In the first place, from the practical point of view the calculation 


q, 8 plane 


Fig. F,10c. Flow patterns in z, y and g, 6 planes 
for c = 0, the last of the family с < 0 [88]. 


x, y plane а,9 plane 


Fig. F,10d. Flow patterns in z, y and q, @ planes for с = 0, Meyer's type [38]. 
is simple and applies with sufficient accuracy in the important throat 
region. Secondly, they unify this type of channel flow in one family of 
solutions and clearly show why power series fail to deal with the limiting 
case of Taylor’s type of flow (Fig. F,10c), namely, because of the appear- 
ance of discontinuities in the derivatives of velocities. The simplification 
afforded by this method has its origin in the fact that the solution is 
single-valued in the ¢, V plane, although it may become many-valued in 
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the g, € plane. This many-valuedness, it will be recalled, is essentially 
the reason why the solution given in Art. 9 has such & complex nature. 


F,ll. Approximate Solution for Transonic Flow Past an Airfoil, 
Since the approximation made in the previous case consists in & simplifi- 
cation of the coefficients of the fundamental system (2-11), the region of 
validity of the solutions is, of course, restricted. To extend the region 


—04] —`—Tronsonic opproximation 
— Present. approximation 


—0.6: 


053 076 1.00 122 M 
Fig. F,11a. Approximations to the exact function K(@). 
of validity, but without complication of the mathematical problem, an 


alternative approximation was proposed by Tomotika and Tamada [39]. 
Let us again introduce the variable 


[LEO] 
The system (10-1), without approximation, becomes 


Ф = —K(q)ye 


11-1 
$T» AN 


where K (q) is defined by 
a 
ко = ("Уа - мә 
The new approximation proposed by Tomotika and Tamada is 
K@ = (2 T i)" (1 — em) (11-2) 
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(ыу, e - xt 


The differential equation for the stream function y then becomes 
2 ү" 
vat 711) (1 — еу, = 0 (11-3) 


Before we proceed further, let us examine this approximation. Since 
both the exact K(q) and the approximate one defined by Eq. 11-2 are 


Fig. F,11b. Approximation to the exact density р). 


functions of 7, they can be plotted on one graph, as in Fig. Е,11а. (The 
linear approximation to K represented by our previous approximation, 
Eq. 10-4, is also plotted for comparison.) As the present approximation to 
K is chosen to have the same value and tangent at both the stagnation 
point { = — « and the sonic point @ = 0, relatively good agreement is 
secured in the whole subsonic range. Thus, for any transonic flow with 
moderate local supersonic speeds, the approximation can be expected to 
be useful. 

Accepting Eq. 11-2 to be valid, we can now determine the corre- 
sponding density law p(g) implied by the relations 


K (Ya M: 2 Je m 
- (£j o-a - (S34) a - 
Making use of the definition of g, we find a differential equation for pq 
which has been integrated numerically by Tomotika and Tamada. Their 
result is shown in Fig. F,11b. By comparison, in the range 0 < g < 1.2a*, 
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the difference between the exact and approximate laws is indeed 


negligible. 
Method of constructing solutions. We now introduce new variables 
ade 
= 4- (t: tI (11-4) 
by which the differential equation (11-3) becomes 
oes + ove + (1 — a)y = 0 (11-5) 


By definition, z = 0 corresponds to { = — © (stagnation) and z = 1 to 
q = 0. Thus, in subsonic flow с lies between 0 and 1, and in supersonic 
flow z > 1; consequently, z can be interpreted as some kind of Mach 
number. 
The particular integrals of Eq. 11-5 are well known, and can be 
expressed as 
J (voje and Јуве" (11-6) 


It із of interest to compare this approximate solution with the exact 
one given by Cherry and reproduced in Art. 9. The similarity of these 
two solutions demonstrates again the degree of accuracy of the new 
approximation. 

A general symmetric solution valid in the neighborhood of the stagna- 
tion point has the form 


W= Y Anda(no)e, e <1 (11-7) 

° 
Since Û is a constant nonintegral multiple of 0 according to Eq. 11-4, the 
expansion (11-7) involves a very complicated singularity at the origin 
of the 4, 0 plane. Nevertheless, in a cut plane the change of variable 
from # to Û is merely a distortion of the hodograph plane, and, if dis- 
continuity of tangents is admitted at the stagnation point, such as a 


sharp leading or trailing edge, uscful solutions can be found. 
Now for Bessel's function J,(ve), there is an integral representation 


(40, p. 20] 04) 1#- |" dz 
Jalna) = эн f [= [ * 


where the path is taken around the origin in a positive sense. Substituting 
it in Eq. 11-7 and rearranging, we have 


wed { ae УД [i] (11-8) 
° 


provided the interchange of the order of integration and summation is 
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justified. This is justified if the series is absolutely convergent, as can 
easily be shown for z > 1. 

Special solution. А case of special interest is A, = 入 ~” where \ is a 
positive constant, as yet undetermined. It will develop, in what follows, 
that flows of interesting nature can be derived by proper selection of X. 
For this form of A,, the solution (11-8) becomes 


(0+) 
wv- 起/ r= 


with (11-9) 
ZG) =F — 17) 一 nz 一 请 一 mn》 

This integral can be evaluated by calculating the residues at the roots of 

Z(z) = 0 inside the contour, since the contribution at the origin is zero. 


Let us fix our attention on the solution obtained by including only one 
root in the contour, say z = z. If this is a root, Z(z) can be written in the 


form 
2(@) = HQ + 去 )- mentee! (e — ғ) 
The residue of z-'(1 — е)! is therefore 
= 
[-ф®+в® +1] 
Writing zo = e~® where Ө is complex, the integral (11-9) yields 


and from the second of Eq. 11-9 (11-10) 


§—iln\ = 0—csin@ 

Eq. 11-10 are formally the same as we obtained in Eq. 9-11 and 9-12, 
except that complex values are involved here. The elimination of Ө 
gives W as a function of z and й. From our analysis of Eq. 9-11 and 9-12, 
we deduce immediately that the function Ө(о, 8) has branch lines given 
by 


or, in terms of à, 


бә = 1—ceos@ = 0 


5 = + cost} ж T dnA (11-11) 


There are two possibilities of finding interesting flow patterns here: 
namely, the branch lines may occur in the supersonic (¢ > 1) or sub- 
вопіс (т < 1) regions. Consider first the supersonic case; here Eq. 11-11 
leads to 

Ina =0 
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and 


û = + cost} + Uic tole) (11-12) 


The last equation is the equation of two characteristics of an approximate 
differential equation (11-5). Thus, by choosing = 1 in this solution, one 
obtains a flow of the type (Laval nozzle flow) discussed in Art. 9. 

The other possibility is of more interest to us in this article. For 
a < 1, Eq. 11-11 should be rewritten as 


B-dcohol.iV/1— + iln 


6=0 (11-13) 
Ind = + VIT + cosh} 


We see that the branch line in this case has degenerated into a single 
point. On the basis of our experience in Art. 8 with mixed flow past closed 
bodies, we immediately identify this branch point with flow conditions 
at infinity; ie. we write 


&.-0 and Ind = + УГ Ф cob l 


This means that, by proper selection of the constant À for any given 
subsonic stream Mach number, we obtain here a flow, parallel and hori- 
zontal at infinity, of the same character as the exact solutions treated in 
Art. 8. 

The integral of this solution of Eq. 11-10 with respect to # is also a 
solution of the differential equation (11-5); Tomotika and Tamada find 
that it is desirable to include it in order to set up an airfoil type flow. The 
inclusion of the integral does not affect the singular behavior at infinity, 
which was determined above. The integral is 


dà 1 do 
П - | aes ain = ° + const (11-14) 
= ê + c sin Ө + const 


according to Eq. 11-10. But ë is clearly a particular solution of the differ- 
ential equation (11-5), so it can be omitted from Eq. 11-14. We therefore 
take as our complete solution 


whence 


y = LP. + ike sin e} (11-15) 


lt a. 
1 — z cos 9 
with § — i In À = Ө — c sin Ө where К is arbitrary. 

Flow past a symmetric airfoil. To produce the transonic potential 
flow about a certain symmetric airfoil profile, we begin by choosing K 
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to make the leading edge a stagnation point; ie. we choose K so as to 
place the point z = 0 = y on the real axis in the finite region. An appro- 
priate choice turns out to be K = (1 — A*)/(1 + АЗ). 


90° " 


Fig.F,lle. Zero streamlines in the hodograph plane for free stream 
Mach numbers 0.717, 0.745, and 0.752 [$9]. 


In terms of the variables е and 6, our fundamental set (11-1) reads 
àv H 
«(Fay C - 2» 
г у 
ет G + ;) ~ 
Upon integration of these, the velocity potential corresponding to Eq. 
11-15 is found to be 


$- EAE pp. %9 ig G + eos e) (11-17) 


(11-16) 


1 — z cos 9 


Finally, the transformation from the (c, ê) to the (z, y) plane has been 
carried out by Tomotika and Tamada for three different Mach numbers 
M... The relation between M. and cq is 


AVAPIRY 

M.- [: + (z) yi) 6-0 (11-18) 

The resulting streamlines y = 0, together with velocity distributions, 
are shown in Fig. Е,11с and F,11d. The calculated airfoil sections are 
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quite similar to в 10 per cent thick symmetric Joukowski section, except 
that the leading edge is not rounded—as was already predicted in con- 
nection with our discussion of the approximation earlier in this article. 
It is an interesting fact that the airfoil profiles for the three Mach 
numbers of Fig. F,11d are almost identical; the differences cannot be 


Fig. F,11d. Airfoil sections and surface g distribution 
at Mach numbers 0.717, 0.745, and 0.752 [39]. 


plotted in the figure. Thus, from the Tomotika-Tamada results, we 
obtain a close approximation to the flow at three Mach numbers about 
a fixed profile. The lowest of these Mach numbers produces entirely 
subsonic flow; the second, mixed flow with a considerable supersonic 
region and a maximum local speed of about 1.10a*. The highest Mach 
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number produces still greater local speeds and exhibits the phenomenon 
of the singularity J = 0 at one point of the upper surface contour, and, of 
course, at a symmetrically located point of the lower surface. The sig- 
nificance of this type of singularity is discussed in the next article. 


Е,12. Singularities of the Hodograph Transformation. Let 
u and v be the velocity components of a flow in the z, y plane. Consider 
(dz, dy), an element in the z, y plane, and (du, dv) an element in the u, v 
plane. If they correspond to each other, they must be related by 


du = u,dz + udy 
dv = v,dz + vdy 


These equations define du and dv uniquely if the functions u(z, y) and 
v(x, y) are known and are differentiable, and dz and dy are given. From a 
different point of view, we can consider the system as a transformation. 
If the transformation is locally one-to-one, the transformation Jacobian 
J (= A(z, у)/д(м, v)) does not vanish nor become infinite. When these 
conditions are violated, the hodograph transformation fails and singulari- 
ties occur, If this Jacobian vanishes identically throughout any region, 
и and v are no longer independent of each other. The flow in this case is 
particularly simple and is known as Prandtl-Meyer flow or simple wave 
flow (see E,3 and G,5). In the following, we will confine our attention to 
two distinct types of singularities, which are of special interest in connec- 
tion with the mixed subsonic-supersonic potential flows. These are called, 
respectively, “limiting lines” [42] and “branch lines” [66]. 
Limiting lines: J = 0. When J becomes zero, viz. 


0 ے‎ _ Ë ا‎ 2-3) ]- 
ean Ei- G-a] em 


we must have, since pg cannot become infinite, 


dhi — (M — Di = 0 (12-2) 
For subsonic flow, this requires 
Qa Ü = 加 =0 


This means that in a subsonic field, the singularities are isolated. The 
singularity may be either a stagnation point or a point where the stream- 
line has infinite curvature. To show this, we note first of all, from the 
system Eq. 2-11, 
9% = Ф = 0 

Now the first partial derivatives of z and y are given in terms of the 
partial derivatives of $ and y by Eq. 2-15 and 2-16. It follows, then, that 
at the singular point, if the partial derivatives of = and y are finite, q must 
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be sero. If g does not vanish, then the partial derivatives must be zero 
and in the flow plane the velocity gradient or the acceleration of the fluid 
particle must be infinite. As the acceleration is proportional to the curva- 
ture of the streamline, we see that J = 0 occurs at such points as the 
sharp trailing edge of an airfoil, as well as at stagnation points. This possi- 
bility was first noticed by Kuo [23] and later confirmed by Cherry. [71] 

When M > 1, y, and ye may either vanish identically in a region or 
satisfy the differential relation (12-2) along certain lines. Since y = const 
is 8 trivial solution, we must consider the second alternative; we have 
the solutions 


on A+ We VM'- ly = 0 
(12-8) 
on А- We + VHT = 1¥. =0 


It can be shown that on each line J has a simple root, because on A+ 


ӨР + УММҮ ye — VMI фи) #0‏ ا 


In the vicinity of these lines, а small neighborhood in the z, y plane cor- 
responds to two different regions in the g, @ plane. This is seen clearly 
from the transformation (2-10), which on a streamline reduces to 


de = а abe + APT Wi) lahe — VETZ Voda 
dy = о ae + VIP = oops — VETT уд 


Since J has simple zero, dz and dy both change their signs upon proceed- 
ing from one side of A+ to the other, but without affecting the slope of the 
streamline. Thus, the streamline must have a cusp there, and as a result 
the stream function becomes many-valued, as shown in Fig. F,12a, the 
branches coming together along the singular line or “limiting line” L+, 
which is the image in the flow plane of A+. The immediate consequence 
of this singular line is that all space derivatives, such as pressure gradient, 
curvature of the streamline, and so on, are infinite there. Hence, once 
this singularity occurs, the solution will no longer be physically possible 
and must be rejected. 

Now, let us investigate the geometric relationship between the Mach 
waves in the z, y plane and the characteristic hodographs in the q, @ plane. 
We know, from Eq. 3-1, that the characteristic hodographs are the curves 


that satisfy 
фаб 一 (M: — 1)4@ = 0 
or, 
on T+ 9190 — VM? —1dg=0 (12-4) 
on T- 9198 + VM? I dg = 0 
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These equations can be integrated to give two families of fixed curves 
T+ and T— in the q, 6 plane: 

r* 0 — w = const 
г" 0 + = const 


where w is defined in Eq. 16-4. It is easy to verify (0,3) that these 
curves are epicycloids, all radiating from the sonic circle and converging 


u, v plane 


Fig. F,12a, The geometrical relations between the limiting line L+ and the limiting 
hodograph a+ (dashed Mach lines indicating lower or folded sheets). 


asymptotically to the limit circle, q = gmx or М = ©. The correspond- 
ing lines in the physical plane are characteristics of Eq. 2-7, namely, 


on C+ 型 = tan (0 + x) 
(12-5) 
on C- H = tan (0 — и) 
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a= аш M 
Theodore von Kármán [8] first noticed that the singular line A+ or A— 
is the locus of the points of tangency of the streamline hodographs with 


one family of characteristic hodographs Г- or D+. For along every 
streamline 


On the line A+ 
W- УМ — 1¥, =0 


Thus, whenever a streamline intersects the line At, this derivative must 


have the value 
eg EA ^ aa 
according to Eq. 12-4. Similarly, on A- 
ë) Q оз) 


Each streamline generally exhibits two such points of tangency, i.e. 
intersects the line A+, for example, in two points, such as A’ and B' in 
Fig. F,12a, At the image points А and B in the flow plane, the streamline 
forms cusps. When the streamline just touches A+ in the hodograph plane, 
such as at C’, the streamline in the flow plane has no cusp but the limiting 
line L+ does. 

Next let us transform the Mach waves C+ and C- into the q, @ plane 
by means of Eq. 2-7 and 2-10; there result, respectively, 
on C+ (ММ = 1 dq — 9d0)(q¥. — VMT 1 yo) = 0 
on C- (VM? — 1 dq + qd6) (qj, + VM i ve) = 0 
The Mach waves C+ and C- thus have as images the characteristics Г+ 
and Г- for J #0. As J = 0 defines two lines A+ and A- that nowhere 
coincide with Г+ and T^, Mach wave C+ can touch the limiting line L+ 
only at one point. 

To see this, the behavior of one family of Mach waves is studied 
in the neighborhood of A+. By eliminating 410 = — 4/M* — 1 dq from 
Eq. 2-10, we can define a small element of C- by 


de = - fi - VM — 1 ya) (/ M — cos 6 + sin 6)dq 


(12-8) 


(12-9) 

° 

dy = — fp (e — M! — 1 y) ( VMT] sin 8 — cos 0)dg 

In the neighborhood of A+, dz and dy vanish and, consequently, along 
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any member of C— the space derivatives of physical quantities, such as 
q or 0, will be infinite. This means that the characteristic curves of the 
other family C+ are densely piled up on one another at such a point; 
i.e., they form an envelope L+ that corresponds to A+ in the hodograph 
plane. 

‘Thus, we arrive at the conclusion that the singular lines A+ and A~ 
correspond respectively to the limiting lines L+ and L7, and that on one 
of these limiting lines, L* say, the Mach waves C* form an envelope, while 
the streamlines and the Mach lines C- have cusps (Fig. F,12a). Similarly, 
on the line L- the Mach waves C- form an envelope while the streamlines 
&nd the waves C* have cusps. 

We have seen several examples of the appearance of limiting lines 
in the present section. The first example was the behavior of our source- 
or-sink flow (Art. 6) at the sonic circle. To be sure, this singularity was 
recognized as the familiar “choking” phenomenon of a nozzle. Neverthe- 
less, it is easy to verify that J = О at M = 1 in this case, for $, = 0 and 
We is a constant, so that J is proportional to M? — 1. This is confirmed 
by the behavior of the streamlines, which reverse their directions at the 
sonic circle. Consequently, in this simple flow pattern, the sonic circle is a 
limiting line, and the anomalous behavior there can immediately be 
attributed to our specification of the streamline pattern. In more general 
cases, as we shall see, the explanation for the appearance of a limiting 
line in the calculated flow pattern is not so obvious. 

Our second encounter with limiting lines was in the flow around an 
edge (Ringleb’s case) in Art. 6. Again, it is easy to verify from the equa- 
tions of that article that the Jacobian J vanishes along PQR (Fig. F,6b). 
The appearance of cusps in the streamlines and the folding of the flow 
plane have already been noted; this relatively simple case might be 
taken, in fact, as typical of the phenomenon discussed here (cf. Fig. F,6b 
and F,12a). 

Again, in the Tomotika-Tamada results (Fig. F,11c and F,11d), the 
phenomenon of vanishing J was noted at a single point, where the hodo- 
graph of the streamline y = 0 became tangent to a characteristic. Fig. 
F,lld confirms that the pressure gradient becomes infinite at such a 
point. The same phenomenon appears in a flow calculated by Cherry [24] 
and mentioned above in Art. 8, namely, the flow about a slightly cam- 
bered cylinder. This flow pattern is reproduced in Fig. F,12b. 

Branch lines. J = o. Let us consider the possibility of the occur- 
rence of a different sort of singularity, namely, J = œ. In subsonic flow, 
as we see in Eq. 12-1, this might occur at a stagnation point or at a point 


where 
+ (1 М = = 


It is easier to understand this condition if we compute the reciprocal of J, 
viz., 
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i = 2 0) (0, ¥) _ _ (O) [ (zy NS :| 
“Heal ~~ Ga) s| + Ç) ü - мой 
For this to vanish, except at a stagnation point, implies q, = gy = 0 and 
therefore 6, = 0, = 0. These relations can define only an isolated singu- 
larity [41] or a trivial flow. 


Fig. F,12b. Streamlines and constant-speed lines for flow at M. = 0.5098 past a 
slightly cambered cylinder [£4]. Note first appearance of limiting line at the boundary 
(near z = 1.0). y = 1.405. 
On the other hand, when M > 1, we have the possibility of singular 

curves in the flow; namely, we have the following solutions: 
on 0+ Ф — VM? — ly, m œ 

QU. + VM? — ly, is finite (12-10) 
on Q- We + VM? — ly = о 

Qj. — ММ? — ly, is finite 


provided p з 0. In either case, both y, and ye must be infinite but the 
ratio ya/ye is finite. 
To show that the singular lines Q+ and ®" are, in fact, characteristics 
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T+ and T- respectively, we consider a line 
— VM? — iy, = const 
By taking the total derivative along this line, we obtain 


ЖОЕ ММ? — ipn- 


+ lobe МТ] = 0 


By means of the differential (3-1), we simplify this expression and obtain 
for the derivative qd8/dq along such a line 


(m Vin-i 


Í _ М2 SM? — 1 (дф, — AM: — 1%) + (y + MY] 
2(M? 一 D(Va — 1 Vee — qiu) 

But on the line 9%, both yo/ye and ye/y, are finite, while Yo/yw is 

zero; we have, therefore 


ore. anm 
Similarly, we have 


EL E - mes 


Moreover, the streamline hodographs become tangent to these 
singular characteristic curves. This is clear from the fact that qy, + 
УМ? — 1 y, remains finite along 0%, for example, while both ¥, and ye 
become infinite. This can only mean that the ratio y,/y; has the limiting 
value — WM’ — 1/q; but this is just to say that 


的 -和 的。 


and similarly for 0-. The streamlines do not coincide with characteristics 
except in Prandtl-Meyer flow; thus, the singular characteristics 0+ and 
Q- must be envelopes of streamlines. This situation is sketched, for 
example, in Fig. F,10d. 

Now consider the nature of these singular characteristics in the flow 
plane. According to Eq. 12-9 and 12-10, the elements dz, dy remain finite 
even when the characteristic C— (for example) is the singular member 
of the family. Thus, infinite curvature of streamlines and infinite pressure 
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gradient do not occur at singular curves of this type, and solutions possess- 
ing this kind of singularity are physically acceptable. Flows through 
convergent-divergent nozzles, such as we described in Art. 9 and 10, are 
typical examples. The significance of such singular curves is mathe- 
matical, since they imply the multivaluedness of y(g, 6) that makes the 
boundary-value problems difficult, as in Art. 9. 

A much fuller discussion of these singularities, and others, has been 
given in a paper by Craggs [41], to which the interested reader is referred. 

Significance of the limiting line. We have already seen examples of 
flow patterns calculated by the hodograph technique that exhibit the 
phenomenon of the limiting line. This situation appears to be quite 
general, so that whenever a family of flows is controlled by a parameter 
such as a stream Mach number, M., there is the danger that sufficiently 
large values of the parameter will cause these singular curves to appear. 
As has already been pointed out above, the behavior of the streamlines 
in such a case is physically inacceptable and the flow pattern must be 
rejected. Tollmien [42] has proved that, if a limiting line appears, it is 
impossible to continue the smooth isentropic flow pattern across it. 

When limiting lines were first encountered, for example in the paper 
by Ringleb [13], the phenomenon stimulated considerable interest in the 
scientific world. It was interpreted as a sign that irrotational, isentropic, 
plane flow had become impossible, and that other effects in the flow, such 
as viscosity and heat conduction, had become predominant. The name 
“shock wave” was even applied to the limiting line. Following this line 
of reasoning, the appearance of limiting lines was held directly responsible 
for the breakdown of potential flow, and the stream Mach number M 
at which the phenomenon first appeared was called the “upper critical 
Mach number.” 

But we must remember that, when we calculate a family of related 
flows about closed bodies using the present hodograph methods, the 
streamlines alter in shape as M. varies, and this is also true of the 
boundary streamline. In Ringleb’s problem, the effect is observed if any 
two streamlines are considered as channel walls; as the boundary stream- 
lines are selected closer to the high speed regions of flow (Fig. F,6b), their 
shape is changed. The fundamental question therefore remains: Is there 
critical Mach number at which the limiting line first appears, for flow 
about a given smooth boundary? In the earlier interpretation, this possi- 
bility was implied. 

A qualified answer to this question has been given by Friedrichs 143], 
who showed that, assuming the existence of a family of analytic* coordi- 
nate functions z(u, v) and y(u, v) dependent on a parameter M. and 
satisfying smooth boundary conditions (which may vary with M.), the 

* More recently, Morawetz and Kolodner [66] have proved Friedrichs' theorem. 
assuming only that z(u, v) and y(u, v) have continuous derivatives. 
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limiting line cannot occur. His argument runs substantially as follows: 
Assume —J > 0 everywhere for sufficiently small М... (Note that —J 
is always positive in subsonic flow.) Then, if the limiting line is to appear 
in the flow at some values of M., say M., it follows from continuity of J 
that J = 0 somewhere at M. = M.. He proves this to be impossible. 
The proof has been extended by Manwell [44], who concludes that at 
M. = M., J cannot vanish in any region nor along any line. Similar 
conclusions were previously reached by Nikolsky and Taganoff [45] by 
a different approach. 

This does not completely answer the question posed above, because 
the existence of the analytic functions z(u, v), y(u, v) has not been proved. 
To be sure, their existence may be assumed to be quite independent of the 
vanishing of J, but there is no conclusive evidence of the existence or 
nonexistence of such functions, dependent upon a parameter M., for 
flows past a prescribed boundary streamline. 

It does not seem possible to proceed further along this line, since the 
use of the hodograph equations, to date, appears to eliminate the possi- 
bility of satisfying prescribed physical boundary conditions. It must be 
concluded that the identification of the limiting line as the cause of break- 
down of potential flow should be viewed with suspicion, at least. 


F,13. Conflicts between Theory and Experiment. Both the exact 
and the approximate solutions of this section have established beyond 
doubt the theoretical existence of continuous, steady, mixed transonic 
flows past solid boundaries. Other approximate methods of calculation, 
such as those discussed in Sec. E and in [46], have also predicted flows 
of this type. Theoretically, then, the fluid particle in such a flow should 
be able to decelerate isentropically to a subsonic speed after it has been 
accelerated isentropically to a supersonic state. Were this proved possible 
in practice, an aircraft might fly in the transonie regime without any 
greater drag than that caused by skin friction. In the case of the 10 per 
cent thick symmetric airfoil calculated by Tomotika and Tamada (Fig. 
F,11d), a free stream Mach number as high as 0.75 might be attained 
with substantial supersonic local speeds, the flow remaining smooth and 
free of shock waves. 

Wind tunnel experiments, however, contradict these theoretical pre- 
dictions, for when the sonic speed is exceeded anywhere on a solid 
boundary, the flow either becomes unsteady or involves shock waves, or 
both. Typically, the deceleration from supersonic speed takes place in 
shock waves rather than by iseutropic compression. Apparently, the 
sequence of events as the Mach number is gradually increased is as 
follows: Immediately after the occurrence of local sonic speed at the 
surface, highly unsteady disturbances begin to appear in the flow field 
near the surface, downstream of the minimum pressure point. As the 
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Mach number is gradually raised, the traveling disturbances become 
proportionately stronger, although the pressure distribution over the 
surface may still show no peculiarities, except that far downstream there 
is some distortion due to the thickening of the boundary layer. But when 
the Mach number is high enough, the disturbances suddenly coalesce to 
form a stationary shock. The shock, involving as it does an irreversible 
thermodynamic process, causes drag; moreover, it changes the pressure 
distribution appreciably, and may produce boundary layer separation 
and all of the attendant effects. 

H. W. Liepmann and his associates [47] have studied this type of flow 
over a six per cent, biconvex, circular are airfoil in a 2 X 20 in. transonic 
wind tunnel. For each free stream Mach number, the local Mach number 
distribution over the surface was measured. Local supersonic speeds were 
reached when the free stream Mach number was slightly below 0.889. 
At M. = 0.889, the highest local Mach number appeared to be 1.01. 
The Mach number distribution still maintained its low speed character, 
as can be seen in Plate F,13a. Yet the disturbances are already visible 
in the accompanying schlieren photograph. When the free stream Mach 
number was raised to 0.936, the disturbances were more clearly seen 
in the schlieren picture and the Mach number distribution also showed 
some irregularities at about 60 per cent chord, possibly due to boundary 
layer transition (Plate F,13b). A stationary shock was definitely formed 
at a slightly higher Mach number, viz. 0.954, as shown by the Mach 
number distribution curve (Plate F,13c). 

In this series of experiments, steady laminar boundary layer was 
maintained over most of the airfoil, and transition most likely occurred 
in each case near the trailing edge. 

In any region of boundary layer transition and turbulence, unsteady 
disturbances are excited, and these propagate into the fluid in all direc- 
tions. All except those traveling against the main flow quickly disappear, 
due to their relatively high speed of propagation. Those traveling against 
the stream have a tendency to accumulate, particularly in the transonic 
region. If there is no mechanism to dissipate the energy of these waves, 
they have sufficient time to grow and eventually to destroy the smooth 
flow. There is strong experimental evidence that smooth, plane, transonic 
flows involving local supersonic regions are not stable to small disturb- 
ances, and that the flow pattern becomes stable only when stationary 
shocks are formed. It seems certain that phenomena similar to those 
described here do occur in channel flow that is substantially one-dimen- 
sional, but it is not completely clear how far this description applies to 
more general classes of flows. This problem is discussed further in the 
next article. 

As an alternative to the instability theory to explain the conflict 
between experiment and potential flow theory, it has been proposed that 
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the error lies in the neglect of viscosity in our theory. For example, the 
difference between theory and experiment might be due to the presence 
of the boundary layer. In support of this idea, it has been pointed out 
that the smooth deceleration can be thought of as the result of effects 
carried rearward by the family of Mach waves originating farther for- 
ward, as sketched in Fig. F,13a, and that a distortion to the contour, as 
might be caused by a boundary layer, would suffice to cause an envelope 


а=а* 


Fig. F,13a, Structure of local supersonic region. 


of waves, as in Fig. F,13b. Such a discontinuity, of course, marks the 
breakdown of potential flow, and the pattern must be replaced by one 
involving a shock. But this would imply that a slightly different body, 
producing the Mach waves of Plate F,13a outside of its boundary layer, 
would permit smooth potential flow. This proposal hardly seems ade- 
quate to explain the complete absence of flows of this type in experiments. 

Moreover, if this explanation is correct, it should be possible to 
achieve shockless mixed flows experimentally with the aid of boundary 


gm 


Fig. F,13b. The distortion of transonic flow by a boundary layer. 


layer removal. It seems important to decide whether or not the inviscid 
potential flow itself has any peculiarities that would make it impossible. 

A third proposal has been advanced to explain the discrepancy; 
namely, the smooth potential flows exist, even theoretically, only for 
certain special boundary shapes. Tf these are, in fact, special flows with- 
out neighboring solutions for slightly different boundaries, their non- 
appearance in nature would be explained, for real boundaries are always 
slightly different from ideal ones. The boundary layer would also consti- 
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tute a deviation from the ideal special shape; hence, this proposal is not 
completely unrelated to the preceding one. 

This suggestion, like the instability theory, has a parallel in channel 
theory, where it can easily be shown that, due to multiple reflections 
from channel walls, any small geometrical deviation from an ideal 
transonic diffuser shape must lead to large alterations of the flow pattern. 
The theory of nonexistence of neighboring solutions is discussed briefly 
in Art. 15. 

We have already pointed out that there would be practical advantages 
to achieving smooth transonic deceleration in practice. Furthermore, it is 


Fig. F,13c. Smooth transonic flow over a cone. 


important to remember that such steady decelerations through the sonic 
speed, without shock waves, do occur in experiment in several cases 
wherein the flow is not plane. The simplest case is that of flow past a 
yawed infinite cylinder; this is discussed, within the limitations of linear- 
ized theory in C,4. The reader can easily verify that the same principle 
of solution by superposition of plane and axial flows is valid without 
linearization, and that extensive supersonic regions are possible without 
appearance of any shocks. This is confirmed by experiment. 

Another famous example of isentropic compression from supersonic 
to subsonic speeds is afforded by the right circular cone solutions dis- 
cussed in H,17-H,19; in certain ranges of Mach number and cone angle, 
there is supersonic flow behind the conical shock wave that is subse- 
quently decelerated isentropically to subsonic speeds (Fig. F,13c). The 
existence of this flow has been well confirmed by experiment. To be sure, 
the exactly conical flow postulated in H,17-H,19 cannot be achieved in 
experiment because of the finite dimensions of the models tested. Never- 
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theless, the results [68,69] clearly show that for a given cone angle there 
is a range of Mach numbers for which there is no appreciable deviation 
from conical conditions near the tip of the cone, and the shock-free 
deceleration discussed here is observed. Consequently, this case of cone 
flow stands as evidence that isentropic irrotational deceleration through 
the sonic speed is not always impossible or unstable. 


F,14. Theory of Stability of Transonic Flows. An approximate 
theory of the propagation of one-dimensional unsteady disturbances in a 
transonic decelerating channel flow has been given by Kantrowitz [48] 
and is discussed in III,C,7. In briefest outline, Kantrowitz's method is 
as follows: The histories of expansion and compression disturbances 
(pulses) originating downstream of a linearly decelerating sonic region 
are traced by means of the equations for one-dimensional unsteady 
isentropic flow. It is found that such disturbances are deformed as they 
propagate upstream, and that the disturbances tend to collect in the 
sonic region. Actually, the deformation of the pulse shape causes weak 
shock waves to form, either at head front or rear of the pulse. Expansion 
pulses, which terminate in shock waves at their rear, are subsequently 
“consumed” by their own shock waves, while compression pulses, which 
have shock fronts, grow in strength as their shock fronts progress into 
the supersonic region. Ultimately, in a real channel, they would destroy 
the supersonic flow, converting it into subsonic flow. 

Although this is an approximate theory, since the isentropic process 
of deformation and propagation and nonisentropic shock processes are 
treated separately, it probably provides a correct explanation of the 
instability of channel flows. A more elaborate treatment of similar ques- 
tions has been given by Meyer [49], who arrives at substantially the same 
conclusions. 

It is desirable to carry out analogous studies relating to two-dimen- 
sional flows involving isentropic acceleration and deceleration. There 
is an obvious difference between such flows and the quasi-one-dimen- 
sional channel flows treated by Kantrowitz; viz., the propagation of dis- 
turbances in the curved nonuniform flow field must be essentially more 
complex than that of his one-dimensional pulses in a channel. It is surely 
possible that the lateral propagation in such nonuniform field might pro- 
vide just the dissipative mechanism required to stabilize the flow under 
Some circumstances. 

Such a study has been made by Kuo [60] for thin cylinders. Let the 
velocity potential of the flow be 


Ф(@, y, t) = 9(z, у) + e(z, y, t) (14-1) 


where e(z, у, t) denotes the potential of the small transient disturbance 
superimposed on the steady transonic flow %(z, y). Now, substitution of 
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Eq. 14-1 into the differential equation in III,A, Eq. 9-8 for isentropic, 
irrotational, unsteady flow, even neglecting second order terms in 
e(z, у, t), results in a linear partial differential equation with variable 
coefficients whose solution cannot readily be expressed in a form con- 
venient for the present investigation. Moreover, this linearization is 
questionable, since the processes under study may be expected to exhibit 
typically nonlinear behavior in the neighborhood of the sonic speed, 

To avoid these difficulties, we restrict ourselves to such cases that the 
steady flow itself, represented by %(z, y), differs only slightly from a 
parallel stream, and therefore a perturbation potential ’(z, y) satisfies 
the Kármán-Guderley nonlinear approximation (A,9 and D,32,33), at 
least in the region close to the sonic lines. This assumption determines the 
relative orders of magnitude of the derivatives of 4'(z, y) in the differen- 
tial equation, in terms of the body thickness parameter +. Kuo also 
draws analogous conclusions regarding the derivatives of e(z, y, t), and 
extends them to the time derivatives. Since the sonic region is most 
critical, and since the interesting disturbances travel slowly in this region, 
he assumes that the disturbances take on the character typical of sonic 
flow; i.e. their space derivatives have the same relative orders of magni- 
tude as those of &'(z, y). This leads to a conclusion about the time 
derivatives; it turns out that there is only one possibility here that gives 
& reasonable result for the nonstationary flow. The differential equation 
can now be simplified greatly by neglecting higher order terms, and the 
result is 


(Y + 1)(&, + e;)e,, + 2p + (v + 1)® е, 

= ev — (y + Dp — pu (14-2) 
where now Ф and ¢ and also the coordinates z, y, and t have been made 
dimensionless in terms of a* and a characteristic length I. 

It is likely that the disturbances present in such a flow have their 
origin in a boundary layer or wake farther downstream. Since the flow 
is nearly parallel and close to sonic, such disturbances will be approxi- 
mately plane waves propagating upstream when they arrive in the 
critical area. Furthermore, the process of steepening, in Riemann’s sense, 
described just above, will long since have converted the disturbances to 
the characteristic triangular pulses considered by Kantrowitz. This is 
the type of disturbance considered by Kuo, i.e. a triangular pulse propa- 
gating from the rear, with a shock at its head (compression pulse) or 
tail (expansion pulse), and with velocity dropping off linearly to zero 
behind or before the shock. The boundary condition at the solid wall 
requires that the perturbation velocity always be parallel to the wall con- 
tour, which is approximated as parabolic in the sonic region. 

The simplifications made are sufficient to permit a solution e(z, у, t) 
for the sonic region, provided Ф! is approximated as varying linearly with 
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both z and у. The solution satisfies Eq. 14-2 and the wall boundary con- 
dition, and has the form required for a triangular pulse. It contains two 
arbitrary constants, which can be replaced in terms of the initial form and 
strength of the pulse. The pulse strength drops off linearly with distance 
normal to the surface. The solution permits the history of a pulse to be 
followed as it propagates into the sonic region. It is found that expansion 
pulses always decay to sound waves, whereas compression pulses decay 
as they propagate in accelerating sonic flow but grow in decelerating 
sonic flow. 

As a consequence, Kuo concludes that smooth transonic plane flow is 
dynamically unstable to upstream-moving compression pulses. 

Since this result is the same as Kantrowitz’s, mentioned above, the 
question arises whether Kuo has succeeded in introducing the typically 
two-dimensional character of the flow, or whether his approximations 
have actually been equivalent to reducing the problem essentially to 
the one-dimensional one. The latter possibility seems to exist, both in 
the thin-body approximations, which emphasize the streamwise deriva- 
tives, and in the very special kind of pulse shape treated. Surely, the 
theory is a rough one and involves a combination of mathematical and 
physical approximations whose impact on the final conclusions is difficult 
to assess. It is our suggestion that this investigation be considered as an 
initial step only, and that the question of stability of highly curved 
transonic potential flows be recognized as still open to question. 


F,15. Theory of Nonexistence of Smooth Transonic Flows. The 
suggestion has already been made above that the smooth transonic flows 
calculated by the hodograph technique may be exceptional cases pertain- 
ing to particular ideal boundary shapes, and that they have no neighbor- 
ing solutions for slightly different boundaries as would necessarily exist 
in nature.’ In favor of this theory it is argued that the effect on the flow 
pattern of a small alteration of the boundary is very much different in 
supersonic than in subsonic flow. 

Consider, for example, the case sketched in Fig. F,15a, which is taken 
from a paper by Busemann [51]. It is supposed that there exists a smooth 
transonic flow over the original smooth boundary, and the flow past a 
slightly altered boundary, having a symmetric depression at the center, 
is to be studied. Since the local flow is supersonic, the effects of this 
alteration, in the new steady flow pattern, will be confined to an “alley” 
leading to the sonic curve, from which point it is reflected back to the 
body, and so forth, as sketched. But according to this process it finally 


_ This "theory of nonexistence’ may even be an alternative explanation of a 
situation that is unstable in the sense of the preceding article; that is, the two phe- 
nomena may go hand in hand, as they do in the case of the decelerating transonic 
nozzle (see below). 
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affects the nearly sonic flow toward the rear, and we know that the pres- 
sure, density, and speed increments will be magnified in such а region. 
Thus a small change of the boundary shape must produce a large change 
in the flow pattern: i.e. there is no neighboring solution. Substantially 
the same argument has been put forth by Frankl [52]. 

All this is quite analogous to the case of decelerating channel flow. 
It is easy to draw up a channel for smooth deceleration of supersonic flow, 


5 
Entrance corner Exit corner 


Fig. F,15a. Sketch showing the unsymmetric disturbance pattern. 
through sonic, to subsonic; in fact, the channel is simply a Laval nozzle 
in reverse (Fig. F,15b). But the flow is unreal because there is no neigh- 
boring solution. A slight change of the contour at A produces violent 
effects at B. The real flow is the one involving a shock wave. 

Another parallel is afforded by a familiar argument in statistical 
thermodynamics. An ordinary motion of the molecules of а gas, with 
increasing entropy, would produce decreasing entropy if followed in 


Fig. F,15b. Sketch showing reversed Laval nozzle for deceleration 
of supersonic flow to subsonic. 


reverse; but again, the reversed motion is unreal because there is no 
neighboring solution. 

Thus, Busemann’s explanation is certainly very plausible. It would 
be indisputable if the perturbation at the sonic curve did not actually 
affect the whole flow pattern through the subsonic flow, but of course it 
does. To carry along the channel analogy, the trouble at B (Fig. F,15b) 
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can be avoided by a small alteration at C or C’, or by an alteration up- 
stream, as at D or D’, which would cancel the effect at A. It is possible 
that the integrated effects of the disturbances produced in the subsonic 
flow where the ''alleys" reach the sonic curve are just sufficient to modify 
the upstream part of the flow and to cancel the large effect of the bound- 
ary change. 

Thus the correctness of Busemann’s and Frankl’s conjectures can only 
be ascertained by more detailed calculation. An attempt in this direction 
has been provided by Busemann and Guderley [58]. They consider a 


yl p=0 
So ү 
= | — | 
x 可 
z plone 1 +q', Ө plane 


Fig. Е,15с. Diagram showing the relationship between 
the z, y and q', 9 planes. 

known plane smooth transonic flow, described in the hodograph plane 
by a transformed potential function x‘(g, 0). Assuming that the flow 
speed is everywhere near sonic, it is convenient to use the coordinates 
9, 0 where {' denotes g/a* — 1. The approximate form assumed by 
Eq. 4-2 is then 

xee — (т + xe — (т + Dgxo = 0 (15-1) 
It is assumed that x(q’, 6) satisfies this equation. 

Let the coordinates be orientated so that g^ = 0 and 0 = 0 correspond 
to z = 0 and y = 0 on the surface of the body (Fig. F,15c). If the basic 
flow is perturbed by an infinitesimal amount x(q’, 0), the velocity at 
any point in the field will be altered by an amount (Aq’, A60). The cor- 
responding displacement of any point in the physical plane originally 
specified by g' and 0 is caleulated by means of the coordinate functions 


(2-12) | 
Az = xa + (xP 一 xas + xP 
Ay = (X — xA! + (x? + ХИА? + xi 


where both q’ and 0 can be assumed small. But, as we are fixing our atten- 
tions on a fixed point in the physical plane, the displacement must be 
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zero, and the disturbance velocity at the corresponding point can be 
determined in terms of x and x‘, namely 
Ag = D-'[— (xi + x?)x? + (x 9y— xi»i?l 
40 = D-'[(x@ — x9) xP — xx] (15-2) 
where 
D = хех B+ x9) — G3) — xP)? 
In a small neighborhood of the origin, the potential x‘ is assumed to 
be of the form 
x = —Rg6 + Res + YL 1 


g Patt: (15-3) 


where К is the arbitrary radius of curvature at the sonic point and « 
is a constant. Upon substitution of this form in Eq. 15-2, there result, 
approximately 

RAq = ex? + xi” 


RAO = x? + (z + edx 名 


De-m 


(15-4) 


with 


Furthermore, from Eq. 15-3 and the coordinate functions, we obtain as 
boundary condition an approximate relation between q’ and 6 for points 
on the surface near the sonic point (origin) 


(=e, 11 «1 (15-5) 


Having thus established a relationship between the change of velocity 
and the perturbation potential Eq. 15-4, Busemann and Guderley formu- 
late, besides more general ones, two simple boundary-value problems in 
conjunction with Eq. 15-5. First, if the boundary in the neighborhood 
of the sonic line is rigid, then when g’ = £w6 


(a) Ae =0 (15-6) 
where $o is a constant. 
Secondly, if the boundary is soft, like a boundary layer, then when 
q = #0 

(b) Aq’ = 0 (15-7) 

The problem remaining is to find a solution x‘(q’, 6) satisfying Eq. 
15-1 and condition 15-6, and corresponding to some small alteration of 
the boundary shape in the supersonic region. Busemann and Guderley 
claim that it is impossible to find any such x” (g', 0) that is finite at the 
origin, in any case where a disturbance persists downstream of the 
last boundary alteration (ie. excluding the “cancellation” possibility 
mentioned in connection with Fig. F,15b above). To demonstrate this, 
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they assume their asymptotic solution in the form 
x = өр) sin 8 + LÎ онеру) eos B 
4n+1 
6 


+ Ө" у" (Е) cos 5 (15-8а) 


where f(t) is а solution of the equation 
f"(£ + (r + DEH) = 0 (15-8b) 


with f(—«) = 0, ¢ = 0/0, and 6 = 2/01; thus the boundary cor- 
responds to £ = ğo. The constant n is to be determined by boundary 
condition (a) or (b). To satisfy these conditions they select n = —} in 
both cases and specify for the values of f(£) at the boundary either 
(a) /'(%ф) = 0 or (b) /(ф) = 0. In either case, the disturbance velocity 
4g’ becomes infinite at the origin, and it is concluded that any small 
change of flow pattern in the supersonic region must involve a strong 
singularity where the sonic line meets the body surface. 

Subsequently, Guderley [54] continued the analysis, using a series 
solution in place of Eq. 15-8a, attempting to provide a solution valid 
over a greater range of speed. The analysis is much more complex, but 
the same asymptotic singularity appears at the sonic point and his 
conclusions are therefore unchanged. 

In criticism of Busemann’s and Guderley's theory, it may be argued 
that they have not proved beyond doubt that nonsingular solutions 
of the boundary-value problem of the perturbed flow do not exist. The 
asymptotic form of Eq. 15-88, as well as Guderley’s asymptotic series, 
seems very special. There are indications that families of finite solutions 
that satisfy Busemann’s and Guderley’s problem, at least locally, can 
be found. It is also disturbing that their solution x(?(g', 0) is singular 
at both accelerating and decelerating sonic points. Since we do not expect 
any large disturbances at the upstream accelerating sonic point, nor 
observe any such disturbances in schlieren photographs, it seems possible 
that the whole solution of Eq. 15-8a should be rejected as physically 
inadmissible, removing the trouble at the downstream point as well. 
Busemann appeals to viscous effects to resolve this difficulty. 

From a broader viewpoint, it is difficult to reconcile any theory of 
nonexistence of solutions with the fact that numerous continuous tran- 
sonic solutions have been calculated for quite arbitrary boundary shapes 
by approximate methods. There are, for example, the results of Taylor 
[89] and Gértler [67] for the hyperbolic nozzle, Kaplan’s results [55] for 
flow over a bump (see also E,2), and Emmons’ numerical work by the 
relaxation method [66]. All of these show smooth transonie flows with 
acceleration and subsequent deceleration through the speed of sound, 
and in all three cases the boundary shapes were predetermined for all 
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Mach numbers. Although these are only approximate methods, it seems 
very likely that nonexistence of exact solutions would cause extreme 
difficulties in the calculations. 

Another attack on the question of nonexistence of solutions for arbi- 
trary boundaries is being made by Kaplan [57], who works directly with 
the nonlinear equation in the physical plane and seeks solutions in series 
form. His aim, it appears, is not to provide additional approximate flow 
patterns but to determine the convergence of the solutions in the transonic 
regime, and thus to answer the questions of this article. 

The conclusion to be drawn at this writing appears to be the follow- 
ing: The argument presented by Busemann (Fig. F,15a) is surely plaus- 
ible from the physical viewpoint. Nevertheless, his conjecture has not 
been convincingly proved in a mathematical way, possibly because the 
formulation of the problem has been inadequate. 


F,16. Properties of the Hypergeometric Functions. For use in 
the present section, certain analytic properties of F,(r) and F,(r) are 
required. For easy reference they are presented as a series of lemmas, each 
followed by a demonstration, which may be skipped over by readers 
who are not concerned with mathematical detail. 

G) If v > 0 and 0 š r < rt, F,(7) > 0 [2,60]. 

Let ¥,(r) = т", (т) and dn = r-1(1 — r)#dr; from Eq. 3-1, 


d, | l-ar 
dp = "а= 9% 
Ит < r*, d*y,/dn? and y, are of the same sign. But in the neighborhood 
ofr = 0, ¥, > 0 and ¥,(0) = 0 as » > 0; hence d*y,/dn* > 0. Therefore, 
for small т the slope dy,/dy or dy,/dr will continue to increase until 
т = r* is reached. Since 7"* > 0, it follows that F,(r) > 0. 
(ii) In |r| < 1, F,(r) is an analytic function of v, with simple poles at 
» = —n, n being a positive integer greater than 1 [6,60]. 
From Eq. 3-5, F,(r) is an analytic function of r and » if |r| < 1 and 
» Æ —n. When » = —n and n > 1, F,(r) can be written as 
1 


F,G) = FPG) + FP) 

where v 
Ü P 90, eae 
FP) = 14+ art 
+ la. + 1) ` - c (a, + n — 2)b,@, + 1) -- - @, +n —2) х= 

О 1009) EEO TES) n=- 
a) = Lla + 1) ` ° ° (a, +n — Db, +1) °°° @, +n — D 
FAG) C DO F 2) ° +n Da к, 


(a, + n)(b, + n) Р 
сео е ] 
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This shows that at » = —n, both F® апа F remain regular. Therefore, 
the points v = —n are simple poles of F,(r). The residue is evidently 
lim (> + n)F,(7) = FY(r) 
一 -> 
where 
FP) 


= Aaaa + 1) ` ° ` (aa + n ЬЫ, + 1) ` ` ` (b=, + n — 1) 
(Dn — Dini 


TF (a-n + n, bn + nin + 1; r) 


Since 
(an + n) + (ba + n) = a, + b, 
and 
(an + n)(b-, + n) = а,Ь, 
we can take 


aa + n = an ba +n =b, 
As a result, we have 


PPO) = АЕ, (т) (16-1) 
where, since b, < 0, 


I(a,)T(n + 1 — bn) 


h = та - уга ъа — Dm? 16-2) 


It is noted that when n = 1, a) = 1, hı(y) = 0. Furthermore, when 
т = —1 (а case discussed in Art. 5), a, = (n + 1)/2 and b, = —n/2; 
then À, will involve factors sin [r(n + 1)/2] sin (xn/2). Hence h, = 0 in 
this special case. 

(iii) If the negative integers in the v plane are excluded, then as |x| > = 
[19,60,68] 


Fay = soror [1+0 9 | 
<r 16-3) 
FD = SOTO Ë +0 (D). й т 


where q~**F_,(r) denotes the second solution and 


JG) = (1 — »*^ — аъ) + 
= _ 2e — D* + (1 — aie 
TO "n E340 = FFF O A 
ої a fa ab 
7-1 
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Also, т* <r < 1 


F.) = ftr) cos (mw - 2) [1 +0(2)] 


Е) = рете" | сов (= + 9 + cot vr sin (~ + 3] (16-4) 


[+] 


where 
JG) = 20 — т) (аз — 1)4 
T(r) = ті 
ES E 
r-2(a—1)? (а +1) ? (16-42) 
ate) = atucid RET wi ET 
-241 rn 
Let F,(r) =r 2 (1 — 7)*0*7g,(); then Eq. 3-2 reduces to 


r 2y 一 1 
Ww 一 -e+ | g.= 0 (16-5) 
where 


When |»| is large, by excluding the negative real axis, we deduce from 
Eq. 16-5 that 


o. = eter [1 +8 + t } ат <1 


where £ = Í" vidr. Evaluating the integral t and assuming, for the 
dominating terms, g,(0) = 1 we obtain Eq. 16-3. 

When r* < + < 1, t becomes a purely imaginary quantity and the 
form of representation (16-3) fails. In that case, the asymptotic solutions 
for both regions r < т* and r* < r < 1 are discontinuous at r = 7*. The 
method of continuation of the solution from r < т* tor > r* is generally 
quite elaborate. In the present problem, c(r) has a simple zero at r = 7*, 
and а technique originally due to Jeffreys proves to be convenient. Ac- 
cording to this, Eq. 16-5, for large >, is solved exactly at r = т* and hence 
reduces to the well-known Stokes equation with solution involving Bessel 
functions of one-third order. By carrying out this procedure, we find a 
phase constant of —=/4 and also a multiplicative factor of 2 in going 
over from + < r* to r > r*. For details the reader is referred to the 
Jeffreys’ book [61, p. 488]. 


(iv) If 0 < + < r* and » # —n, n being integer [6,60] 
(574) 


Plane subsonic and transonic potential flows 


551 


F,16 - HYPERGEOMETRIC FUNCTIONS 


[FOOD = f) — У “=? aes) 
2 


From Lemma (ii), F,(z) has simple poles at » = —n, and from Lemma 
Gii), |T-*F,(7)| is bounded on |»| = п + ф as п — =. Then, by applying 
Mittag-Leffler’s theorem, 


Tp,(r) = Fofr) + У =) -i 
т 


where Rp is the residue of 7'-*F,(r) at » = —m and, since |7-°Р,(т)| 
— f(r), we have 


fe) = FA — У 
1 
Eliminating Fo(r) and R, by Eq. 16-1, we have Eq. 16-6. 


To show that the series in Eq. 16-6 converges, we deduce from Eq. 
16-2, for large m, that 


ny 
(l +a)? | 
2(a—1)5. 


by means of the properties of T(z) at large z, where M is a constant. The 
series is therefore dominated by 


- E în 
[еъ ere] 


neu 


azi 
2(а — 1) 3 
and therefore converges if r-r} T < 1. It can be verified that the radius 
of convergence is the speed of sound + = r*, for rT? = г? when r = r* 
(cf. Eq. 16-4). 
(v) 1f 0 <r < r* and v > 0 and large [20] 


1- a^ £ 
eo = == + авт) 

This follows directly from Eq. 16-3. 

(vi) When 0 < + < r*, the values of v(r) for which F,(r) = 0 can be 
written vi, vs, va, . . . , where — (n + 1) < v, < —n [60]. 

For 0 < r < r*, F,(r) > 0 from Lemma (i). Furthermore, by Lemma 
Gi), F_ı(r) = 1 + rFı (1, —8; 2; т), which is positive. But, we have, 
when » + 2 > 0, 


T 


F,G)— — a8» -2 0 
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according to Eq. 16-1. Hence F,,(r) = 0 and —2 < mm < —1. As soon 
as у passes over to the other side of the pole » = —2, F_s4s(r) > 0, 8 > 0, 
and Ё—з(т) < 0; therefore —3 < V, < 一 2 and so on. From Eq. 16-6, 
when |>„| 一 œ, we have, approximately 


0 = T-“F,(r) = f(r) 一 MTEG) _ 


"Therefore as |»,| — © 

mm 一 —n + Ole") (16-8) 
where 

«= YT? <1 


(vii) For 0 S r < 1 and larg v| £ x [80] 
SD - 1.0 [eo + 2 29] (16-9) 


H کے‎ K. Here t is a con- 


where x,(r) = = ág, (7) and Q(r) = (1 — Ps + (= 
tinuous function of т defined by 
w = Vi — 1 — tan! VF 1 = wr) 
and (16-10) 
1 
te) = e [? ro + ys con] 
The summation in Eq. 16-9 is over the zeros of J,(ut). 
In the first place, from Eq. 3-16 and 3-17 we can conclude that F,(r) 


behaves exactly the same as F,(r). Moreover, for r > 1 and large |»| 
with |arg »| S x, J,(»t) possesses the representation [40] 


(ve) [567-9 +20) 
and, similar to Eq. 16-4, we have, for a > 1 


x,G) = nct zn EIC Є 3 Е + o(3)| 


These expressions together with the asymptotic expansions of I'(v + 1) 
and Eq. 16-10 leads to 


(zjejrxr) _ _ 1 
FEC + DIO) ^ 90 + 0 (D 
which can be easily verified from the asymptotic properties of J,(vt), 
T(r + 1), and x,(r). Now both x,(r) and T(> + 1)J, (st) have simple poles 


(576) 


Jt) = 


Plane subsonic and transonic potential flows 


553 


F,17 · CITED REFERENCES AND BIBLIOGRAPHY 


at » = —n, the poles of (v/e)'x,()/r'T (v + 1)J,(vt) are therefore the 
zeros of T( + 1)J, (vt). Consequently, the residue ів 


i1 


= 


efe x. or [2 re 07.00] 


"Then, from Mittag-Leffler's theorem, we immediately obtain Eq. 16-9. 
Once this is established for ¢ > 1 and а? > 1, it is obvious that it is 
equally true for t < 1 or а? < 1. In that case, the only change lies in 
the fact that the asymptotic representations of x,(7) and J,(yt) are expo- 
nential and w’, w become purely imaginary. 
(viii) For 0 S т < 1 and v — —n, n being a positive integer [80], 


fe r"T(n)xs(r) x: f 
је) Ja(nt) (a 2» + z) (16-11) 
where 
n+ 
ke la, 


Replacing у by ve", and by virtue of J_,(ze™) = e-'J .,(z) we have 
ГО) ein rexel) |, (и) (e = у? f. ) (16-12) 


Tr^ (v/e) ato, 


5 


Now x-,(z) has simple poles at » = n at which its residues are faxn(r) 
and J..(z) = (—1)"J,(z). Therefore, as » — n, Eq. 16-12 reduces to 
Eq. 16-11. 
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м THRRE-DIMENSIONAL SUPERSONIC steady flow past an ob- 

stacle, it frequently happens that a conical field touches, and 
thereby interacts with, a plane shock, resulting in a phenomenon 
known as a "triple point." In the limit of infinitesimal shock 
strength, problems of this kind have been treated by linear 
theory, in which the "triple point" is disguised as a logarithmic 
singularity superposed on an algebraic one at the Mach cone. 
In reality, of course, the shock cannot change discontinuously but 
decays to zero strength under the action of the conical feld 
through a definite region whose dimensions depend on the 
strength of the shock. Consequently, a correct description of 
this phenomenon necessitates a re-examination of the approxi- 
mation assumed in the linear theory. 

In the case of a weak shock, the flow behind it may still be 
considered as isentropic and irrotational. Let the velocity po- 
tential be е in the cylindrical coordinate system (p, 0, z) in which 
з is in the free-stream direction. If the flow is conical, ¢ = 
Us[1 + f(r, 0)] where r = Bp/s апай = VM a" 1; Vand Mo 
аге, respectively, the free-stream velocity and Mach Number. 
The differential equation satisfied by the function f(r, 
cording to Lighthill, is 
Пен G + DM a18 lS — fe + (1/2) (f — rfo] — 

(y — DM elf = rfe + (1/2) (f — rfo" + 

Q/2Xr* + BY) (f + APN + 2M etra 十 了 一 

Му}, + 1 (у DM uf — rfl X 

("Y + ун) — M aro — re + C =0 (1) 
Here C and y stand for, respectively, the cubic terms of the 
exact equation, not containing fr, and the ratio of the specific 
heats, Subscripts denote partial differentiation. When the 
disturbances are small and no terms other than linear ones are 
kept, the coefficient of fr is approximated by 1 — r* and the 
equation becomes linear. For such cases, r = 1 defines the 
singular Mach cone. It is no surprise that linear theory breaks 
down in the neighborhood of r = 1, inasmuch as the terms 
neglected are of the same order as 1 — ғ. To remove the ambi- 
guities inherent in the linear solution in that neighborhood, non- 
linear terms are indispensable. 

If the small parameter of the flow is æ, such as the angle of 
attack of a wing, the shock strength, and so the velocity dis- 
turbances, will be of the order a. In the region of interaction let 
it be assumed that 


f = (1/9 (Е) 

1 — r = (ab"t @) 

# — & = (ау 
where & is a constant giving the location of the interaction zone 
and & is another constant to be determined. It is now assumed, 
оп the basis of the fact that the interaction takes place far from 
the solid boundary, that the character of interaction—namely, 
the exponents /, m, and n—depends solely on the local conditions 
and the differential equation. Since the shock strength and the 
velocity disturbance e, — U = U(f — rfj) are both of order a, 
1— т = 1. If, in the coefficient of fj, 1 — r' is of the same order 
asf — rf, then m must be unity. These two conditions uniquely 
define! tobe 2. The first term of Eq. (1) is therefore (a). Now 
if fæ is also of the first order, » must be 1/2. Therefore, by re- 
taining only the first-order terms, Eq. (1) simplifies to 
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(2 — Fe)Fet — Fe + Fa = 0 (3) 
with 
k = (y + DM. 

‘This shows that the effect of the interaction would confine itself 
to a region that extends in the radial direction a distance of 
Ola) and subtends an angle of O( v/a) and that two flow fields 
described by fi(7, 9) and fi(r, 6) are similar if the product ke is the 
same for both cases. It is of interest to point out that, by a differ- 
ent interpretation of the variables, this similarity rule holds 
equally true for unsteady two-dimensional flow, such as the 
diffraction of a plane shock by а corner. 

One of the boundary conditions that the solution to Eq. (3) 
must satisfy is the shock condition—namely, across the shock’ 
(a) f is continuous, and, (b) 

Af, = I2/(y +1] (т — 1) (f — f) + Maf — 
2f, + 2M_ Nr — 1) 一 M_-(dr/d0 +... (4) 
where Af, signifies the jump in f, From the similarity trans- 
formation, f is O(a?) and therefore the shock condition reduces to 
Fe = 48 Std (6) 
ifthe disturbances in front of shock are zero. 

If there is no disturbance outside the Mach cone and if both 
@.— rfo) and 1 — r near the Mach cone are of the order a, the 
same argument leads to the following similarity transformation 

J = вно FC, т) 
1 — r = (ha в) 
9 = % = kon 
without affecting the validity of both Eq. (3) and Eq. (5). 

The similarity considerations above show that in the (r, 0)- 
plane а three-dimensional purely supersonic conical flow in the 
neighborhood of both the “triple point" and the Mach cone r = 1 
is governed by not a linear but a nonlinear differential equation 
of the mixed type, with the transitional line Fy = 2t separating 
the elliptic and hyperbolic regions, These similarity rules lead 
us to conclude, without solving the differential Eq. (3), that the 
perturbed shock strength of a first-order plane shock can be ex- 
pressed in the form 


Ap/pa = — M. ta)/8] FAE, n) (7) 
with a shock curve of the form 
1 — r = А) (7.1) 


and that the shock strength of the Mach cone without disturb- 
ances in front of it has the form 


АР/р = — (YM. *kat)/B] FEE, n) (8) 
witha shock curve 
1 — r = (kattin) (8.1) 
‘Two special solutions of Eq. (3) have been studied. They will 
be briefly discussed in the following: 
(A) Suppose: 


F = Hu) — 2н|& + o(1 — 2e) (9 + m)*] + ey) (9) 
and 
h = t + h + e( tm) 


where g(n) is a polynomial of degree 4 and Б, n, and о are con- 
stants. The differential equation for H(p) is, from Eq. (3), 


(2a — НЭН" — (1 — 20)H! — 4o(1 — 2e)» = 0 (10) 


where H’ = dH/du. This equation can be explicitly integrated 
with the result: for бе > 1 


(E — 424) [H' — (1 — 2e)u] - + 200120 — 291 = const, (11) 
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When бо = 1, the solution can similarly be found and contains 
a logarithmic term. 

If the constant о lies in —1/2 < « < 1/2, the integral curve 
(H', и) will have a modal point at u = 0. For small p, one 
branch is positive and the other is negative and intersects the 
singular line H” = 2и at a < 0 with infinite slope. In the special 
case where there is no disturbance outside the Mach cone, о = 0, 
then Fe = Hu). Thus, on the expansion side where Н” > 0, 
the flow across the Mach cone is continuous. On the other hand, 
‘on the compression side where Н” < 0, the flow across the Mach 
cone must be discontinuous with a shock strength from Eq. (8) 
proportional to —ke!8-'/T (a) and shock cone 1 — r = 
4" i(ka)H'(as) according to Eq. (5). These results seem to con- 
firm Lighthill's earlier conclusions regarding the character of the 
shock in the case of a triangular wing with angle of attack, lying. 
inside the Mach cone. 

(B) By the similarity rule, assume 


F = (n + GO 02) 


where 
t = t/n +w) 
With this form of solution, it is evident from the shock condition 
[Eq. (5)] that an admissible shock curve is £ = const. = fy. In 
the case of a conical field interacting with a shock, such as the 
tip Mach cone from a rectangular wing at angle of attack, the 
velocity disturbance Fẹ and the coordinates (£, т) of the “triple 
point" are, respectively, —1 and (—1/2, 1/2) from the shock 
condition. With these values, it is easy to deduce G'(tv) = 20. 
The shock condition (Eq, (5)] then determines $o = —(1/4), from 
which it follows that m = 1/(w/2). One can conclude finally 
that the perturbed shock curve is £ = —(1/4) (n + 1//2) on 
which the shock strength decays according to (у + 1/+/2)*. 
‘The numerical integration of the resulting equation for G 


(25 + 4f? — GG" = (1 + 10067 + 126 =0 (13) 


with the initial values € = — (1/4), G = (1/24), and G’ = —(1/2) 
shows, however, that the integral curve (G”, [) forms a cusp 
after hitting the singular line G^ = 2р + 4 at t = 0. The 


solution in this neighborhood is of the form > Gulg|"/*. There 
3 


is, at the moment, no evidence to support the existence of this 
singularity in the interaction zone, even though other properties 
of the solution are acceptable, Further exploration along this 
line is certainly desirable. 

It might be mentioned, in passing, that in trying to solve the 
same problem, Legras? chose a similar shock curve as the initial 
line to construct a solution in power series. Unfortunately, his 
process has not been pursued far enough to determine whether 
this form of solution is actually possible. In the light of the new 
results, it seems to be a matter of fundamental importance that 
Tegras solution be reexamined 
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SUMMARY 


By the distortion of coordinates, it is shown that, in the case 
of supersonic viscous flow past a flat plate, the boundary-layer 
and simple wave theories can be combined to give a complete 
representation of the velocity and pressure fields. Consistent 
first-order solutions are considered. An expression for the in. 
duced pressure on the plate, correct to the second order, is ob- 
tained, At high Mach Numbers the important parameter satis 
fies the hypersonic similarity law; and for arbitrary Mach and 
Reynolds Numbers and for different gases, the theoretical curve 
correlates closely the experimental data. Asymptotic shock 
curve and skin-friction coefficient are also deduced, but the ex- 
perimental verifications are yet to be made. 


Symnors 


Re 一 ры ОЦ 

в = ум 1 

Physical variables defined in Eqs. (2.1) and (8.1) 
Tw, defined in Eq. (2.7) 

т defined in Eq (33) 

defined in Eq. (3.4) 

J defined in Eq. (3.5) 


Ju ty defined in Eq. (4.1) 
p™ defined in Eq. (4.10) 
C, defined in Eq. (8.3) 


@ —— defined in Eq. (9.1) 

K,x defined in Eq. (10.4) 

Superseripts indicate order of approximation 
Subscripts indicate partial differentiation 
Primes indicate total differentiation 


(1) INrRopucrrox 


Wes A SEMI-INFINITE FLAT PLATE moves edge 
wise through a gas of infinite extent with a con- 
stant flight speed, the gas close to the plate will be 
brought into motion by the action of viscosity of the 
gas. If the gas'is incompressible, the flow is mainly a 
diffusion phenomenon and, consequently, can be 
conveniently described by a variable following the law 
of molecular diffusion, as has been done by Blasius. 

As the flight speed increases, the simple hypothesis of 
incompressibility of gases is no longer valid and the 
eflect of compressibility has to be considered. Be- 
cause of the motion of the plate, the forward propagat- 
ing family of waves generated by the viscous displace- 
ment of the flow tends to collect and form a shock with 
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strength varying with flight Mach Number as well as 
with the distance from the leading edge of the plate. 
After a shock is formed, the pressure waves, which 
would have disappeared into infinity, are caught by the 
shock; and being a poor reflector, the shock will deflect 
more and more of the flow, which will, in turn, generate 
stronger waves. This interplay of two dominant effects, 
viscosity and compressibility, eventually reaches a 
permanent state, for a given Mach Number, as ob- 
served in high-speed flight or in the wind tunnel. 

Distinct from the incompressible case, the induced 
quantities, such as the viscous deflection of streamlines 
and the pressure, are not small. At flight Mach Num- 
ber 6, say, the shock strength near the plate becomes as 
high as 5 atmospheres. Furthermore, their order of 
magnitude changes as the distance from the leading 
edge varies. This, in essence, is the reason why simple 
mathematical descriptions, such as in the Blasius 
problem, are not possible, Of course, one might at- 
tempt to find a solution by iteration with boundary 
layer theory at one's disposal. But the difficulty one 
will face is that if the Blasius solution is chosen as the 
basic approximation, it will lead to a second-order de- 
flection infinitely large at infinity and a strong singu- 
larity near the leading-edge shock. The process of 
iteration thus diverges. If, on the other hand, the 
fiow is assumed to follow the law of similarity, as 
Lees has proposed,' simple solutions can be found but, 
from experimental evidence, their range of application 
is very limited. 

Tn the light of these difficulties, it is believed that in 
dealing with problems of this nature only solutions 
that bear a resemblance to exact ones can be useful. 
This requires that the analytic behavior of the solution 
should closely follow the character of the exact solution, 
if not every detail, In other words, near the plate, 
where the boundary-layer approximation is valid, the 
solution should agree with the predictions of boundary- 
layer theory. When the distance from the plate is 
large—namely, at the edge of the boundary layer—it 
should merge smoothly with the inviscid field. Thus, 
at any section of the plate, the solution gradually shifts 
from the character of the boundary-layer solution to 
that of the inviscid field, which is what the exact solu- 
tion does. If such a solution were available, it would, 
at least, give the most outstanding features of the high- 
speed viscous flow. In what follows, in the hope of at- 
taining this goal, an attempt, based on an extension of 
the idea of Lighthill,? has been made. The results are 
not entirely without interest even though there are 
still points that have not yet been clarified. It will 
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serve a useful purpose if further interests are stimulated. 

Asa trial, the first-order problem will be treated first. 
To this order—i.e., to the order of viscous displacement 
of streamlines—the solution is made uniformly valid 
at the edge of the boundary layer and is singular only 
at the leading edge. In this sense, the solution obtained 
below is asymptotic and can be regarded as the counter- 
part of the Blasius solution for low-speed flow. 

The most fundamental hypothesis in this paper is that 
the fluid dealt with is a continuum. This means that 
the Navier-Stokes equations as well as the nonslip con- 
dition at the surface of the plate are assumed to be 
valid. There is no question that on the whole this is 
acceptable. It is debatable, however, whether it would 
give a true physical picture near the leading edge in the 
range of Mach Number considered, aside from objec- 
tions on purely pedagogical grounds. Nevertheless, 
from all indications, classical hydrodynamics does 
provide a correct order of magnitude for all the prac- 
tically interesting quantities and, at this stage, should 
be of great value to engineers. 

In the following, the problem will be subdivided into 
four sections. Sections (I) and (П) are devoted, as a 
preparation, to methods of solution for the viscous and 
inviscid fields. Section (III) deals with the main prob- 
lem of interaction between these two fields of flow, 
which constitute the foundation of the entire problem. 
‘The remarkable result in Section (III) is that the two 
distinct fields of flow are made to overlap, which is con- 
ceptually much broader than the usual notion of 
"smooth joining." Finally, Section (IV) contains 
the results deduced from solutions in Section (III). 
One of the conclusions is that, due to the intcraction 
of the leading-edge shock with the boundary layer, 
the shear stress on the plate first increases, reaches a 
maximum, and then asymptotically follows the classi- 
cal law of friction, with increasing distance from the 
leading edge of the plate. Thus, the question whether 
this phenomenon is primarily caused by slip-flow or 
by the presence of shock can easily be settled by ex- 
periments. 


(I) Viscous Field 


(2) Bounpary-Layer EQUATIONS 


Suppose a uniform stream of viscous gas flows at high 
supersonic speeds past a semi-infinite flat plate at no 
angle of attack. The motion around the plate is con- 
sidered to be two-dimensional and steady. Near the 
surface of the plate, the flow problem can be dealt 
with by boundary-layer theory according to Shen? and 
Lees' under suitable restrictions of Reynolds and 
Mach Numbers. However, if the whole flow field is 
to be considered, the boundary-layer equations have 
to be modified. 

In a Cartesian system, let the velocity components 
i and û be parallel respectively to £ and -axes, and let 
the plate be defined by 了 = Qand 0 < #. If the density 
B, temperature T, pressure 2, and viscosity д are respec- 


tively p. , Ta, Po, and po at infinity, the following non- 
dimensional variables are introduced: 


и = 2/0 

V = (Re/C)'*8/U = (Re/C)^v 

Ф = Ыр. 

x = 2/1 

Y = (Re/C)*3/L= (Re/C)^ y s 
р = р/р. 

T = Т/Т. 

k = Afta 


where Re denotes the Reynolds Number p.UL/u«, 
U and L are the flight speed and a measure of the 
length of plate, respectively; and C is a constant to be 
defined below. Since L is not a characteristic length 
of the problem, it will drop out from the final results. 
In terms of these variables and using the subscript 
notation for partial differentiation, the modified 
boundary-layer equations can be written as 


ECE 
[609-4 


and for a perfect gas ће equation of state: 


£= pT (2.3) 
Here V(x, V) denotes the stream function defined by 
pu = Yr, pV = -v (2.4) 


7 is the ratio of the specific heats, and M is the free- 
stream Mach Number (//(үр„/фь)''. In the case 
where the plate is thermally insulated and the Prandtl 
Number is unity, the energy equation admits a rela- 
tion between temperature and velocity : 
T= 1 + [(y — 1/2)? (1 — u) (25) 
It was noticed by Howarth‘ that if и varies linearly 
with temperature, the differential equations [Eqs. 
(2.2)] can be considerably simplified by a transforma- 
tion of Y. This approximation, however, was found 
to underestimate the compressibility effects at high 
Mach Numbers. To improve its accuracy, a form 
due to Chapman and Rubesin has been adopted— 
namely, 


x= CT (2.6) 
where the constant C will be so chosen as to give the 
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best fit in the important temperature range with the 
measured viscosity coefficient. As the high temper- 
ature region usually occurs in the neighborhood of the 
wall, it is customary to make the fit at the wall. If the 
viscosity obeys the power law Т“ where w is 0.76 for 
air and 0.75 for helium, it follows from Eqs. (2.5) and 
(2.6) that 


C = Tut = [1 + (y — 1/2) °} "7" (27) 


where T, denotes the temperature at the plate. This 
relation will be consistently used in the subsequent de- 
ductions. 


(3) Мвтнор OF SOLUTION 


From Eqs. (2.2), it is seen that the determination of 
the function ¥, within the limitations of the boundary- 
layer approximation, is possible when the pressure in 
the main stream is prescribed. In the present problem, 
however, the pressure, which is a result of the mutual 
interaction of the viscous and compressible effects of 
the gas in the presence of a solid boundary, is at first un- 
known. In what follows, a process of iteration will be 
developed by which ultimately both the velocity and 
pressure fields can be calculated. 

In view of the fact that the pressure in the case of a 
flat plate moving at high supersonic speeds is a first- 
order quantity, it seems possible to begin the iteration 
by taking the pressure to be constant. The zero- 
order solution is then the classical case treated by von 
Kármán and Tsien* and, by means of Howarth's trans- 
formation, reduces to that of Blasius. Due to the 
boundary-layer approximation, which neglects the 
curvature effect of the streamlines, this perturbation, 
if carried out, would lead, however, to a second-order 
velocity which diverges at infinity, besides the singu- 
larity at the leading edge. This difficulty can be 
avoided by modifying the method of perturbation ac- 
cording to a concept of Lighthill! Namely, by writing 


¥= vv 

v = VE n) + eO( n) +... 

b = 1 + PME, n) + epe т) +... (3.1) 
T = TE, y) + e T(E, v +... 

x = fF ех n) +... 


and, as a measure of simplification, Howarth's trans- 
formation is also incorporated: 


1 fr 
Y= BA. Та (3.2) 


Here & n may be considered as new parameters re- 
lated to the old variables x and V by Eqs. (3.1) and 
(32). The perturbation parameter ¢ can be interpreted 
as the lateral displacement of a streamline because, to 
the first order, the pressure, as will be shown in Section 
(11) is proportional to the velocity v, at the edge of the 
boundary layer, which according to Howarth's approxi- 
mation is 


V, = VC/Re[0.860 + 0.596(y — 1)M*] (1/5) (3.3) 


Without loss of generality, let the parameter є and the 
constant v» be defined by 


«= VC/Re | 


(3.4) 
o = 0.860 + 0.596 (y — 1)M"' 


Following the transformation (Eqs. (3.1) and (3.2)], 
the derivatives Ə/Əx and д/дУ in Eqs. (2.2) are re- 
placed by, respectively, 

2 


2 = Xt yŠ TNNT. 
aT apo T Yu t € Us — z) x 


i &( e 2) | 
xp [2 + ex Ee + 
where J is defined by (1/799) f “тїй. Eqs. (3.2) 


and (3.5), although not strictly expansions in powers 
of « are preferable because of the fact that the 
simplification brought by Howarth's transformation 
will be preserved. After the transformation is com- 
pleted, the expansion can then be carried out. If V, 
p, and T are now substituted from Eqs. (3.1) in the 
transformed equations, the zero-order equations re- 
sulting from the vanishing of the coefficient of « of 
both equations lead to the conclusions that ¥ has 
the same form as the famous Blasius solution for the 
case of incompressible fluid and that $ can be a func- 
tion of £ alone. Furthermore, the vanishing of the 
coefficient of e of the first equation and that of е of 
the second equation yields the system: 


LO) = оо + (L(V) 一 2y + 
ы" — TeV" + TUWO + Bn) + 
Sali] sy + (Ye 一 IKON O 一 
[ve + WO — 22, WO — JOO + 
3649), е 一 To) xm + 


1 y-1 ^ 2 
» | yoy, o — > a r 
y Ë a FR ze] e 


- di (e = se pen) = = rede = nes x 
(nowe + ye) + ту (з + ur) 


Pase уез — тыз wem an) 


where L(y,() and (4:9) are defined by 


L(x, 9) = A 十 Way 一 
Veen — w VE — uuum } (3.8) 
цу" ya 一 юле 一 мм 
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As concluded above, ф = VE ft) and Eta = 
n/V€ according to Blasius. The properties of 
function fo(¢) which satisfies a total differential pin 
tion are well known. With y so chosen, the veloci- 
ties, to the first approximation, can be calculated by 
the rules of transformation (3.5); and from 4®, Te 
is known by Eq. (2.5). It can be verified that the ve- 
locities 4® and et vanish on the wall and approach, 
respectively, the asymptotic values 1 and v, in Eq. (3.3) 
when [ becomes infinite. Because of this asymptotic 
value of тч, there induces in the external field a pressure 
p equal to yM*w/8 V, В being VM — Т, as will 
be shown in Section (П). Consequently, in Eqs. (3.6) 
and (3.7) there are left three functions 9, x, and 
p to be determined. 


(4) COORDINATE DISTORTION IN THE Viscous FIELD 


The forms of ww and р together with the differ- 
ential equation [Eq. (3.6)] demands that 
V9 = (m/BG), x" = (09/8) VE g(t) (4.1) 
From Eqs. (2.4), (2.5), and (3.5) it follows that the ve- 
locities and temperature in the boundary layer are, 
respectively, 


и = f (4.2) 
E 
А 
ie = омм + fe roar] + 
ME oiro — ^e) +... 43) 
Te т» О (у + su) + 
(4.4) 


where the prime denotes total differentiation with re- 
spect to t and mn and 7 are defined by 


а 00 = fore p 


= 1 + [(y — 0/2]M*( — fo’) 


It will be shown in Section (II) that with the first-order 
v and p in the external field defined above there will 
associate a first-order и equal to 一 m/6 VE. In order 
that the velocity joins smoothly at the edge of the 
boundary layer, the following condition must be satis- 
fied 


f /T9g = -1, t= ә (4.6) 


Moreover, the condition of no-slip together with the 
fact that ¥ = Ооп the wall lead to 


f= fr + @/T)g’ = 0, t= 0 (4.7) 
By substituting ф and x“ from Eqs. (4.1) in Eq. 


(3.6) and eliminating simultaneously 4® and ро, 
there results a total differential equation of the third 
order for fı and е. This equation can be twice inte- 
grated, and by using the second of the conditions (4.7), 
the result can be written as 


gre ien а RE ГО 
ACE Feel = — utro J. м 
тө a „тү, _ 
(eer a) a - 26 fa 


Я ji B) + Ch" fs ж a5 


where С, is a constant of integration, From the prop- 
erties of fo, it can be shown that the product 


T 
f f£ dt/fo” tends to zero when [ is infinite. It 


appears that C, might be indeterminate. It is noted, 
however, that for large ¢ this product is of the order 
(1/0). This would make the solution [Eq. (4.8)] 
approach the boundary value [Eq. (4.6)] very much 
slower than does fo’, which is contrary to the character 
of the boundary-layer solutions. In order that both 
fı" and g” tend to zero exponentially at infinity, it is 
necessary to cancel the slowly varying terms by choos- 
ing Cı: 


Cı = 0.860 T, (4.9) 


Now, since f," Í (t — 1.720)dr/f" approaches the 


asymptotic value 2 at infinity, the condition (4.6) is, 
asa consequence, fulfilled. 

‘The solution [Eq. (4.8) ] now contains two functions, 
fi and р. In an attempt to eliminate this indeter- 
minacy, the asymptotic behavior of the second-order 
velocity v® and pressure p are examined. In Eq. 
(3.7) if W9, x, p are substituted by their similarity 
solutions and if 2^ is replaced by 


p? = (уо?) / (8° palt) (4.10) 


the resulting total differential equation can again be 
integrated to give the solution: 


se» = Ê {Ê Gf — f) + W + 
[e — 10 + оуу + эһ) + t = aen 


Hg +G (41) 


where C; is an integration constant. At the edge of 
the boundary layer f — œ, the asymptotic properties 
of fe lead to the result 

fı + 25s ~ (8а) ] + constant + Ofe") (4.12) 


Eq. (4.12) shows that if the coordinate-distortion 
function gı were absent, then the second-order pressure 
would be infnite at infinity. It might be argued 
that at the physical edge of the boundary layer £ is 
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really not infinite. Nevertheless, if £ were eliminated 
in terms of x and y according to Eqs. (2.1) and (3.2), 
еро) would give a first-order term * M'roey/2x"^ which 
would make the overlap of pressure fields for arl 
trarily large y impossible. А more reasonable solution 
would be to require the second-order pressure to re- 
main finite across the boundary layer. Then at the 
edge of the boundary layer, t — œ 


gi (83/0) ] + constant + 0(e7) (4.13) 


‘Thus, by causing the second-order pressure р) to be- 
have satisfactorily at the edge of the boundary layer, 
the coordinate-distortion function is fixed in that re- 
gion. 

With the asymptotic form of gı specified by (4.13), 
the second-order velocity v? as calculated from Eq. 
(4.3) is finite for { — =. This very satisfactory re- 
sult is radically different from the previous classical 
perturbation analysis without coordinate distortion 
carried out by Maslen? Maslen’s 209 is infinite for 
infinite ¢. Although Maslen did not compute pt”, it is 
certain that had he computed it, Р would also be 
found infinite as £ — ©. Such anomalies of the 
classica perturbation calculation are objectionable 
not only from the point of view of physical reality but 
also on the ground of leading to divergent successive 
iterations. By introducing the coordinate-distortion 
function g as specified by (4.13), these difficulties are 
resolved and the boundary-layer solution is rendered 
uniformly valid for all ¢. However, as yet g, is not de- 
termined for the complete range of from £ = 0 to in- 
finity. To do this, the question of joining the solutions 
with those of the inviscid field has to be considered. 


(II) Inviscid Field 


(5) DIFFERENTIAL EQUATIONS OF STEADY 
IsoeNERGETIC FLOW 


Outside the boundary-layer region where the vis- 
cous shear stresses become unimportant, the motion is 
governed by the system: 


риш. + и, = —[1/(yM) lps 
pus, + рту = —[1/(yM*) р, (65.1) 
(ви), + (ро), = 0 
and for perfect gas 
b= eT 


By virtue of the conservation of energy, the temper- 
ature can be expressed in terms of velocity: 


T=1+ [(y — 0/21 — u? — o) (32) 

Since the flow in the external field is produced mainly 
by the viscous deflection of the streamlines, the ve- 
locity component v at large ¢ as given by Eq. (3.3) сап 
be considered as the boundary value of the inviscid 
field. In view of the fact that the Reynolds Number 
is large, v will stay small even though the Mach Num- 


ber may be in the hypersonic range. For this reason, 
a fact that is not enjoyed by the flow around a solid 
body with a nonzero thickness, the present problem can 
be linearized by expanding: 
u= 1+ 00 + un. 
т = eo + to + 
p= 1 十 ep 十 ab 十 ...| (53) 
pa Lb ep +e gm su. 
T= 1lteT}H eT... 


provided 4", 0, M-*9'9, M- p™ are not large where 
< is the same parameter as defined by Eq. (3.4). Be- 
cause of the boundary value of v? as described by Eq. 
(3.3), the first-order quantities must vanish at in- 
finity. Consequently, the zero-order shock must be 
a Mach wave. 

Tt must be recalled, however, that as v/ satisfies a 
boundary value [Eq. (3.3)] which is singular at the 
leading edge, in a supersonic field this singularity must 
be propagated along the whole Mach line through the 
leading edge. As a result, all first-order quantities 
are singular there, Moreover, if the perturbation is 
pushed to high orders, the singularity of all high-order 
solutions will progressively become stronger, and the 
approximation, consequently, is poor as the leading 
edge is approached. In order to prevent the un- 
necessarily high-order singularity of the second- or 
higher-order quantities from appearing, the coordinate 


x will be expanded once again: 
x = Et xm) +... 
«x(k, n) (54) 
у=" 


Taking into account the transformation (5.4), the 
substitution of u, т, P, p, T, from Eqs. (54) in Eqs. 
(5.1) yields, for order e, the system 


що = [Gana 
Loud = —1/yM рз 
шо + pl), + nm = 0 
po = ро (у — 1) Mo 
and, by making use of Eq. (5.2), 
ТӘ = 一 (> — 1) Мо (5.6) 
For order е?, one has 


(5.5) 


ще + DADI? = 
uo + poji — sth t 
«9 + [LM Jp = — (ut 十 pojn — 
wD + ns + ПИСМУ) Jota m 
Gem + рв) إن ج‎ = (иба) — 
(ppt), + (u + „уу о wes C0 
PO = p (у Мые — 
G — DE [pu + (1/2) (и®' + s] 


(5.7) 


566 郭 永 怀 文集 


130 JOURNAL OF THE AERONAUTICAL SCIEXCES—FEBRUARY, 1956 


and from the energy equation 
TO = —(y — 1)M*[ut% + (1/2) (w+ v)] (5.8) 


(6) FIRST-ORDER SOLUTION 


‘The elimination of $® between the last two of Eqs. 
(5.5) gives a relation connecting the derivatives of 4, 
$, and 00 which, on combining with the first of Eqs. 
(5.5), can express s, in terms of 2,9. Thus, for the 
first-order problem the fundamental system can be 
expressed as: 


wh = 一 [Ia | (61) 


s = (умро 


‘The advantage of this system is that even if the flow 
is rotational the potential character of the mathemati- 
cal problem is preserved. 

For a given problem, after 00 and р) are deter- 
mined by solving Eqs. (6.1) subject to a prescribed 
boundary condition, such as being described by Eq. 
(8.3) for n = 0, wt can be obtained by partial integra- 
tion of the first of Eqs. (5.5). If the flow is rotational, 
the arbitrary function of т will serve to determine the 
vorticity from the shock conditions. Tn case the lead- 
ing-edge shock, to the zero order, is a Mach wave 
t — fn = 0, the vorticity will be of high order and, 
consequently, the reflected waves are absent. If 
ЕЕ — Вт) represents a simple wave, the complete 
solutions of the first-order problem are given below: 


000 = FE — Bp, ul) = —(1/8)F(E — Bn) 
pm = (6:2) 


(yMP/B)F(E — Br), p^ = QP/S)F( — pn) 


which are the well-known Ackeret's formulas. 

This shows that for a given problem if any one quan- 
tity such as v is described, the rest are all defined. 
For instance, if v takes on the value given by Eq. (3.3) 
on 7 = 0, it follows immediately from Eqs. (6.2) that 

F = w/V E — fn (6.3) 
The singularity of the first-order solution at the lead- 
ing-edge Mach line is, consequently, (£ — 85) - ^. This 
implies that there must be a rapid change of flow prop- 
erties in the neighborhood of this limiting Mach line, 
and the order of magnitude as defined by Eqs. (5.3) 
may very likely alter. This problem will be investi- 
gated in detail in Section (III). 


(7) DETERMINATION OF THE COORDINATE DISTORTION 
FUNCTION 


After the elimination of u® from the first of Eqs. 
(5.7), the fundamental system of the second-order 
problem will read: 


at + ПСМ), = a 
s + POM)” = p 


where qı and 4 are known functions of the first-order 
quantities such as (D, 000, 07), «etc. If the first- 


(7.1) 


order solutions are simple waves as given by Eqs. (6.2), 
qı and q: are simplified to 
a = (89 + хүю)Р” 
qm (y + 1) (A/B) FF! + (859 + w)R 

1f the integration of the system [Eqs. (7.1)] were 
carried out, because of its inhomogeneity, the second- 
Order solution would contain a singular term such as 
(£ + Bn) (E — 81) 2. It is clear that due to this strong 
singularity, the second-order solution would not give 
better accuracy than the first-order solution, particu- 
larly in the neighborhood of £ — fn = 0. The process 
of perturbation then actually diverges. This singular 
term disappears only if x^ satisfies 
РВ 一 yy!) + 28F'(Be + х0) + 

(y + 1) (М*/8) (Р + FF") = 0 (7.3) 


whereupon т) will satisfy a homogeneous equation 
Bou — vy = 0 (14) 


For a given problem, if 09 is obtained by solving 
Eq. (7.4) satisfying prescribed conditions, then the 
integration of Eqs. (7.1) leads to 


pa E (ng HNN Gn 
Let the characteristic parameters be introduced; 
з= ф-т, t=t+ím 
Ед. (7.3) сап then be integrated with (ће result: 


x = 一 oe) ri x + AG) + АВ) (7.6) 


(7.2) 


where A and B are, respectively, functions of s and £. 
200, in this general form, ensures only the analytic 
behavior of the solutions near the leading-edge shock. 
‘The determination of A and B again cannot be done 
until the mutual relationship between the two fields of 
flow is considered. 


(III) Interaction Between Viscous and 
Inviscid Fields 


(8) DETERMINATION OF THE TRANSFORMATION 


As shown in Section (4), the choice of g, [Eq. (4.13)] 
at large £ guarantees the rapid approach to constant 
values of second-order normal velocity v and pressure 
Ф at the edge of boundary layer. These constant 
values of velocity and pressure are otherwise unspeci- 
fied. A moment's reflection on the method of solution 
adopted here shows that the iteration procedure starts 
with 00, From vU, p© is determined. From pi, 
v is computed. Then p is computed. This process 
can be carried on and on; with each additional step 
there is an improvement of the accuracy. However, 
with emphasis on the pressure along the plate, it is 
important to have an exact expression for this quan- 
tity even if other quantities have to be computed by 
iteration. This can be accomplished by choosing the 
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coordinate such that p == 0 throughout the field. 
Then the pressure is exacily 1 + ep. Now within 
the boundary layer, since $» is only a function of £, 
the exact pressure is also a function of £ only. This 
then gives a physical meaning to the independent vari- 
able ë: Lines of constant £ are lines of constant pres- 
sure within the boundary layer. The meaning of the 
independent variable y is obtained through { = n/V š: 
t is the similarity parameter of the solution. 

‘The fact that the pressure is constant for constant 
values of does not imply that pressure is constant for 
constant x, Actually, along constant x in the bound- 
ary layer, the pressure changes are of the 0(«). This 
is the correct order of magnitude. 

With p® = 0, Eq. (4.11) gives the coordinate dis- 
tortion function gı in the boundary layer, 


n=% £ MER! — fo + the + = wl te - 
fr) + 0.004 (Ji! + 2fo") + AN — aft + 
iue) + a en 


With gı fixed, f, can be determined by using Eqs. (4.8) 
and (4.9). 

In the inviscid field, the vanishing of p leads to 
ш = 0 and determines 09) according to Eq. (7.5). 
Thus 


v? = —[(y + 1)/4] (M*/B%) (w/s) (8.2) 


This form of second-order normal velocity in the in- 
viscid region must now join smoothly to the asymptotic 
value of v in Eq. (4.3) at the edge of the boundary 
layer. At the edge of the boundary layer, s œ £. 
Then the continuity of v? at ¢ — œ determines the 
constant. 


€ = [y + 1/2] (4/8) — 2 (8.3) 


‘The solution within the boundary layer is now com- 
pletely determined. It is interesting to note that the 
second-order normal velocity » at the edge of the 
boundary layer is negative. ‘This actually is accom- 
panied by a decrease of temperature and density. 

It remains to determine the functions A(s) aud B(#) 
in the coordinate-distortion function [Eq. (7.6)] of 
the inviscid field. To do this, consider again the junc- 
tion of functions at the edge of the boundary layer. 
From Eqs. (2.1) and (3.2), together with Eqs. (4.5) 
and (4.8), y in the boundary layer can be calculated 
asa function of f and ¢. Thus 


v- E nn - e Ep + oa +] 


(8.5) 
where 
ж = Tet — [o — 1)/2]M(ffy + 2/,' — 0.664) 
ж» = {[(т—1)мзъ]/8] [¢ + 40) (8.6) 
"The function Z(t) has the properties that Г = O(r) if ç 


is small and tends asymptotically to a constant at 
infinity. Thus, when f is large, y as a function of 
and [ reduces to 


149(y — DM? e |+ бё) (87) 


Оп the other hand, the coordinate x, according to 
Eqs. (3.1), and (8.1), for large Fis 


“++ f = £) 

х= + 7 (Er+ a 172 М +... (88) 
The elimination of + WE between Eqs. (8.7) and (8.8) 
leads to a relation expressing £ as a function of x and 
y—viz., 

те ap( + 1M? 
в ( 2 


g^ - 2) t — (x — Bye? + 


(2 — WMmey -0 (89) 
2 

It is interesting to note that £, and so the velocity at 
large t, is constant on straight lines in x, y-plane. It 
will be shown later that these straight lines are the out- 
going Mach waves. This point will be further ampli- 
fied below. 

By comparing Eq. (8.9) with Eqs. (5.4) and (7.6), 
the arbitrary function B(t) must be zero, and A(s) is 
equal to vcs\/s/8. The transformation equation for 
the inviscid field can then be written 


"+ a (s - х l 2) s — (x — Bys^ — 
(y + DM ey _ 
28: Е 


As the velocities in the viscous field at | — œ are func- 
tions of £ and those of the inviscid field are functions of 
s by Eqs. (4.6) and (6.2), the velocity field will agree 
at a point (x, y) only when their arguments agree. To 
the first approximation, this condition is fulfilled if 


а = —[(5 — 3y)M* — 8]M*/48' 


as in the region of overlapping y is of the order e In 
order to make the joining accurate to 0(¢), the second- 
order term ey in Eq. (3.1) will have to be considered. 

‘This completes the problem of continuation of the 
viscous solution into the external inviscid field. What 
has been done here is essentially the restoration of the 
correct analytic behavior at the edge of the boundary 
layer to the first-order velocities and the suppression 
of the second-order pressure in the whole field. More- 
over, by means of coordinate distortion the viscous and 
inviscid solutions are made to overlap in a region rather 
than along a line, and consequently a smooth transition 
from viscous to inviscid field has been achieved. 


0 (8.10) 
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(9) PROPERTIES OF THE TRANSFORMATION 


The analytic behavior of the transformation deter- 
mined in the preceding section can now be investigated. 
From Eq. (8.10) it is clear that the inverse transforma- 
tion of Eq. (5.4) will be three-sheeted. The branch- 
point is given by 


x, = 0 


which corresponds also to the vanishing of the Jacobian 
of the transformation. As the flow behind the shock 
is regular, the Jacobian is expected to be finite and non- 
vanishing. 

It can be proved very simply from Eq. (8.10) that 
the branch v/s > 0 covers the whole right half (x, y) 
plane singly but folds three times in the left half plane. 
The envelope begins to form at negative infinity 
(Мз = ©, x = y = —«) and moves forward to a 
point x = —O(e), у = 0(e), [Vs = 0(9] where it 
has cusp and turns abruptly toward the origin (W5 = 
0) with a horizontal tangent. Therefore, in the phys- 
ical domain x > 0 and y > 0 and 0 (9 < Vs, the 
transformation is regular. 

‘The relationship between the parameter s and (x, y) 
as expressed by Eq. (8.10) has a very simple geometrical 
interpretation. s = constant are parallel straight lines 
in the £, s-plane, which belong to the out-going family 
of Mach waves by the linearized theory. Now, if s is 
held constant in Eq. (8.10), there results a linear rela- 
tion between x and y. The equation of this straight 
line can be written as 


[ - 92560], а 


MU = 21 өл) 


where 0(s)  en/w/s. It can be readily verified that 
this equation, to the first order, represents just the 
out-going family of Mach waves in the x, y-plane if 0 
is interpreted as the local deflection of the flow. Thus, 
the original parallel straight Mach waves in the £, y- 
plane become a family of straight waves in the x, y- 
plane, whose slope increases toward the leading edge. 
‘These conclusions, in part, cover also the transforma- 
tions (3.1) and (3.2), for as { is large they tend to педа 
and, consequently, must share the same 
When is not large, a separate study has to be made. 
The Jacobian of the transformations (3.1) and (3.2), 
to the first order, is proportional to 


1 + [(#%)/(28\/2@1 [Cı + 06%)] > 0 


when £ is small and g, ~ С, + 0({). Therefore, the 
transformations (3.1) and (3.2) can be singular only 
at the origin Ё = 0 for small t. By increasing ¢, the 
factor in the bracket will first change sign and then 
gradually tends to the asymptotic value of the inviscid 
case. Since both g, and T are regular functions of 
f, the above argument is sufficient to establish the 
regularity of the transformations (3.1) and (3.2). 


The relationship between the pair of variables (£, n) 
and (x, y) can be ascertained by study, to the first order, 
of the equations: 


x = t + [(xe)/8] n VE + se 
y = «Уу + Oe) 


where gı and yı are defined respectively in Eqs. (8.1) 
and (8.6). If this transformation is considered exact, 
it would follow that = 0 is transformed to the origin 
of the x, y-plane. To any £ = const. x 0 there corre- 
sponds a curve that begins at the wall with a positive 
slope and approaches asymptotically a straight line at 
infinity. On the other hand, ¢ = const. lines, which 
are parabolas with vertices at the origin, correspond to 
lines in the x, y-plane 


(9.2) 


x+ ie) М > 0 (93) 


where g = voegi/8. Since y, > Ofort > 0, у = 0 when 
x = 0; and y = 0 when £ = 0. It follows that all 
curves pass through the origin. 

This shows that without considering high-order ef- 
fects, the viscous region remains in the region x > 0 
and y > 0, as in the Blasius problem. The boundary- 
layer thickness, however, grows as x" near the leading 
edge, instead of as Vz, according to the Blasius 
solution. The constant of proportionality is approxi- 
mately 1/(«xM?) at high Mach Number (a factor de- 
pending on y has been left out). When x is large, 
according to Eq. (9.3), the boundary-layer thickness 
asymptotically tends to ey, [Vx — (1/2)g]. 

It might be of interest to point out that previously 
Schaaf,’ by a simple consideration that takes into ac- 
count slip effect but neglects pressure, had reached the 
conclusion that the boundary layer initially grows 
linearly with x, which can also be deduced from Eq. 
(9.3) by putting p — 1. From this it follows also that. 
the initial slope of the boundary-layer thickness is 
2/(y + 1)M, being independent of Reynolds Number. 
‘The difference between these two results is large and 
should serve as a crucial test for the two different as- 
sumptions. The implications of the new result will be 
further discussed in connection with the shock pattern 
near the leading edge. 


(IV) Results and Conclusions 


(10) Pressure ON THE PLATE 


According to the method adopted in Sections (6) 
and (7), the induced pressure is determined, by the 
knowledge of the maximum viscous displacement of a 
streamline, in terms of a characteristic parameter— 
namely, the out-going Mach waves. By continuation 
of the velocity and pressure fields as established in 
Section (8), it is shown that the pressure in the boundary 
layer reads 


P= 1+ Мо) /(ву/Ә] + OC) (10.1) 
As E is a function of both x and y, the pressure in the 
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boundary layer, consequently, varies in both direc- 
tions x and y. 

On the plate where y vanishes, g, reduces to Cu 
and the equation governing £ and x becomes 


E+ (00/81 VE х = 0 (10.2) 
or 

woe (HIM _ 
MESS НЕ 四 2)+ 


pe Tí 


gene 


The elimination of £ between Eqs. (10.2) and (10.1) 
leads to the expression: 


et (эчле ү 


2 gp 
i x r3 = ) ] (103) 
By defining two parameters K and X: 
——— 
xo (HS ) (104) 


the pressure given in Eq. (10.3) can be expressed as 


taxi x+ 1+2 x) (10.5) 


It is interesting to remark that as for large x, me/ ух 
is approximately the deflection 8 of the flow at the edge 
of the boundary layer, the parameter x at hypersonic 
Mach Numbers reduces to (y + 1)M@/2 and the pres- 
sure given in Eq. (10.5) becomes identical to the pres- 
sure on a wedge airfoil, deduced first by Linnell? In 
the present case, however, as the surface deflection is 
not uniform, it implies that Linnell's formula, although 
derived for the case of uniform flow, can be applied to 
calculate the pressure on a curved surface. This has 
been also independently verified by Probstein* at 
Princeton, and good agreement with the characteristics 
method has been obtained. It is also of interest to note 
that, using the shock-expansion theory Lighthill' has 
shown that for small 6 the pressure given by Eq. (10.3) 
is accurate to 0(6?). 

‘The universal form for the pressure on the plate in 
Eq. (10.5) is plotted in Fig. 1. In view of the fact dis- 
cussed above, the available experimental datat at dif- 
ferent Reynolds and Mach Numbers and for different 
gases have been converted on the same graph by Eq. 
(10.5). As x is directly proportional to M'** and 
inversely to WV Rex, the increase of x may either mean 


* Unpublished. 

十 The author is indebted to Prof. Lester Lees of the California 
Institute of Technology for supplying him with the assembied 
experimental data. 
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drawing should read “Bertram. 


increase of Mach Number or decrease of x. Thus, in 
the weak interaction zone, the curve is nearly linear. 
It tends to be quadratic in the strong interaction zone. 
At present stage, the experimental accuracy is still 
difficult to assess, but within the range of experimental 
scattering the theoretical curve does seem to give a 
consistent correlation. In order to establish this for- 
mula firmly, more experimental data are, of course, 
urgently needed. 


(11) Varocrrr Fero 


The formulas for the velocities in the boundary layer 
are already given by Eqs. (42) and (43). These 
formulas together with the function g, in Eq. (8.1) 
describe the velocity distribution in the boundary 
layer. In this preliminary study, however, detailed 
numerical calculations will not be made. A sii 
qualitative discussion will be given below. 

First, for small ¢, the pair of transformation equa- 
tions can be approximated by 


omen.) 


-t+ (+ VE + 09) 


> = (eTe/V PEVE + 05") 


where p is the pressure on the plate given by Eq. (10.3). 
To the same approximation, the velocities u and v are 


м = 0.332 +... E 
= 10332 т/а) ур +...) ` — 


(11.1) 
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Since p is singular at the leading edge and by Eq. (10.3) 
VP ~ roMe/ Vx for Vx << exa|/28, the transforma- 
tion equations yield 


VE~ [#/(«юв)]х[1 — aM*e(y/x'/)] 


where а = 0.332 V/y(y + 1)/2. Within the boundary 
layer and for small £, the quantity in the second set of 
brackets is never zero. Therefore, in a small neigh- 
borhood at the leading edge, и = й(у/х'') and v = 
x^ '*6(y/x'"), The existence of the parameter y/x"* 
is in agreement with the behavior of the boundary- 
layer thickness near the leading edge The fact that 
the velocity field exhibits such a singularity at x = 0 
indicates that the solutions will not be valid for x < 
ote). 

When x = 0(M*e) but x < 1, it follows that p is 
proportional to l/w/z, и = #(у/х'), and о = 
#С'(у/х'*) approximately. These are essentially 
the forms deduced by the similarity hypothesis. In 
view of the fact that in this range of x the parameter 
x is almost unity, the approximation of the pressure 
Eq. (10.3) by the leading term Kx, as in the case of the 
similarity solutions, is clearly difficult to justify. This 
might be the reason why the validity of the similarity 
solutionsis restricted. 

If x is large, the effect of the coordinate distortion 
will be small. x then will be approximately £, and p 
is almost unity. In other words, in the weak inter- 
action zone the flow in the boundary layer will have 
much the same characteristics as that under constant 
pressure. 

On the other hand, for arbitrary x as £ is large, the 
velocities Eqs. (4.2) and (4.3) reduce to 


u= 1 — [(eo/(8x/D] + Ke) | 


v = (Керу — Пету + 1)M43/(001 + e) 
(11.3) 


From Eqs. (8.9) and (8.10) £ approaches asymptotically 
s as t becomes infinite, w and v then merge smoothly 
with the external field described by Eqs. (5.3) and 
(6.2). As pointed out previously—s = constant lines 
are out-going Mach lines in the x, y-plane—the 
velocity field in the boundary layer then approaches 
the values described by the simple wave theory. 


(12) DETERMINATION oF SHOCK STRENGTH 


Let the shock curve be represented by у, = yz). 
Then, the shock strength p — 1, according to the Ran- 
kine-Hugoniot relations, is given by 


P= 1 = |(@2+)/(т + D] UGPy")/0 + y] — 11 
(12.1) 


where the prime denotes differentiation with respect 
tox. From Eqs. (5.3) and (6.2), y, can be solved in 
terms of 9(s): 


Ë E v5] (23) 


where s as function of x and y is given by Eq. (8.10). 

Since the deflection of the flow 6(s) increases with de- 
creasing s, the denominator of Eq. (12.2) will diminish 
toward the leading edge. Accordingly, the slope of the 
shock curve will increase as one proceeds along the 
shock from infinity and becomes infinite when the de- 
nominator vanishes. This critical point at large Mach 
Number is found to be Vs = 0(Me). However, the 
smallest value that 4/5 is allowed to reach is, from Sec- 
tion (9), ОСМ), where the Mach line will be parallel 
to the y-axis. Therefore, infinite slope cannot occur 
in a physically realizable region, and, as a conse- 
quence, the shock can be assumed to begin at the 
leading edge where V/s = Vs = [(y + 1)/(28") Mev, 
by Eq. (9.1). 

Since the largest value of (y + 1)M26(s) 26 in the 
denominator of Eq. (12.2) is 0(1/М"), Eq. (12.2) can 
be simplified by writing: 

% = 0/8) (1 + [( + 1)/2] (ff/8)9()] ^. (12.3) 
where () denotes differentiation with respect to s. 
From Eq. (8.10), on the other hand, y can be expressed 
in terms of both x and s—namely, 


Ву, = [1 — (2ee/N/3)]7* (x — s + Qeomy/s) (12.4) 
where о = (y + 1) M*w/48' and m = [(3 — y)M? 一 
400 + DAP. By differentiating Eq. (124) with 
respect to s along the shock, there will result a new 
relationship between £ and $, This relation, to- 
gether with Eq. (12.3), then yields 


+ — P()x = QU) (2.5) 
where 
P(s) = eos 

РЕ 2\7 

69] 
eo = [1= (1 - 1425) da 
2eom 

+ 
From the initial condition that when з = s х(5) = 0, 
there follows the solution: 

a = Гос fe as (12.6) 


which together with Eq. (12.4) gives a parametric rep- 
resentation of the shock curve. 

When s is large, P ~ 1/s and Q ~ /s/ec. Eq. 
(12.6) then gives 


Viscous flow along a flat plate moving at high supersonic speeds 571 


VISCOUS FLOW ALONG A FLAT PLATE 135 


x ~ [2/(ee) s^ + 0(з) 


From Eq. (12.4), the shock curve asymptotically tends 
to 


Ву, — z + (3/2) (ex) x» >>1 (127) 
When x is small, s ~ з. From Eqs. (11.9) and (12.3) 
» c V2 (x/M) (12.8) 


The shock curve according to Eqs. (12.7) and (12.8), 
together with the Mach waves Eq. (11.8), is illustrated 
in Fig. 2. It shows that the shock begins at the lead- 
ing edge and increases linearly with x with a slope twice 
as large as that of the boundary-layer thickness in that 
region. The fact that the character of the shock near 
the leading edge does not depend on the viscous effect 
may indicate either the breakdown of the no-slip hy- 
pothesis for Vx < ec or that the flow near the leading 
edge is dominated mainly by compressibility effects. 
Neither case, however, supports the view that near 
the leading edge the shock and the boundary-layer 
thickness coincide. 

With the asymptotic shock curve Eq. (12.7), it can 
be deduced that the shock strength decays asymptoti- 
cally according to 


b — 1~ ly/(y + 1)] (V2 ex 


Ve 1 
(12.9) 


"That is, the shock strength falls off with a rate much 
slower than the decay of pressure along the plate. 
This is consistent with the fact that for large x the shock 
is nearly parallel to the Mach waves, along which the 
flow properties are constant. 


(13) Skin FRICTION 


Following the definitions of Eqs. (2.1), (2.4), and 
(8.1), the shear stress on the wall can be calculated by 


л„(да/дў)„ = (Uns /L) Ce" p^ rr 


where p is the pressure given by Eq. (10.3). If the 
skin-friction coefficient c, is introduced, then 


€; = B (0ü/05)u/(1/2)p. U? = 2ep' (Yrr)e (13.1) 
From the transformation (3.5) 

(бу) = (0.322/ VD 一 [ema)/(80] + . . - 
The substitution in Eq. (13.1) gives 


€, = 2«5^((0.332/u/£) — [(ana)/(89] + .. .} (13.2) 


where a; = (0.332/2) (C, + М?) — 0.8607, and VE 
is defined in Eq. (10.2). 

‘Thus, the skin friction on the plate is determined by 
two opposing effects: the second term in the braces, 
which represents the contribution by the shock, tends 
to diminish the friction, while the induced pressure 
tends to increase it. Shock decreases the velocity 
outside of the boundary layer, and hence the slope of 
the velocity profile is reduced, resulting in smaller 
skin friction. Pressure increases the density of the 
fluid and contracts the boundary layer; it thus tends 


Fic. 2. Wave system in the inviscid field outside the boundary 
layer for y = 1.40, = 10-3, and М = 10. In the figure the 
scale of the ordinate has been magnified by a factor of ten. 


to increase the slope of the velocity profile and the 
skin friction. In the weak interaction zone, the effect 
of the coordinate contraction is strong, and the shear is 
in excess of the value deduced by the von Kármán and 
Tsien theory. In the strong interaction zone, however, 
the effect of the shock is dominant; the shear increases 
at a slower rate than according to the classical law and 
falls off after a maximum has been reached (Fig. 3). A 
simple calculation shows that the shear vanishes at VÊ 
= «тоо1/0.3828. In the case of air at М = 10, ¢ = 
10 this corresponds to £ approximately 0.01 cm. 

This shows that the combined effects of interaction 
produce near the leading edge a phenomenon that is 
similar to ordinary boundary-layer flow under favor- 
able pressure gradient, for which the shear continually 
increases in the direction of the flow. In the case of 
high-speed flow, this has customarily been attributed 
to the slip effect, but this conjecture has not been 
borne out by the present investigation. It is believed 
that with proper accuracy the Navier-Stokes equations 
can still give a correct physical picture without the 
necessity of introducing new hypotheses. 


(14) CONCLUSIONS AND Discussions 


То summarize, it can be concluded that at high 
supersonic speeds, the flow past a flat plate can still 
be subdivided into viscous and nonviscous flelds. 
In the outer, inviscid field, the flow is irrotational and 
can be described, to at least second order, by Fried- 
richs' simple waves, which are shown by Lighthill!? 
to be correct to this order. In the inner, viscous field, 
the flow is of the boundary-layer type, but the problem 
has to be dealt with by a combination of the boundary- 
layer theory and Lighthill's method of straining the 
coordinates. Concrete results concerning the flow are 
as follows: 

(1) The leading-edge shock is attached, with an 
initial shock strength 2y/(y + 1) for M > 1 and an 
initial slope V3/M. Far away from the leading edge 
it approaches the Mach wave with a rate proportional 
to (er) x", according to which its strength decays. 

(2) The pressure along the plate can be expressed in a 
form in which the parameter can be interpreted as the 
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20 other side of the flow field, the skin friction would be 
i finite at the leading edge. 
1 In view of the fact that the shoek is initially inde- 
ә \ pendent of the viscous effects, it must be concluded that 


oz = + 
\ | 
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Fro. 3. Local skin friction along the plate for y = 1.40, « = 

107%, and M = 10. The dashed curve shows the skin friction 


when the shock wave is absent. 


local deflection of a streamline. In the hypersonic range 
the pressure formula reduces to the same form as that 
оп a wedge airfoil. In fact, for both the viscous and the 
inviscid fields, the solutions depend on a parameter that 
corresponds to Tsien's hypersonic parameter—i.e., 
Mv, ~ M?**/-/Rex. This is in full agreement with 
Lees’ hypothesis.’ 

(8) The second-order vertical velocity component is 
directed inward, and, consequently, there results a re- 
duction of boundary-layer thickness, as compared with 
the case of a shock-free flo: 

(4) The boundary-layer thickness grows like x"* near 
the leading edge due to the singularity of the pressure. 
If the pressure were regular at the leading edge, the 
boundary layer would grow linearly with x. When x 
is large, it assumes the behavior of the ordinary bound- 
ary layer. 

(5) The skin friction on the plate is larger than for the 
case in which the pressure is constant, when x is large. 
As x decreases toward the leading edge, the skin fric- 
tion increases gradually and falls off after it reaches a 
maximum. If the singularity were shifted toward the 
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the initial behavior of the boundary-layer thickness 
cannot be proportional to x". For this would imply 
that the flow would follow concave streamlines and 
would be compressive but continuous; then the viscous 
effects would have a strong influence on the shock and 
Mach waves. This seems to indicate that the solution 
cannot be valid when x is less than O(m*e). 

The deficiency of the first-order theory can be seen 
also from Eqs. (8.9) and (8.10) in connection with the 
continuation of the solutions from one to the other 
field. If in the transformation (3.1) a term ex? were 
added, then it would be possible to make Eqs. (8.9) 
and (8.10) agree to the order &. In that event, when 
VE is O(M*), the transformation equation [Eq. 
(3.1)] would likely cease to converge, and a different 
approach near the leading edge would have to be con- 
templated. 
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T THe ANNUAL MEETING of the Institute of the Aeronautical 
Sciences, January, 1950, James M. Kendall, Jr., presented 
а set of highly interesting data on the characteristics of the flow 
over a flat plate at Mach Number 5.8, obtained from the GALCIT 
5- by 5-in. hypersonic wind tunnel" By measuring the impact- 
pressure profiles and the static pressure along the plate, as pre- 
viously reported by H. T. Nagamatsu,? he was able to deduce the 
detailed structural features of the flow field. These results re- 
veal definitely that the flow field between the shock and the plate 
has two distinct regions—the one which is close to the plate is of 
the boundary-layer type, and the other which is far from the plate 
is nearly inviscid and of the simple-wave type. This picture is in 
complete accord with the model that has been used in a theoretical 
calculation." To substantiate this point of view, it is proposed to 
make further quantitative comparisons. 

Of the results reported by Kendall, the surface pressure was 
measured with the greatest degree of certainty. As the leading 
edge of the plate was thin (0.0002 in), the thickness effects must 
have been very much reduced, if not entirely eliminated, The 
surface pressure affords, for this reason, the best chance of a check 
of the theoretical result. This comparison is made in Fig 1 The 
experimental points for three different Reynolds numbers fall 
very close to the theoretical curve for the parameter Ç less than 2 
and lie below it beyond that value of Ñ, Le., very close to the lead- 
ing edge 

Previously, D. Coles has made a similar measurement at Mach 
3.7, which, when compared with theoretical values, was found 
consistently high. The good agreement now achieved by Ken- 
dall's results shows definitely that the leading-edge geometry of 
Cole's plate caused an additional deflection of the flow, as in the 
case of a wedge and, therefore, gave rise to a slightly higher pres- 
sure. 

The divergence of the measurements and calculations beyond 
X equal to 2 may well be attributed to the inaccuracies of either 
the pressures measured or those calculated in the neighborhood of 
the leading edge (less than 0.08 in. from the leading edge, say) 
Without further careful measurements nothing definite can be 
said at this moment. 

Based on the impact-pressure profiles, Kendall deduces ap- 
proximately the flow properties behind the shock, such as ve- 


* This study was carried out at the suggestion of Dr. W. R. Sears, Director. 
of the Graduate School of Aeronautical Engineering, with the financial sop- 
port of the Mechanics Branch, Office of Naval Research. Reproduction in 
‘whole or in part is permitted for any purpose of the United States Covern- 
ment, 
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Fic. 2. Pressure distribution in layer between plate and shock. 


locity, mass flow, static pressure, ete. Of these quantities, the 
static-pressure profile is the most interesting. It shows not only 
the behavior of the pressure inside the boundary layer and in the 
inviscid field but also the outer edge of the flow field —namely, the 
shock curve, The comparison with the estimated values at x = 
0.64 in, is given in Fig. 2. That the measured surface pressure at 
x = 0.64 in. is too high—an anomaly pointed out by Kendall— 
seems to be borne out by the calculations. On the whole, the 
agreement in this case is qualitative only. 

From the impact-pressure profiles, Kendall also defines the 
shock curve and the edge of the boundary layer. These are com- 
pared with the corresponding calculated ones in Fig. 3. The 
shock curve has been calculated not by means of the accurate 
formula but by its asymptotic form and is fitted to the measured 
value at x = 0.25 in, Asa result, the agreement for large x is not. 


Fio. 1. Pressure distribution along the plate at M = 5.8 


Fic. 3. Shock curve and edge of boundary layer at M = 5.8. 
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Зо good as expected. On the other hand, the calculated boundary- 
layer edge lies consistently below the estimated curve. This dis- 
crepancy can possibly be explained by the fact that the calcula- 
tion was based on the choice of the similarity parameter to be 7 
instead of 8. In any case, the agreement in the boundary-layer 
curve is quite close, 
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ITE row of a viscous perfect gus over a semi-infinite lat 
plate at high flight Mach Number M was considered in a 
previous article! under the assumptions that (1) the plate is 
thermally insulated, (2) the Prandtl Number Pr is equal to 
unity, and (8) the viscosity и varies linearly with temperature Т. 
With the choice of a special coordinate system, the problem was 
treated by a method of perturbation, with the case of uniform 
pressure as the zeroth approximation. To the first order, the 
method yields a velocity field and pressure which approach at 
large distance from the plate the simple wave solution. Being 
of the simple wave type in the inviscid field, these solutions are 
actually correct to second order there. 

‘The results of this analysis reveal an important parameter s» 
(defined further below), besides the Reynolds Number Re 
(= UoL/va, Ua, ro and L being, respectively, the velocity 
and viscosity of the gas at infinity). Together they appear in 
all flow quantities. Unlike the Reynolds Number, which char- 
acterizes the viscous effects, v depends primarily on the tem- 
perature distribution and, therefore, is a function of Mach Num- 
ber and represents the compressibility effects of the gases. It 
is the purpose of this note to investigate the functional depend- 
ence of ww on both Mach and Prandtl Numbers for both the case 
of an insulated plate and that of heat transfer—ie., cold wall. 

As shown in reference 1, the boundary layer deflects the main 
flow at a given point to the first approximation, by an amount 
which is proportional to w. 


w= 0.880 f” ery ae w 


where To is the temperature ratio corresponding to constant 
pressure in the main stream and f, the similarity variable. The 
prime under the integral sign denotes total differentiation with 
respect to f. In the case of constant Prandtl Number and 
constant wall temperature, the temperature Ts was found to be 


Ty = 1 + My — 10/2] M? ols, Pr) (2) 
for the insulated plate and 
Ty =1 + My — ALM adt, P) + _ 

{1 + Ky — DINE Pr — T, esr, Pr) (3) 
for heat transfer, Here Ty and у are, respectively, the wall tem- 
perature ratio and the ratio of specific heats. The functions 
Фи and би are defined in terms of the Blasius function f(t). 
For both cases, w as an explicit function of y, M, Tç, and Pr can 
be found by evaluating two integrals. 


n= fern front ar] ar e 
and he Ky a @ 


where as denotes the initial value of. 

‘Numerical integration shows that Jı is 1.54 and 204 for Pr 
equal to 0.72 and 0.50, respectively. From this, together with 
the value at Pr = 1, it is proposed to approximate Jı by the 
formula 


五 = 1192(Pry** в) 


This agrees with the exact values at Pr = 1 and 0.72 and gives a 
value of 2.00 at Pr = 0.5, with an error of only 2 per cent. In 
the case of Js, the usual method of approximation, namely to 


* This work was carried out as part of research program at the Graduate 


of the United States Government. 


On the other hand, at Pr = 0.72, numerical integration yields an 
answer of 6.55, while the approximate Eq. (7) gives 6.14. To 
improve this approximation, Eq. (7) is modified to read 

Ty = 5.182/(Pr)¥ (в) 


‘This formula again agrees with the exact value at Pr = 1 but 
gives a value 6.45 at Pr = 0.72, which is in error by about 1.6 per 
cent. 


И the approximate Eqs. (6) and (8) are accepted, at very high 
Mach Number rs can be approximated by 
m = 0.506 (y — PPA (9) 
for the insulated wall; and 
m = [0.596Р°"" 一 0.430Prral (y 一 1)M* (10) 
for the case of cooling with low wall temperature, From these 


it can be concluded that for Pr different from unity the hyper- 
sonic parameter X (see reference 3) has to be modified in the fol- 
lowing manner: itis 


PP MRED an 
for the insulated plate; and 
[Prem — 0721 Ре] AP Rei (2) 


for heat transfer. It is further noted that, in the case of cooling. 
at high Mach Number, the compressibility effects will be greatly 
reduced, in fact, the induced pressure at the same Reynolds 
Number is almost 70 per cent less than that if the plate were 
insulated. Im the case of the insulated plate, the effect of reduced 
Pr is a slight reduction of the deflection of the streamlines and, 
hence, an attendant reduction of the induced pressure. 

In the problem of high-speed flight, it is of importance to 
know, in addition to the local friction, the rate of local heat 
transfer at a specified constant wall temperature. For arbitrary 
Prandtl Number, a calculation similar to that in reference 1 can 
be carried out. This gives a local skin-friction coefficient cy and 
a local heat-transfer number Nu, as follows: 


er = 2V e Re V pIE las ~ Уве (w/a VO +... 1 (18) 
Nu = Pr Re V pfe lan — Vo/Re (wa/8 VE) +... 
(14) 
where p and £ are, respectively, the local pressure ratio and a 
parameter, both being functions of the distance x from the lead- 
ing edge;! a, dy, and 8 are defined by 
a = (oa/2) [yM* + Ky + 1)/2) (Ма?) 一 
jë p mae ] 
ато = 
в- vini ав) 
and, finally, the Chapman-Rubesin constant С, in the present 
case, is chosen as 
C = 1045 + 0.55Tç + 00у — DAPV/Pr]* (16) 


by assuming that the viscosity-temperature law at the point 
where it coincides with the linear relation is proportional to 
T*. In the case of large M, a and à, can be approximated by 
= = 1093 + 1)/47 — 1)] — 0.50622" + 

0.490P 9) (y — DAN Б (17) 


= (/в)} 


© = (35 + 1)/4) 


It is interesting to note that both constants a and mw are 
greatly affected by cooling but the product aw remains prac- 
tically unchanged by heat transfer. Thus, insofar as cooling can 
decrease the skin friction, it is effected mainly through the re- 
duction of pressure. 
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COMPRESSIBLE VISCOUS FLOW PAST A WEDGE MOVING AT 
HYPERSONIC SPEEDS* ) 


By L. J. Pan ANp Y. Н. Коо 


1. Introduction. When a thin sharp-nosed body flies at hypersonic speeds, the 
flow around the body is characterized by its high temperature and low density 
near the surface, due largely to the loss of kinetic energy of the fluid by the 
action of viscosity. The consequence of expansion of the gas in the boundary 
layer is an enormous increase of the viscous deflection of the outer flow, which 
in turn causes a strong shock at the leading edge. Previous investigations (Refs. 
1, 2, 3) have laid special emphasis on the increase of the effective thickness of 
the body due to viscous deflection of the stream-lines but have neglected the 
entropy or vorticity generated by the shock. 

In view of the fact that at hypersonic Mach numbers the change across the 
shock, even in the case of thin bodies, can be large, an increase of entropy could 
be accompanied by an appreciable increase of temperature of the flow. This 
heating may lead to further expansion of the gas, resulting in additional changes 
of pressure and skin friction. If, however, these effects were taken into account, 
the flow behind the shock would involve the interaction of both families of 
Mach waves and, therefore, would present formidable difficulties for theo- 
retical solution. On the other hand, if the basis for the simple-wave theory can 
be established, the solution of the problem can be greatly simplified as has been 
demonstrated in the case of the flat plate (Ref. 4). It is, for this reason, important 
to clarify to what extent entropy will be of significance. 

With a motivation to answer this question, it is proposed to consider a special 
case of an infinite wedge with large wedge angle, for which a strong shock exists 
even at infinity. Inasmuch as, at high Mach numbers the characteristics of the 
flow over thin sharp-nosed bodies depend very little on the shape of the body, 
the results obtained for one case may well cast light on the other. Merely for 
the purpose of estimating these effects, the investigations can be restricted to 
the weak interaction zone for which an asymptotic solution can be easily found. 
It is shown that at hypersonic Mach numbers the contributions due to entropy 
rise are small even for large wedge angles. It can therefore be concluded that, 
as in the case of inviscid rotational flows (Ref. 5), the waves reflected by the 
shock play only a minor role in influencing the flow and can be neglected at 
hypersonic Mach numbers. 


2. Equations of motion. In the Cartesian system (2, g), let the surface of 
the wedge be defined by 0 S 2, and g = 0. The flow field in question is super- 
sonic and is bounded by the leading-edge shock OS (Fig. 1) and the surface 

* This work, being part of a thesis by L. J. Pan, was carried out at the Graduate School 
of Aeronautical Engineering under the sponsorship of the Mechanics Branch, Office of 
Naval Research. Reproduction in whole or in part is permitted for any purpose of the 
United States Government. 


179 


1) Published in Journal of Mathematics and Physics, 1956, 35(2): 179~193 


578 


郭 永 怀 文集 


180 L. J. PAN AND Y. Н. KUO 


of the wedge. Let 4, 5 be the velocities in the 2, j directions respectively and 
let р, p, T and д be, respectively, the pressure, density, temperature and vis- 
сову coefficient. If the velocity U, , the thermal variables p, , pe, T, and 
the viscosity u, far downstream are taken as references, the variables can be 
normalized as follows: 


z = #/L, Y = (Re/C)'g/L = (Re/Cy'y 
u= d/U,, V = (Re/C)'0/U, = (Re/C)v, р = јр) — (21) 
p = Pa, Т = TT. p= p/p 


where Re = p,U.L/u, . Неге L is an arbitrary length and C is a constant to 
be defined later. It is remarked, however, that the scale L is introduced only 
as a convenience in formulation and will drop out in the final solutions. 


Fro. 1. Diagram showing the unperturbed supersonic flow over infinite wedge 


In terms of these variables, the Navier-Stokes equations for a compressible 
viscous fluid can be expressed as: 
oF - [nt airo] + у, a tta + ooh 
Dv РА 2 1 (2.2) 
^ir 7 [e о) + ү; thay + ole 26024 


(pu), + (ро), = 0 
with 


mE and O-u +, 
where y is the ratio of the specific heats, М = U_/a, , a, being the speed of 
sound at positive infinity, and the subscripts denote partial differentiation 
with respect to the variables indicated. 

In the case of gases, the above equations involving both р and Т by the de- 
pendency on temperature of the viscosity, cannot form a complete system with- 
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out consideration of the energy balance and the equation of state. For Prandtl 
number unity, these are, respectively, 

ay = DM 
PDT Y 1Dp , (y — DM 


TU vb Hs 1—56" + 2и(и + 0) + иби, + v] 


Q3) 
+ ITs + GT) 


and, for perfect gases, 
P= рТ (2.4) 


In the following, it is proposed to attack this problem approximately by two 
different methods according to the distance from the surface. At large y, the 
deviation of the flow properties from those of the uniform state at infinity is 
small and the solution can be obtained by perturbation, taking the uniform 
flow as the zero approximation. This region will be subsequently called ezternal 
field. Near the surface, where the viscous effect is important, boundary-layer 
approximations will be employed. This region will be called the boundary layer. 


3. First-order solution of the external field. As the non-uniformity of the flow 
behind the shock is caused primarily by the viscous displacement of the stream- 
lines, the velocity in the external field must join, to the first approximation, with 
the velocity produced by the boundary layer along a flat plate, which is 


ve 0.860 + 0.596(y 一 DM? 
) -— 


Vz 
Thus, at y = 0, the external field must satisfy: 
v = emf Vz (8.1) 
where 


«= VC/Re and vı = 0.860 + 0.596(у — 1)M^ 


The parameter e so defined can serve as a measure of the first-order viscous 
effect. 

With this definition of e, the following expansions can be attempted: for 
e«1 


u=1+e + dy 4... 
$m e + d +... 
юр = 1+ "م‎ + ёр® +... (8.2) 
م‎ =1 + ep? +é +... 
T=14 T” dT? +4... 


By substituting the expansions (3.2) in Eqs. (2.2), (2.3) and (2.4), it can be 
readily seen that the first-order solutions satisfy a differential System which 
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is identically the same as the first-order inviscid differential system. Solutions 
of such a system have been already obtained by Chu (Ref. 6); these are as 
follows: 


09 = n[Fiz — Ву) + G,(z + By)] 

= GM'o/B)IP,(z — By) — G,(z + By] 

= —(n/B)IP,(z — By) — Gi + By)] 一 S) (83) 
p™ = (M'x/B)IP (z — By) 一 Giz + By)] — (у — 0M'SG) 

T? = [6 — 0M 'n/8) [P,(z — By) — GG + BW)] + (у — 1M? Si(y) 


where 8 = VM? — 1; F1, G) and S, are arbitrary functions. 

This shows that the first-order solutions consist of both the outgoing and 
the reflected families of plane waves and, in addition, a “vorticity wake.” From 
the definition of entropy, viz. In pp ^, S:(y) is simply proportional to the first- 
order entropy which is, therefore, constant on y = constant lines. It is inter- 
esting to note that the effect of the entropy generated by the shock, to the 
first order, is to decrease the velocity and density but to increase the tempera- 
ture, as compared with an irrotational flow. 

The flow field described above can now be determined jointly with the shape 
of the shock by satisfying the Rankine-Hugoniot shock relations and the con- 
dition (3.1). As the thickness of the shock is much smaller than the thickness 
of the boundary layer, the shock, to the first approximation, can be described 
by a curve: 


dy/dz = {апт (3.4) 
where r is the local shock angle. The expansion of the shock conditions accord- 
ing to (3.2), together with 

vois ven ass в») 


where то is the shock angle at infinity and is determined by the half wedge 
angle 9 and the Mach number M..,, in front of the shock, leads to a set of first- 
order relations (Ref. 6) on the shock у = z tan то. From these it follows, by 
elimination that 


p” = yM»™ tan 入 (3.6) 
1 = (y + 1) ese 2ro p /yM* (3.7) 
u (1 — Hî sint д E 
m= Yus roll у — 1) M? віп? ro] YM’ Ba 
where 
dan A ce af + 307 — 1)M* віп? zd sin 2% 


PL + Ky = DAF вш* n] + МЧҮМҮ sin? ro — Hy — 1)] соёт; (89) 


These relations will be valid as long as the flow is supersonic and the shock 
belongs to the weak family. 
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To satisfy the conditions (3.1) and (3.6), the funetions F, and G, may have 
the forms: 


1-A Ai 
2 = = 3.1 
Vena 07 VRER бү 
The constant A,, by (3.6), is determined to be 
A= Жы d (3.1) 


(1 — B tan 3) + У — B tan то) (1 + 8 tan 7») (1 + £ tan А) 
As soon as the pressure р“ is known, it follows from (3.7) and (3.8) that 
mtl n» [ 1-4 _ Ai IE (812) 

: 2 Bain2nlL V1 — Btan УТ Вато] уг | 


8, = ЕЛ (3.18) 


where 
(1 — M? віп? тє)?! 


P: = Maris roll + Hy — DM ein d 


(3.14) 
. [ 02: Q. Ay ] 
Veot В Veotr + 8 
On account of (3.12), to the first order, the shock curve is: 
(y+ Dei 
«илет а сов? то віп 2% 
(3.15) 


[v - asa] v: + 


It is observed that the first-order solutions given above are singular at y = 
0 due to the presence in the flow of non-uniform entropy. This implies that in 
the neighborhood of the edge of the boundary layer the velocity gradient will 
not be small, as is the case of an irrotational external flow, and consequently, 
a “sharp boundary” between the boundary layer and the external field ceases 
to exist. As a result of this gradual transition from the viscous boundary layer 
to the inviscid external field, the familiar concept of matching the boundary- 
layer solution to that of the external field must be radically modified. This new 
problem will be solved in Section 6. 


4. Singular solution of the order é. In view of the singular term Si, it is 
inevitable that singular terms of the type y 'z" will appear in the high-order 
solutions at small y, where the exponents 1 and т are positive and J increases 
with the order of approximation. For instance, by substituting 

u=1-e&-—¢S,—---—&S8,—--- (4.1) 
v= /Vz 


582 


郭 永 怀 文集 


184 L. J. PAN AND Y. H. KUO 


in the first of Eqs. (2.2), leaving out the regular terms, one finds that the high- 
est singular term in 5, is Buy іг! ; and the highest singular term in S, is 
(Bi(1 + 2vi)y*z, etc. To continue the process, it can be shown that for the 
n" highest singular term 8,, in S, there is an equation: 

Strays + (¥i/-V2z)Suntoy = Saws n = 1, 2, 3, +++ (4.2) 


From the first three solutions, it can be generalized that Eq. (4.2) admits a 
solution: 


S. = BO "Ну" ЗӨ", Su = 8, (4.3) 
A рейн of (4.3) in Ед. (4.2) yields the recurrence formula: for п = 
Case = [2/0 + 1)] n(n + 0С, + (0 — DC (4.4) 
with 
GA=1, C= 
This particular sequence on summation gives a solution in the form of (4.1): 


u =1 — BID coa sien ... 
T 


This series has the property that when y = 0(e), all terms become the same 
order, «, and the series converges if ¢ /z < y. For this reason, when у = 0(«), 
the complete solution for w is: 

и=1- Vau? m. 
where 


u® = B, Y FC, eon (45) 
T 


and 29, being the regular part of u'? defined in (3.3), is a linear combination 
of Fı and б\. 

As one proceeds to still higher approximations, singular terms like (4.3), 
which аге of the order e, е, ete., have to be considered. For the present study, 
which stops at the first order, this problem will not be pursued further. 


5. Boundary-layer equations. Consider now the solution in the inner, viscous 
layer. In the case of large Reynolds number, the viscous layer will be thin and 
the boundary-layer theory a legitimate approximation. Accordingly, the equa- 
tions (2.2) can be satisfied to: 


pluus + Vur] = —(1/yM*)p. + 1/Cluur]r 
0 = (1/М?)р (5.1) 
(pu). + (pV)r = 0 
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by neglecting terms of the order é. If the surface is thermally insulated, the 
energy equation admits a solution: 


T = 1 + 40 — DM — v) (5.2) 
Furthermore, it is assumed that the viscosity-temperature relation is linear. 
Following Chapman and Rubesin (Ref. 7), 
k = СТ (53) 
Here the constant С is chosen such that z at the surface agrees with the power 
law Т“, o being a constant for individual gases. This determines 
С = Te = [1 + 1 —1)M (5.4) 
where Tu is the temperature of the surface. 


On account of (5.3), Eqs. (5.1) can be further reduced by introducing Ho- 
warth’s transformation (Ref. 8) 


г 
v= Vpl), т=% r= Í T de (55) 

where ¥ is the non-dimensional stream function defined by: 
m=r, рҮ = —Y. (5.6) 


According to the transformation (5.5), the velocities u and V can be expressed 
in terms of e, T, and p: 


чо= е, 
У = - a [re [та] E (7e + e, [ za) 


A substitution of u and V in (5.1), by making use of the equation of state, leads 
to an equation: 


Д = £ 1 
eve wes = P [teen — GS a = ed |+ (5.8) 


where the pressure p is a function of £ alone. The solution of (5.8) must satisfy 
the conditions: 


(57) 


2 一 =-0 т=0 
p= UG, т, пә е 
where U(£, n) will be specified later. 


(5.9) 


6. Solutions for the viscous layer. From (4.5), the velocity u near the edge 
of the boundary layer is, instead of (3.2), 


«u =1 + veu? + a +... 
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for y = 0(9. Accordingly, the solutions in the viscous layer take the form: 
e= 9? + Ve aep + 
p=1 +p? + dp +... 
“These expansions lead, from (5.7) and (5.2), to the expressions 
u= 十 Veo? + 
y = + Sa? +... (6.2) 
Т =T” + ST +... 
where v, o®, 7 and TY are defined by: 


(6.1) 


5 
09 = —т® + ee | TP dz 

0 
oP = — TV — 19 + P [TTF de + uo [TP ae (63) 


Т9 1 + 1 Ma- A, Te = (у DM 


By expanding (5.8) and equating to zero the coefficients of « and e, there 
result 


өен — еен — em = 0 (6.4) 
and 
Po? + eo? — eof — eel? — oi = 0 (6.5) 


The boundary conditions for p and g are: 
ی‎ = P 0 =o =0, و‎ =0 
ew =1, of = ШО п), тое 
where и? (£, п) is required to equal the series defined by (4.5). 
Thus, the zero-order solution, as expected, is simply the boundary-layer 
solution for a flat plate under uniform pressure. The solution of Eq. (6.4) ac- 
cording to Blasius is 


(6.6) 


¢" = VERE) (6.7) 
with ¢ = 7/2/€. Eq. (6.4) then reduces to 
f" + fh’ =0 (6.8) 


with the boundary conditions: 
h-fh-0 r-0 ] 
fe=2, fo 


The solution is well-known. For t near the origin, the solution can be expanded 
in a power series 


(6.9) 
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oU _ at | llast’ _ 375ašt" 
aa сезү: SEE (6.10) 


where as = 1.328. On the other hand, when £ is large, the solution is asymp- 
totically 

fe ~ 2 — % + 0(e t) (6.11) 
where % = 1.720. 

Given fo above, both u and v in (6.2) can be expressed in terms of fy and 
its derivatives. From the asymptotic behavior of fo, it can easily be shown that 
s (g, n) approaches the value (3.1) as { becomes infinite. 

With fo so calculated, it follows that the solution ¢” must be 


p” = BERG) (6.12) 
where the constant B, is defined in (3.14). Eq. (6.5) is, consequently, reduced to 
2fi + efi’ + ffi + fe = 0 (6.13) 
with the boundary conditions 
= fi = 0, =0 
А-Л t (6.14) 


Л = ALEC — Bo + 20) "9, po 
where C, is defined by (4.4). 

It should be pointed out that, as already mentioned in Section 3, owing to 
the strong entropy gradient near the surface of the wedge, the two velocity 
fields, if they are truly matched, should be matched for all their derivatives in 
a region of large t; ¢ = 5, say. This is actually what is prescribed by the second 
of (6.14). Finally, the problem will be completed after it is verified that the 
required asymptotic behavior is exactly the value of the external velocity given 
by (4.5). 

First, by satisfying the conditions at £ = 0 the power-series development, 
yields 

ЫЕ р Ия Кы 
ла[за stad — 2886447 +... (6.15) 
where a} determined by numerical integration, is 1.83150. Secondly, when ¢ is 
large, by approximating fe according to (6.11), Eq. (6.13) is simplified to 


fU + (t — poi’ +f = 0 (6.16) 


Upon introduction of a new variable, с = 2f — fo, the resulting equation can 
be integrated in terms of Bessel functions of imaginary argument. Namely, 


Ê = vee" Din (2) + D.K, (9)] (647) 


Now as z — œ, asymptotically 


а? е" = 1)"Г + m) .. 
a(g) аг а) 7” 
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的 -oem 
It follows that as £ — oo asymptotically 
dh S 2D. $ (TG + m) an 
qr V^ mITQ т) 


From the transformation (5.5), when t is large the relation between z, y and 
t, to the first approximation, is 


+ ое") (6.18) 


m mm 
Ev 2 — Bo + 2v (6.19) 


By writing z = (2t 一 Во + 2m) — 2m and replacing in (6.18) 


жү" S. ГОт+1+ 0 i(2p)! 
(Es) te 
there will result a double series which, in the domain of validity, can be con- 
verted into a single series by Cauchy’s method of multiplication: 

л = 201 È сда — bo з) оет") (6.20) 
Vet 

The coefficients C, satisfy exactly the same recurrence formula (4.4) if C, = 1. 
Therefore, if D, = WV, the solution fj will satisfy the imposed condition (6.14) 
at infinity, which by (6.19) is just g'u” defined by (4.5). 

It is interesting to observe that, although the boundary-layer solution does 
approach the prescribed inviscid field exponentially, the displacement boundary- 
layer thickness, nevertheless, cannot be defined due to the singular behavior of 
the inviscid solution at y = 0. Under such circumstances, it seems that the 
concept of the displacement thickness has to be dropped in favor of the well- 
defined quantity v. It must be pointed out also that in spite of the fact that the 
boundary-layer thickness, according to (5.5), is increased due to the presence 
of the entropy field, the displacement boundary-layer thickness, if defined, will 
be decreased, since the flow deflection is decreased, as will be shown later. 


7. v and p” of the external field. In the preceding sections, it was shown 
that the first-order entropy field produced by a curved shock will induce, inside 
the boundary layer, velocity (u), density and temperature increments of the 
order ¢ but a velocity (v) increment of the order el This modification of the 
flow deflection will in turn generate new trains of waves in the external field. To 
calculate these quantities, the process of Section 3 can be repeated. According 
to (6.3), the velocity » expressed in terms of fo , fi is 


w = EE (oq, — эш) + 8226 [s(1 ул — ил) E 


HRR- MAHA- aD лә] 
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when t is large, the asymptotic expansions of fç and f, lead to: 
so BE aK Y — 1) МЧа + 8) + 28) + ШӨ] (72) 


where ñ, = 0.1977, being the constant defined as fi ~ — 6i + O(V/T) as t becomes 
large. 

This negative value of v® at infinity shows that the entropy field, contrary 
to the viscous effect, turns the flow toward the wall and, therefore, reduces the 
viscous displacement of the stream lines. There is an attendant reduction of 
pressure. 

Following Section 3, if the asymptotic value in (7.2) is considered as the 
boundary value of the external field, the solutions must satisfy: 

0® = n/t, y=0 (73) 
where 
vi = $Bl28, + (v — DM’(a + 80] 


Inasmuch as the shock relations to this order remain the same as those from 
(3.6) to (3.8), it follows therefore that 0% and р? are, 


UU a = 
ы "о е] 
(7.4) 
p^ = — in| i- Ai ] 
B L@— Ву)! (z+ By). 
where the constant A, is defined by 
p 1 一 Btan 入 
B tan т (75) 
(=p tan») + [аа lae g tan») 


Similarly, the quantities r, , S, , etc. can be deduced. 


8. Discussion of the results. The solutions given in (3.3) and (3.10) show 
that the first-order solutions such as pressure, velocity, etc. due to reflected and 
incident waves bear а common ratio Aiy/z — By/(1 — A)x/z + By. As z — By 
is less than z + Ву in the inviscid field, this ratio will be everywhere less than the 
value A;/(1 — A;) at the surface у = 0. According to Fig. 2, this value can be 
at most 0.14 for 0 = 15° at a flight Mach number of 12. Therefore, for 6 less 
than 10°, the effects due to reflected waves are generally of no consequence and 
may be neglected. 

It is interesting to point out that although the deflection associated with the 
reflected waves is positive, the pressure and temperature they induce are both 
negative. In this respect, they act in the opposite sense to that of the entropy 
wake, as shown below. Hence, in speaking of the effects of vorticity, these 
distinctions have to be made. 

As to the entropy effects, it is noted, first of all, that, following the solutions 
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s 0 
М. 


Fie. 2. Variation of A, with M. for = 10°, 15° and у = 1.40 


of the preceding section, the pressure due to the entropy is of the order é. 
With this correction, the total pressure, for M > 1, is 


: meee _ Bil 24) 4/0 ,.. 
p — 1 = 0596y(y — 1)(1 — 24)x [: алт — 2A) V Re, + ] 


with 
x = M'VC/Re, (8.1) 


This shows in the first place that the pressure correction due to the first- 
order entropy generated by the perturbed shock is negative, and, moreover, by 
numerical calculation it is found to be small. From Figs. 3 and 4, at flight Mach 
10 and 0 = 15°, the correction amounts to only 6 per cent. This is in direct 
contradiction to the prediction of Professor Lees (Ref. 9) that shock heating 
due to the generation of entropy induces a non-trivial positive pressure. 

Furthermore, the velocity reduction by entropy is also small, from (6.1) and 
(6:12) it can be verified that 


"SAO N VE + (8.2) 


From Fig. 3, B, is less than unity and, for C/Re, < 1, the correction should be 
everywhere small and in fact, by Fig. 5, can be at most 10 per cent. The local 
skin friction is shown to be 


16 
ot E[-- ^E 


and the correction in this case is also small as long as C/Re, < 1. 
While it is true that the effect of entropy on pressure and velocity (w) is 
negligible, it contributes a considerable portion to the temperature near the 


€] (83) 


Compressible viscous flow past a wedge moving at hypersonic speeds 


589 


COMPRESSIBLE VISCOUS FLOW 191 


edge of the boundary layer. Under the conditions specified in Fig. 6, at places 
the correction could be 100 per cent at the edge of the boundary layer. It can 
therefore be concluded that the shock heating of the gas in the cool layer is 
absorbed largely by expansion of the flow under practically the pressure єр? 
due to viscous deflection alone. 

From the velocity and temperature distributions shown in Figs. 5 and 6, it is 
observed that as the leading edge is approached, the boundary layer deviates 
gradually from the unperturbed one and becomes less and less distinct from the 
inviscid field. This probably is generally the case whenever the external flow is 
rotational and has a large velocity gradient. Under this circumstance, as already 


s м. ю 
Fio, 3. Variation of B, with M. for @ = 10°, 15° and y = 14 


Fre. 4. Surface pressure for @ = 15°, М. = 5.3 and y = 140 
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Его. 5. Velocity distribution at three locations for @ = 15°, М. = 5.3 and y = 14 


10 = 


Fic. 6. Temperature distribution at three locations for ё = 15°, М. = 53 and y = 1.40 


pointed out, the definition of the displacement thickness is ambiguous, and it 
would be meaningless to identify the boundary-layer thickness with the dis- 
placement thickness. The present result shows that, at least in the case of 
wedge, this identification would be wrong. 
From these results, there arrive the conclusions that, at hypersonic speeds 
and half wedge angle 0 < 10°, 
(i) The effects due to the reflected waves at the leading-edge shock and the 
entropy generated therein are small. 
(i) Entropy raises considerably the temperature in the cool layer but 
generates a small negative pressure. 
(iii) As far as pressure and skin friction are concerned, the application of the 
simple-wave theory to such problems сап be justified. 
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It is remarked, finally, that, owing to the presence of the singular term Sı , 
there appear in high-order approximations sequences of singular solutions of 
which the leading one is given in Section 4. Similarly, the corresponding term 
8, in the (j)"-order solution leads to other sequences of singular solutions of 
which the leading one is of the order e, and so on. Generally, it is clear that 
between two consecutive integral powers of e, such as (0, 1), (2, 3) etc., in the 
expansion of ¢ there will be a series > e"p°", A, being a function of the 
integer n. For example, between p” and ¢”, the function A, is (2" — 1)/2". 
Therefore, if a consistent first-order solution is required, this series has to be 
calculated. This shows that the method of perturbation as expressed in (6.1) is 
actually impossible. As long as the vorticity in the external field is singular at 
y = 0, the boundary-layer solution has to be expanded in a sum of two series 

«Ф and En Dn em". In this sense, the problem cannot be con- 
sidered as solved—but this in no way affects the conclusions drawn above, 
which are consistent up to the order é. 
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Summary 
The problem of boundary-layer flow is formulated for a gase- 
ous mixture, resulting from the dissociation of a single perfect 
diatomic gas. Under the assumption that the mixture is in 
dissociative equilibrium, the flow quantities, such as surface 
temperature and skin-friction and heat-transfer coefficients, are 
evaluated, and the importance of the transport coefficients— 
namely, the viscosity, conductivity, and diffusion coefficient— 
are examined. It is shown that under the condition of equilib- 
rium dissociation the effects of dissociation on the transfer 
coefficients are not large at very high speed. 


(1) INTRODUCTION 


E RECENT YEARS the growing interest in high-speed 
flight has led to the study of the flow phenomena 
prevailing at Mach Numbers in the hypersonic range. 
One of these problems concerns the flow of air past a 
body with either sharp or blunt nose in the limit of 
very large Mach Numbers. The problem has usually 
been formulated under the assumptions that air is a 
slightly viscous, heat-conducting, continuous medium 
but obeys the laws of a perfect gas. In the low Mach 
Number range the theory is well founded and has 
yielded results fully in accord with experiments. In 
the hypersonic range, however, the temperature of 
the gas may reach a point that makes the simple 
hypothesis of perfect gas untenable because under 
the existing temperature conditions some molecules 
are split up under the strong bombardment of the 
fast-moving particles. When this process affects a 
considerable proportion of the gas molecules, the gas 
is said to be dissociated. 

After dissociation has taken place, part of the 
kinetic energy of the molecules, which would have 
been stored in the gas as heat energy, is lost in de- 
composing the molecules. As a result, the temperature 
of the gas drops. This difference of temperature 
between the real dissociated and ideal undissociated 
gases grows rapidly as the process of dissociation 
proceeds at higher and higher temperatures. In the 
problem of hypersonic flow over a body, the calculations 
have been made on the basis of the information ob- 
tained previously without including the effect of 
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dissociation. Since the effects generated by the viscous 
thickening of the boundary layer depend greatly on 
the temperature field, an error made in temperature 
will ultimately be manifested in every other calculated 
quantity. 

In view of the increasing importance of high-speed 
flow, it is imperative that the basis of the classical 
theory be further broadened to adapt it to the new 
situation in which polyatomic gases would dissociate, 
in order to lend reality to the theoretical conclusions, 
This paper, as a first attempt, proposes to formulate 
the boundary-layer problem at high temperature 
under the suppositions that (1) the fluid in the main 
stream is а simple diatomic gas, and (2), when dis- 
sociated, the resulting mixture is in dissociative 
equilibrium. The justification for these assumptions 
lies in the fact that the main objective in such pre- 
liminary investigation is first to be able to express the 
dissociation effects in terms of convenient physical 
parameters and estimate them effectively for the case 
of a single gas. As air is almost 80 per cent nitrogen, 
its thermodynamic properties will certainly be over- 
whelmingly dominated by nitrogen. Hence, any 
information gained for nitrogen can be helpful toward 
the understanding of the phenomena observed in air. 


(2) THERMODYNAMIC FUNCTIONS or a GASEOUS 
MIXTURE 


It is assumed that the gaseous mixture to be con- 
sidered below results from the dissociation of some 
molecules Аз in an originally pure diatomic gas and 
that the constituents 4; and A of the mixture are in 
chemical equilibrium and react reversibly according to 


Ast 24 Q4) 


under given temperature and pressure. For this 
mixture, the relative amount of the constituents Ay 
and A can be conveniently characterized by the 
degree of dissociation, defined as the fraction of the 
original gas As transformed in the reaction. Let the 
total number of molecules As before dissociation takes 
place be Ne. The number of molecules Аз and atoms 
A in the mixture is then, respectively, №1 一 €) 
and 2Noe. It can be verified that in the present case 
the mass fraction of A becomes identically the same 
as the degree of dissociation. 

In the mixture, let the partial pressures of the gases 
Аз and A be, respectively, pa, and pa. In the case 
of perfect gases, they are related to the density p and 
temperature T of the mixture by 
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Pa = 2eRpT 
Pa, = (1 — 9ReT | 


where R is the gas constant referred to unit mass of 
the original gas. The total pressure of the mixture, 
according to Dalton's law, will be the sum of ра and 
Pa namely, 


(23) 


p= [1 + «Ат (2.3) 


Similarly, let the specific heat content of the pure 
gases A and Az be, respectively, Ha and Н. In the 
temperature range considered, the translational and 
rotational motions of the particles are fully excited 
but the vibrational and electronic states are partially 
excited. To the first approximation, if the molecule 
As rotates like a rigid rotator and, independently, 
vibrates like a harmonic oscillator with frequency » 
with the lowest cnergy zero, the statistical-mechanical 
calculations give 


Ha = c(A)2eRT 
Ia, = (As) 一 ET 

where c(4) and c(4;) are defined by 

(A) = (5/2) + [E o6 ет ЎЗ] 


(As) = (7/2) + [(ho/kT)/(eMM™ — 1)] + 
[F 654967 еа) (2.5) 


Q4) 


with 
&(A) = Е„(А)/&Т and &,(As) = E,(As)/kT 


In the above expressions, 5/2 and 7/2 are easily 
recognized as the classical values for specific heat at 
constant pressure; the term (Ау/ЕТ)/ (2/7 — 1) is 
the vibrational energy of a diatomic molecule 4; and, 
finally, the last term in both cases represents the 
contributions from the electronic excitations. The 
constants g,, h, and k are, respectively, the number 
of electronic states of energy E, of which the ground 
state is chosen to be zero, Planck's constant, and Boltz- 
mann's constant, For a given particle, the values of 
kn and E, can be calculated either theoretically or by 
spectroscopic analysis. 

With the temperature held much below that of 
complete dissociation, the above approximation is 
adequate and the sums in each case can be replaced 
by the first few terms. If the temperature goes 
beyond the range 10,000°K., say, then high-order 
effects such as anharmonicity of the oscillations, the 
coupling between oscillation and rotation, etc., should 
be considered. A calculation of this type has been 
made by H. A. Bethe. 

1f the energy of dissociation per molecule is D, the 
total heat content per unit mass of the mixture is 


TI = [e(43) — e) + c(4)2e + (D/kT)eJRT (2.6) 


Here the first two terms inside the square bracket 
can be called the thermodynamic heat content and 
the last term which arises from the heat absorbed by 


the reaction (2.1) can be called chemical heat content. 
It will be noted that, in an aerodynamic problem of 
this nature, the total heat content, instead of the 
Partial heat content, will appear as the convenient 
thermodynamic variable. 


(3) Cuemicat, EQUILIBRIUM 


It is seen from the preceding section that for a two- 
component mixture, the thermodynamic functions 
contain not only thermal variables 7 and p but also 
the concentration of one of the constituents. In a 
mixture in which there is chemical reaction, the de- 
termination of this quantity requires knowledge of 
the law that governs the rate of chemical reaction, 
like the case of a combustion process. In cases where 
the reaction, under given temperature and pressure, 
cannot proceed indefinitely, an equilibrium state will 
ultimately be established. Ií this condition is satisfied, 
the partial pressures û, and pa, will be such that 

K, = рар (8.1) 
where K, is constant for given temperature and is 
known as the equilibrium constant. 

From the definition of partial pressures of Eq. (2.2), 
it follows that 

K, = [4e/(1 — Jp (3.2) 
In thermodynamics, the condition of equilibrium 
such as defined above can be expressed by the fact 
that, holding the temperature and pressure constant, 
the thermodynamic potential of the system cannot be 
changed by any variation of the partial pressures. 
With this principle, statistical mechanics! gives the 
result 
K, = A[2*(A)/Z(As)]TS20~ PAT (8.3) 


where Z(A) and Z(43), known as the sum-over-states, 
or partition function, denote 


2A) = Уве 


Z(A) = (1 — e AT- E ge tAn (3.4) 


and the constant A is 
A = [2(2rk)™°/h?](ma/2)*(h*/8 I) (3.5) 


Неге ma is the mass of the particle A, and Z is the 
moment of inertia of the molecule Аз. 

Knowing K, as a function of temperature, the 
equilibrium degree of dissociation can then be calculated 
from Eq. (3.2)—namely, 


<= [Ks/(4p + K,)}'? (3.6) 
This relation can finally express the enthalpy H in 
terms of the thermodynamic variables Т and p. 
(4) Bounpary-Laver EQUATIONS 


Consider a two-dimensional steady flow of a diatomic 
gas past a fixed semi-infinite flat plate. In a Cartesian 
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system (x, у), let y = 0 and 0 < z be the plate and let 
u and v be, respectively, the x- and y-components of 
the velocity of the fluid. By the boundary-layer 
theory, the equations of motion reduce to 


ри(ди/дх) + ро(ди/ду) = 
一 (dp/dx) + (д/ду){м(ди/ду)] (4-1) 


(Ә/Әх)(ри) + (д/ду)(ж) = 0 (4.2) 


where 4 is the viscosity coefficient of the gaseous 
mixture. 

For a binary mixture, the energy equation, by the 
same approximation, assumes the form: 


pu(QH/dx) + ж(дН/ду) = u(dp/dx) + (Ә/Әу) X 
[М(дТ/ду) + (Ha 一 H4)p9(9«/0y)] + u(Ou/dy)* 
(4.3) 


where H denotes the total specific heat content of the 
mixture defined by (2.6); А and D are, respectively, 
the thermal conductivity and binary diffusion coeffi- 
cients. The second term in the square bracket 
represents the heat flux transported by diffusion. The 
effects of thermal diffusion are generally small and, 
therefore, are neglected. Since the composition of 
the mixture varies in the flow field, the mass fraction 
of the individual species is required to satisfy 


ри(де/Әх) + т(де/Әу) = (0/dy)[pD(O«/dy)] + © ; 
(4.4 


where Ф is the amount of А; dissociated per unit volume 
per unit time. These equations, together with the 
equation of state (2.3), constitute the complete mathe- 
matical problem of the flow of a binary gaseous mixture 
in the boundary layer. 

For the present, it will be assumed that the mixture 
in the flow is always in dissociative equilibrium. This 
is equivalent to saying that the rate of the reaction is 
fast in comparison with the process of diffusion. 
Under this condition, the degree of dissociation as a 
function of temperature and pressure is completely 
determined as shown in Section (3); and the equation. 
of diffusion is made simply to be a relation defining 
the reaction rate Ф and, consequently, requires no 
further consideration. 

To simplify the energy equation in the case of 
equilibrium, let the heat capacity at constant pressure 
be defined by? 


c, = (ӘН/ӘТ), (4.5) 


In accordance with the assumptions of dissociative 

equilibrium and boundary-layer approximations, the 

energy equation can be written as 

ри(дН/дх) + pw(OH/ày) = u(dp/dx) + (Ә/Әу) X 

(W/Pr) [1 + IGI. — Ha,)/cp|Le(de/dT)} Ән/әу)) + 
uQu/dy)? (4.6) 


where Pr (= cyu/A) and Le(= p99c,/X) are, respectively, 
the Prandtl and Lewis Numbers. 


(5) AN APPROXIMATE METHOD OF SOLUTION 


Let the stream function Y, the heat content Н and 
the pressure p be nondimensionalized as follows: 


¥ = p ULVC/Re V(t, n) 
H = cT x(k, л) 6. 
p = pU PE) 


where U., pa, and T, are, respectively, the velocity, 
density, and temperature of the free stream; c) 
denotes the specific heat at constant pressure of the 
undissociated gas Аз; L an arbitrary length; Re the 
Reynolds Number, defined by pU, L/u,; and C a 
constant defined in Eq. (5.5). The nondimensional 
variables £ and т are related to the physical variables x 
and y by the transformation 


x = Lt 


„мй f'on] ©” 


y 


From the transformations (5.1) and (5.2), it follows 
that 


5.3) 
Vant my | 89 


The elimination of the velocities according to Eq. (5.3) 
from Eqs. (4.1) and (4.6) leads to 


Әр оч _ Ov OY р. dP | 
p di 
sla e] 
БЕВ (5.4) 
2 n]. 
“тв 


where y is the ratio of the specifie heats of the undis- 
sociated gas As, and M the Mach Number defined by 
U./V yb b. 

In these variables, it is seen that the problem is 
further simplified by the appearance in both equations 
of a quantity ир. In view of the fact that p and и 
vary with temperature in opposite directions, the rate 
of variation of the product др with temperature will 
be greatly reduced. This was found true in the case 
of a pure gas or nonreacting gaseous mixture when the 
temperature is moderately high. In the case of a 
reacting mixture, the heat of reaction involved may 
alter the transport properties to an extent that up 
may change appreciably with temperature. How- 
ever, if the mixture is in dissociative equilibrium, the 
effect of the heat release on the mean-free path will 
be small and the viscosity coefficient for such a mixture, 
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Fig. 1. Adiabatic wall temperature vs. flight Mach Number 
for dissociated and undisiociated nitrogen at po = Latm, T= = 
300°K., and Pr = 0.726, 


can be considered, to the first approximation, to be 
the same as that of a nonreacting mixture. 

For a binary mixture of nonreacting gases, according 
to the kinetic theory, the viscosity coefficient can be 
expressed, to a first approximation, in terms of the 
viscosities of the constituent gases, the ratios of con- 
centrations and constants, depending on the character 
of interaction between particles. If the force between 
particles varies inversely as some power of the distance 
between them, the viscosity then varies, like that of 
8 single gas, with temperature according to a power 
law Т“, w being a constant varying slightly with 
concentration of the mixture.‘ Also, at constant 
temperature, the variation of viscosity with coucen- 
tration is, on the whole, very small. It can, therefore, 
be concluded that, as in the single gas, the product 
др must also vary slowly with temperature. By the 
same argument, the Lewis Number must vary with 
temperature in a similar manner as in a nonreacting 
mixture. 

On the other hand, one observes that the Prandtl 
Number depends on the ratio of heat capacity c, to 
the thermal conductivity À both of which are strongly 
dependent on the heat of reaction. In the case of a 
mixture in dissociative equilibrium, the heat capacity 
c, can be calculated from Eqs. (2.6) and (3.6) in terms 
of the degree of dissociation « and heat of dissociation 
D. As for the thermal conductivity coefficient А, it 
can be shown approximately that it varies very nearly 
аз сш, ce being the heat capacity at constant volume* 
It is, therefore, not difficult to verify that the Prandtl 
Number is also insensitive to change of temperature. 
By a slightly different argument, C. F. Hansen has 
arrived at the same conclusion. 

Moreover, it can be shown that the ratio of the 
heat flux transported by diffusion to that by conduction 
in the case of dissociative equilibrium is approximately 


I(D/2kT) — 2}e(1 — &)(D/kT) 
e+ 9 + [0/2) + (D/kT)]e(1 — &)(D/kT) 

when the vibrational states are fully excited. The 
most important factor in this expression is evidently 
D/kT for nonvanishing e When the first term in 
the denominator becomes unimportant, the ratio 
reduces to the value 0.5. It is clear that, over a wide 
range of temperature, the ratio must vary slowly with 
temperature. In the case of nitrogen, it has the 
values of 0.26 at 5,000°K., 0.29 at 6,000°К. and 0.23 
at 8,000°K. 

Following the accepted practice in the compressible 
boundary-layer theory for a nonreacting gas, the 
following approximations are proposed: 
up = Chopa 
Pr = constant 
Le = constant 


e = 1+L X в 
((D/2RT) — 2]«1 — «)(р/АТ) 
e+ 9 + (0/2) + OKT). — )(Р/ЁТ) 
= constant 


On account of Eqs. (5.5), Eqs. (5.4) reduce to 


әр OY — Op DV — p. ар د‎ 

Әр n Әр Oy? T dt әт 
= (y — 1): X (5.6) 

Sy] o dx 

+ Ие 


The problem thus is reduced to that of incompressible 
boundary layer with an equivalent Prandtl Number 
z/Pr and pressure gradient (p./p)dP/dg. The aero- 
dynamic effects of dissociation can thereby be in- 
vestigated without integrating the differential system 
(54). 


(а) Insulated Fiat Plate 


In the case of insulated plate dP/dt = 0, with the 
Blasius solution /(t) given, ¢ being the similarity 
parameter n/V £, the energy equation can be readily 
integrated in terms of f, first shown by Pohlhausen. 
On the plate t = 0, x reduces to 


ХАТ.) = 1 + [v — 0/21M* VPr/e (5.7) 


where T, denotes the temperature of the plate. For 
an undissociated gas, x(Te/T.) is identically T/T... 

Now, on account of Eqs. (2.6) and (3.6), it is a rather 
complex function of both Т and p. At standard 
temperature and pressure, the temperature of the 
plate for nitrogen N; is plotted against М and is shown 
in Fig. 1. For comparison, the plate temperature for 
undissociated N is also given. It is seen that at one 
atmospheric pressure and Т„ = 300°K., dissociation 
starts at about 3,500°K., corresponding to a Mach 
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Number of about 8, and nearly completes at about 
10,000°K. with Mach Number of around 28. In this 
temperature range, the difference in temperature for 
dissociated and undissociated gases is large; for in- 
stance, when dissociation is half completed at 6,000°K., 
the temperature for the undissociated gas would have 
been 14,000°K. This clearly demonstrates how far 
in error the predictions can be if this effect is ignored 
at high temperature. 

On account of the fact that the surface temperature 
has been considerably reduced by dissociation of the 
gas, there will be less expansion of the streamlines in 
the normal direction than that of the undissociated gas 
at the same Mach Number and, hence, a corresponding 
decrease of the boundary-layer thickness and the 
velocity v. For, as £ = ©, its asymptotic value is 


v= V VOTRE {овоо + 0/9) E x 
кәттә па} 69 


It із known that at high Mach Number the second 
term inside the brace predominates and, from Fig. 1, 
the value of the integral will be much smaller if dissocia- 
tion of the gases is allowed. 

To investigate the effect of dissociation on the skin 
friction, let the constant C be chosen by the same 
convention as that adopted in the case of undissociated 
gas. Namely, the assumed viscosity-temperature law 
agrees with true value of ри at the surface where the 
temperature is the highest. ‘That is, at t = 0, 


C = (ьр/и.р.)ь (5.9) 
From this value of C, it follows that the ratio of the 
skin-friction coefficient c, to that c, of the undisso- 
ciated gas is 


cles = Меир), (6.10) 


This result shows that if the quantity pu in both 
cases is held constant but has the correct value at 
the highest point of the temperature field, then the 
change of the skin friction by dissociation, at the same 
Reynolds and Mach Numbers, can be expressed in 
terms of the change of ри by dissociation. In the case 
of undissociated gas, the quantity p®4® can be 
calculated with reasonable accuracy at high tempera- 
ture from the knowledge of the viscosity at normal 
temperature. When dissociation takes place, the 
situation will be entirely different. Although the 
quantity ри behaves much like that of a neutral 
mixture (as argued in the previous discussion), 
quantitatively it is quite another matter. It is known 
from the kinetic theory that the viscosity of a non- 
reacting mixture depends upon the viscosities of all 
the constituents. In the present problem, one of the 
species is a monatomic gas which exists only at high 
temperature, and the calculation of its viscosity will 
be very different from that of nonreacting particles 
at normal temperature. Under these circumstances, 
the very question of the nature of interaction between 


particles, namely whether the interaction is attraction 
or repulsion, depends on the state of excitation of the 
colliding particles. As far as is known, this type of 
calculation has not yet been made. 

There is evidence that these effects do exist. For 
instance, when atomic hydrogen diffuses into molecular 
nitrogen, the calculated diffusion coefficient by the 
Kinetic theory agrees with the value measured by 
experiments. However, when hydrogen atoms diffuse 
into molecular hydrogen, the measured diffusion 
coefficient is about 4 times as large as has been cal- 
culated." If this abnormal increase in diffusion 
coefficient is observed in the case of hydrogen atoms 
diffusing through hydrogen molecules, there must be 
a similar increase in other transport coefficients. For 
this reason, the numerical verification of Eq. (5.10) 
cannot be given. 


(b) Cooled Flat Plate 


From the above results, it is observed that if the 
plate is thermally insulated, the surface temperature 
will generally be high enough to melt (even to vaporize) 
steel, for a flight Mach Number greater than 6 at sca 
level. It is clear that if high-speed flight is to be 
possible, the heat generated by friction must be re- 
moved by means of cooling. Let the surface tem- 
perature be 7, and the ambient temperature T.J. 
“The solution satisfying these conditions is 


x = 1 + [(y — 1)/2]M*0 (z) + 
{xe — 1 = [(y — D/2]M V/Pr/s]&G) (5.11) 


where 6; and 6, are functions of the similarity parameter 
t. These functions, like the Blasius function f(t), are 
tabulated for different values of Pr/o (see reference 8). 

For nitrogen at M = 20, Pr = 0.720, Le = 0.72, 
Т. = 300°K., and p, = 1 atmosphere, the tempera- 
ture distribution is presented in Fig. 2 for a wall 
temperature of 1,200°K. Under these conditions, the 
temperature reaches a maximum of about 4,200*K. 
in the neighborhood of the plate. Since nitrogen 
begins to dissociate at 3,500°K. at one atmosphere, 
there is a sizable portion of the high temperature zone 


pem 


NE 


Fic. 2. Temperature distribution in the layer for 
Кы Tepes Sets ta teeter eg 
300°K., M = 20, and Pr = 0. 
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in which the gas is partially dissociated. For com- 
parison, the temperature field with no dissociation 
taken place, is also plotted for the same constant C. 
It is noted that one of the effects of dissociation is to 
reduce the boundary-layer thickness. 

In the present case where the suríace is cooled, 
it is learned from the calculations of compressible 
boundary layer that if the constant C is chosen to 
correspond to the true value of py/p.u, at the neigh- 
borhood of the maximum temperature instead of at 
the surface as in the previous case, the skin friction 
and the heat transferred to the surface can be similarly 
calculated. In the case where the gas is in dissociative 
equilibrium, the heat flux across the surface is given by 


q = —[МӘТ/ду) + 
РӘ(На — Ha)(de/dT)(OT/ày)), (5.12) 


On account of Eqs. (5.1), (5.2), (5.5), and (5.11), 
the heat flux g can be written as 


2⁄4 E 
= a) С 
= ( Pr es X 


1 + 10 — 0/21м' V Pr/e 
1+ KG — 0/21 V. 
where g® denotes the heat flux in the case of the 
undissociated gas and Pr® and C%, the corresponding 
constants as defined in Eqs. (5.5). When the Mach 


Number is very large and the wall temperature is low, 
the ratio of the heat fluxes is approximately 


q/q = (ePr9/Pr)"* C/C» — (514) 


It can be concluded from this result that, unless the 
change of Prandtl Number is large due to dissociation, 


the effect of dissociation on the heat flux due to change 
of Prandtl Number is small; and, like the skin-friction 
coefficient, the ratio of the heat fluxes is sensibly pro- 
portional to (ир/и® р'9)!/2, As in the case of cooling, 
the difference of temperature between dissociated and 
undissociated gases is greatly reduced, the ratio 
(up/up™)' cannot be much different from unity. 
Generally, it seems that if the surface temperature is 
low, the effect of dissociation cannot be large, even if 
the Mach Number is high. 

Of course, it must be emphasized that these conclu- 
sions have been reached on the assumptions that the 
mixture is in dissociative equilibrium. When this 
restriction is dropped by including such phenomena 
as relaxation and recombination, the results may well 
be considerably modified. 
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现代 空气 动力 学 的 问 


Ф ж W 
《中 国 科学 院 力学 研究 所 ) 

航空 工业 从 开始 以 来 ， 一 个 很 重要 的 目标 ， 就 是 如 果 我 们 在 这 
不 断 地 提高 飞行 器 的 速 遮 。 因 为 速度 的 增加 ， 气 流 里 — 样 一 个 实验 里 ， 从 
所 产生 的 现象 ， 就 逐渐 复杂 起 来 。 事 测 量 飞 机 模型 所 

二 十 几 年 前 ， 飞 行 速度 平均 在 每 小 时 三 四 百 公里 。” 受 的 举 力 和 阻力 ， 
左右 ， 建 立 在 空气 是 不 可 压 二 没有 粘性 的 假 股 上 的 流 —— 我 们 就 发 现 以 下 的 
HA, WILE, BT AAAI. Kk #й„ HIE UTA 
AV RRVIOR, САТИН 8, det БК ОША | 


iif L, ROBART EAE, ЖЕРИЙ “ЖА 
可 压缩 的 困难 "。 因 此 空气 动力 学 就 不 得 不 抛 去 它 本 
来 的 假 股 ， 而 换 为 空气 是 一 个 可 压 粮 的 理想 气体 。 它 
的 研究 的 对 象 ， 就 由 生 粹 计算 流 扬 的 几何 贺 形 ， 转 到 
考 卡 因为 流动 所 引起 的 热力 学 的 变态 ， 这 就 丽 现 冲击 
波 一 类 的 新 现象 。 空 气动 力学 就 达到 流体 力学 与 热力 
学 的 结合 。 

现在 各 国 双 从 事 技术 和 和 军事 的 竞赛 ， 洲 际 导弹 和 
AEM ARAL ABER, FERPA 
个 新 时 代 的 开始 。 如 果 远 距离 航行 实现 ， 飞 速 总 须 在 
20 倍 声 速 以 上 ， 在 这 样 高 的 速 诺 下 ， 气 流 里 的 间 度 , 
Pete 6000° C 以 上 。 空 气 的 温度 这 样 高 ， 它 就 不 
能 保持 本 来 的 状态 ， 而 发 生 分 离 和 电离 的 现象 。 要 了 
解 这 一 类 的 问题 ， 于 是 空气 动力 学 就 不 得 不 进一步 和 
物理 化 学 苞 合 了 。 

空气 动力 学 的 范围 ， 瞩 是 如 是 之 广 ， 一 个 圣 面 的 
彼 述 是 不 可 能 的 。 我 现在 专 就 飞行 器 外 表 的 气流 ， 硕 
着 束 译 的 次 序 ， 很 简单 地 介绍 一 下 近 十 几 年 来 空气 动 
力学 在 这 方面 存在 的 一 些 问 题 ， 井 且 可 能 的 话 ， 指 出 
这 些 问 题 今后 发 展 的 方向 。 

跨 声速 气流 

假设 我 们 作 这 样 一 个 实验 ， 把 一 个 二 元 的 机 可 模 
DERE, Bet. Ra, Raz 
TE ERU ЧЕЖЕ Ж, ASSURE RE — PL 
达到 那 点 的 声速 以 后 ， 我 们 就 开始 看 到 一 些 新 现象 。 
最 显著 的 是 流 场 里 忽然 发 生 了 一 些 不 熏 定 的 扰动 ， 用 
密度 观察 仪 ， 我 们 就 能 看 到 许 许 多 多 的 妮 小 的 波动 
跳 来 跳 去 (图 1 )。 杰 可 增 加 速度 ， 这 些小 波动 便 文 第 
Bil, MER REDE — PRIA А rk (ш 
2). 


1) 发 表 在 《科学 通报 》, 1957, (10): 289-295 


大 气 里 的 声速 的 比 
ж) шн, x | 
机 所 受 的 举 力 ， 开 | 
SAMIR ote 
EAC BE BRA 
ж, ESSE m: 

高 ， 达 到 相当 的 程度 ， 在 ) ВОЛА ӘТ, REMEN 

Th URB CN 

ЕИ 

BO, Mii Et 

EEJ ROA 

к 

ж, URI 

了 最 高 点 便 又 下 

RUS) м 

小 开始 出 现 以 

LE 

不 存在 。 不 断 地 

me жий, di 


MERU, 因为 击 玻 的 产生 ， 在 流 场 里 
BAT EVR, ROAR T ЖИР UY 
的 动能 ， 赫 果 便 出 现 了 波 阻力 ， 神 击 波 您 温 阻 力 就 您 
X. MOVER THAR, PARA, эх 
EM AT RAE (ВА 4) ESD FTI, 
最 危 除 的 是 在 举 力 下 降 时 ， 力 距 由 正 转 负 ， 发 生 因 机 
头 重 而 引起 的 在 飞行 时 的 控制 的 问题 ( 国 5 )。 

从 理论 方面 看 ， 这 又 是 怎么 一 个 问题 呢 ? 我 们 知 
得， 要 是 没有 冲击 波 出 现 ， 在 飞速 到 达 一 个 特殊 数目 
后 〈 即 双 流 场 仅仅 室 截 面 上 最 次 流速 等 于 那 点 的 声 
38), 再 提高 飞速 ， 贴 着 去 截面 外 边 就 有 一 或 两 个 小 区 
ARTES, AUR, 它们 的 面积 也 随 着 扩大 。 
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这 样 一 个 超 亚 声速 泥 合 的 流 场 ， 要 是 能 够 使 它 实 现 ， 
前 面 所 看 到 的 那些 不 利 的 现象 就 可 以 避 驹 ， 跨 声速 飞 
行 的 问题 就 可 以 简单 ， 推 动机 的 能 量 也 不 需 加 大 。 

要 解答 这 样 的 流 场 存在 不 存在 的 问题 ， 我 们 首先 

要 从 理论 方面 看 看 ， 流 场所 适合 的 方程 式 的 解 存在 不 
存在 ? 因为 流 场 有 超 亚 声速 并 局 存在 的 特性 ， 描 写 它 
的 二 次 仿 微 分 方程 也 就 有 不 同 的 性 格 : 在 亚 声速 区 域 
ЖЕНИ Ж, ZERREN Hh SE $ 00, — 
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ложите 90, EREN 
三 个 主要 系数 所 符合 的 一 个 数学 的 关系 。 从 一 区 到 另 
外 一 区 ， 它 的 类 型 不 同 ， 这 个 数学 关系 就 必须 变 号 。 
因为 系数 包括 速 势 位 的 导数 ， 所 以 描写 路 声速 流 场 的 
方程 式 ， 就 必须 是 非 祝 型 的 。 在 把 一 个 楼 截 面 的 形状 
( 直 二 的 如 莹 形 除外 ) 确 定之 后 ， 找 这 样 一 个 微分 方程 
的 解 ， 并 且 还 要 适合 边界 条 件 ， 是 一 个 非常 困难 的 问 
题 。 这 可 以 脱 是 空气 动力 学 时 没有 解决 的 问题 之 一 。 

这 样 一 个 癌 题 要 是 解决 了 ， 究 竞 有 什么 好 处 ? 我 
们 知道 在 古典 流体 力学 里 有 一 个 很 有 力 的 定理 ， 就 是 
园 体 在 流体 里 以 等 如 运动 ， 如 果 流 场 是 无 旋 并 且 是 连 
BU, APART SR. BID, BULAN 
ARF —Л-Ж ЕН УЕШЕШЕНД ERSTER, RPA T ЙК 
JACET YU CTAB, PAPEETE Ue 
WG COLE, THA EEL 

ALAS, WAR АЕ АСА I А 
BURR ЛАТА А, MUIE 
Ho COEBUNT РИИ: — EBE EAR RE >. 
Fin ЕЛО ИЛЛЕ Ж I UITIUM CE FETE, 
WHER, PUT VET CTE, 
ERARE Bib, AER EIN, MJ 
RAC RATE ЛИЕ Ж, MRT HK. y 
KTR F GROEN, (JE 
并 不 稳定 。 这 就 是 鹃 ， 一 有 扰动 ， 这 种 扰动 就 不 会 消 
灭 ， 而 渐渐 滋长 ， 至 形成 冲击 波 为 止 。 这 两 种 咀 法 的 
赭 论 是 不 冲突 的 ， 但 是 对 导致 这 种 现象 的 原因 的 看 
法 ， 就 根本 不 同 。 最 后 的 解决 ， 还 要 从 方程 式 出 让 , 
所 以 哪 种 观点 正确 是 很 不 容易 吓 明 的 。 

从 正面 妍 然 不 能 克服 跨 声速 飞行 的 困难 ， 气 休 动 
力学 家 便 提 出 一 个 延 绥 这 个 困难 的 发 生 的 办 法 ， 就 是 
条 用 有 后 掠 角 的 
HRG). Ф 
的 理论 是 ， 在 二 
TERURAN 
30, mpi 
жж REE 
行 方向 ) 如 果 流 
场 是 无 粘性 的 ， 
它 便 不 会 增加 或 
减少 飞机 本 来 所 
受 的 举 力 和 阻 
2» SERGE 
BAMA 
减少 的 现象 移 到 шс NUBE 
更 高 的 飞行 马赫 数 了 。 在 后 掠 角 等 于 45° 的 时 候 ， 飞 
行 的 马赫 数 就 能 提高 到 40% 左右 。 
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实际 上 事情 当然 不 是 这 样 简单 ， 因 为 机 身 机 贸 两 
AIEE, OER 7080, PRRI 
TLE. HAR LA, AAIR 
的 后 掠 ,就 发生 不 不 均 的 分 离 现象 ,改变 举 力 的 分 布 ， 
迁 拒 飞机 的 性 能 。 虽 然 如 此 ， 条 用 后 掠 角 的 办 法 ， 依 
然 侧 不 了 阻力 ， 实 现 了 跨 声 速 飞行 (图 4)。 

超声 速 气流 

超声 速 气流 和 跨 声 速 气流 不 同 , 它 的 特点 是 稚 定 ， 
井 且 所 存在 的 冲击 波 ， 一 般 的 极其 微 暗 。 因 此 就 没有 
跨 声 速 气流 里 的 困难 ， 飞 行 的 问题 就 比较 简 革 。 

起 声速 流 场 和 亚 声速 流 场 的 另 一 区 别 ， 是 超声 速 
VIC SURJE fI T RB, CREME MENS RE 
MPRA RT, ETRE, WIRE BARE 
SEM, MBCA, 虽 有 上 下 游 的 不 同 ， 
但 仍 能 向 各 方 传 先 。 它 在 不 同时 间 所 达到 的 地 方 ， 就 
БШ Та 里 那些 加 所 标示 的 一 样 。 如 果 它 的 速度 比 声 


= ора 
Юй? SUCRE PT RACES RN) 

如 高 ， 不 同时 间 所 发 出 的 信号 ， 就 能 彼此 相 切 而 形成 
一 个 圆锥 面 (图 7b )， 压 力 的 影响 就 只 限于 圆锥 里 而 ， 
它 外 边 就 得 不 到 信号 。 这 就 把 流 场 分 为 两 个 区 域 : 一 
个 是 狮 止 区 ， 一 个 是 扰动 区 。 划 分 这 两 个 区 域 的 区 锥 
面 ， 便 叫做 轧 赫 圆锥 。 因 为 这 个 关系 ， 超 声速 流 声 的 
计算 和 亚 声带 流 场 是 很 不 同 的 。 

Jin pL ЗШЛИ, “TG MELA, САЙ 
产生 的 扰动 就 比 飞 速 小 ， 这 时 描写 流 场 的 方程 式 ， 就 
能 根据 逐次 逼近 的 方法 化 为 乒 性 的 。 在 机 村 薄 的 俱 定 
CF. SAGER MELA PIATRA TAM, SUP 
SUT DUN ECC 6), EMULE. ЖШ 
FLERE, BURRIS, RK, WM 
题目 的 性 质 不 同 ， 我 们 可 以 分 用 以 下 三 种 方法 。 

重 登 法 ”因为 算 学 的 曲 题 是 线性 的 ， 所 以 在 边界 
条 忻 确 定之 后 ,就 可 以 用 重 舌 法 把 方程 式 的 基本 解 ( 即 
源 ) 积分 想来 《 即 源 的 分 布 )， 便 得 到 一 个 解 。 这 个 方 
法 的 应 用 很 广泛 ， 它 可 以 用 到 超声 速 或 亚 声速 前 橡 的 
情形 (就 是 与 前 橡 垂直 的 流速 高 于 或 低 于 声速 )， 也 可 
以 用 到 超 亚 声速 混合 的 前 橡 的 情形 。 计 算 的 问题 ， 在 
一 般 情 形 下 ， 都 可 以 化 为 求 一 对 阿 伯 尔 (Abel) 的 积 


分 方程 的 解 。 这 个 方法 是 J. С. 依法 尔 (Evvard) 和 
Е. А. ЗР ИРЫАЕ (Красильщикова) 大 约 同 时 发 现 
的 。 

此 外 还 要 注意 后 柳 的 问题 。 在 超声 可 机 吉 理 论 
里 ， 后 橡 也 有 超声 和 亚 声 的 区 别 。 在 亚 声 连 时 ， 与 后 
梅 垂直 的 流速 低 于 声速 ， 那 里 的 流 场 就 有 亚 声 未 流 场 
的 特性 ， 它 要 适合 订 塔 - 侍 柯 夫 斯 其 (Kutta-Jouko- 
wsky) 的 条 件 。 在 超声 速 后 橡 的 时 候 ， 那 里 的 流 场 就 
有 起 声速 流 声 的 特性 ， 富 面 上 下 的 压力 在 那里 就 可 以 
不 速 拒 ， 而 底 上 两 面 的 流速 的 方向 ， 就 必须 一 样 。 

同样 ， 因 为 有 超 亚 声 速 前 橡 的 分 别 ， 在 那 条 做 上 
流 场 的 性 质 就 也 不 同 , 这 在 阻力 的 计算 上 是 很 重要 的 。 
在 起 声速 前 橡 的 情况 ， 癌 题 比 较 了 简单 。 可 是 在 亚 方 过 
И НИК, RRR LAISSER К, APP HL 
PRAT ИШ, ADRE RA EE HEI", RUR 
RUBLE. ALERTS, dem 
前 橡 的 阻力 和 它 的 几何 形 的 关系 ， 是 很 重要 的 。 

ORES ”由 于 超声 回流 场 的 特性 ， 在 很 多 情况 
下 流 场 变量 会 在 通过 一 点 的 直线 上 不 变 ， 而 仅 随 玻 特 
两 个 方面 改称。 精 果 流 场 方程 式 就 由 三 元 化 为 二 元 ， 
并 且 压 力 的 分 布 ， 在 线性 的 鳗 朋 下， 又 能 进一步 从 拉 
普 拉 斯 方程 式 导 得 ， 计 算 的 困难 就 大 大 减低 (图 8 )。 


из йй 

男 维 形 流 的 重要 性 是 ， 适 合 于 这 个 条 件 的 非 通 性 
的 三 元 流 场 也 可 以 计算 。 在 一 般 情形 下 ， 三 元 机 禄 理 
论 的 建立 是 很 困难 的 ， 准 确 的 解 几乎 是 不 可 能 。 可 是 
有 了 赔 维 的 特性 ， 算 学 的 问题 就 可 以 变 为 一 个 二 元 
的 ， 数 字 的 计算 就 可 以 进行 ， 所 得 的 结果 用 来 了 解 气 
流 的 问题 和 校 甚 近似 解 的 准确 庶 ， 都 是 很 有 用 的 。 图 
8 里 的 三 角 机 要 ， 在 仰角 4° 和 马赫 数 3 的 时 候 ， 近 
似 解 与 准确 解 的 比较 ， 不 验 是 冲击 波 ， 轧 转 回 詹 和 压 
力 分 布 ， 两 种 计算 的 差别 是 很 大 的 (图 9 )。 

WEAK AVR, Anke 
BEKR, WALT, tHE ETA ТА 
变 移 较 乙 ， 势 位 的 方程 式 中 的 一 项 ， 包 含 在 飞行 方向 
的 导数 ， 就 可 桔 主 不 计 。 这 就 是 鹃 ， 要 是 流 场 在 任何 
数 面 确定 之 后 ， 在 其 它 的 截面 上 的 问题 就 是 一 个 二 元 
的 ( 辕 10)。 这 个 省 格 的 方法 , 用 到 超声 连 机 要 的 间 题 
上 ， 是 R. T. 355] (Jones) 首先 倡导 的 ， 它 同 亚 声速 
里 的 有 名 的 M. М. FEX (Munk) 方法 是 一 样 的 。 在 
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йэ 准确 与 近似 解 的 比较 

asd, 1=45", M=3.0 
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E10 Инле 
REDAR PLEA AT ERA 
响 ， 有 了 郑 司 的 方法 ， 这 问题 便 得 到 了 解决 。 

近年 来 在 实验 上 发 现 ， 帮 长 飞机 的 阻力 ， 在 接近 
声速 时 ， 和 它 的 轴 向 截面 积分 布 有 直接 关系 。 要 是 一 
个 飞机 的 二 向 截面 积分 布 和 一 个 瑞 向 对 称 的 物体 的 截 
面 分 布 一 样 ， 它 们 的 阻力 就 是 相似 。 例 如 三 个 机 形 : 
有 4 是 一 个 十 向 对 称 体 ， 吕 是 一 个 寺 向 对 称 体 和 一 对 后 
AS ME, C 是 把 互 的 机 身 修 创 过 ， 使 它 的 截面 积 
分 布 和 4 一样。 它们 的 阻力 如 图 11 所 示 。 BG AR BOE 
于 14, 飞机 C 的 阻力 就 比 B 的 阻力 少 很 多 。 

从 理论 上 说 ， 这 是 一 个 最 小 阻力 的 间 题 。 就 是 当 
机 身 和 机 禄 规定 后 ， 机 身 应 如 何 变形 ， 才 能 得 到 最 小 
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图 11 Lesnar A 

阻力 。 这 一 类 问题 ， 也 因 有 了 郑 司 的 方法 而 解决 。 

以 上 所 鹏 的 这 些 方法 ， 由 于 方程 式 的 线性 化 ， 就 
有 这 样 一 个 后 果 ， 就 是 在 波 场 里 所 发 生 的 扰动 ， 它 不 
能 用 当地 的 声速 传播 ， 而 是 按照 远 处 空气 里 的 声速 传 
播 ， 不 随 流量 的 变 移 而 不 同 ， 糯 果 所 算出 的 冲击 波形 
状 就 不 够 准确 (图 9 )。 要 是 在 一 个 问题 里 存在 着 复杂 
的 冲击 波 的 结构 , 因为 波形 的 计算 不 准确 ,所 算出 的 压 
力 在 富 面 上 的 分 布 就 不 会 可 舍 。 最 简单 的 一 个 例子 ， 
就 是 一 个 三 角形 吉 所 产生 的 再 出 波 与 局 机 圆锥 的 干 
抗 。 因 为 有 冲击 波 的 存在 ， 一 般 近似 解 和 准确 计算 的 
圭 果 ， 相 其 就 很 大 (图 9 )。 这 是 一 个 本 普通 的 情形 , 
在 重要 的 问题 里 ， 这 是 必须 注意 的 。 


вежах 
BOEBRRCERSMERCASRES, MARK, — Е 


"6 8:3 8 3x07: 385 
5 SE. M= 1506 SAR, Menor 
Wis 近似 解 的 准确 度 在 低速 与 高 速 时 的 比较 
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近似 解 的 准确 度 就 源 计 减 多。 例如 计算 在 圆锥 子午 面 
里 的 薄板 上 的 压力 ， 高 速 和 低速 两 种 情况 之 下 ， 准 确 
和 近似 的 千 果 ， 相 差 就 很 大 (图 12)。 这 就 竹 明 ， 在 厚 
庆 小 的 假 届 下 ， 马 韩 数 大 的 时 候 ， 一 般 近 似 法 所 妃 略 
的 项 目 就 会 很 重要 。 

当 飞速 超过 声速 很 大 ， 即 所 疆 高 超声 速 ， 机 要 的 
厚度 虽 小 ， 而 产生 的 扰动 倒 不 一 定 小 。 在 这 种 情况 之 
TF, TEAS MSGR, Rab DAYS AR. 
假如 马赫 角 和 机 禄 的 厚度 同 梯 小 ， 它 们 的 比 就 是 一 个 
重要 的 数目 。 根 据 这 个 假 观 ， 我 们 就 可 以 重新 估计 描 
写 流 场 的 方程 式 的 各 个 项 目 ， 并 且 还 可 进一步 把 这 个 
刨 化 了 的 非 烧 型 的 方程 式 ， 转 换 为 一 个 同 机 禄 厚度 和 
METER, RL, MARANTA 
DEAR, HUBER КААЛОМ ЙЫЯ 1, xp 
个 流 场 便 也 相似 。 这 个 相似 律 是 钱学森 先生 首先 发 现 
的 。 

这 定律 的 应 用 很 广泛 。 它 可 以 应 用 到 二 元 和 三 元 
流 场 ， 也 不 受 扰 旋 或 有 旋 的 限制 。 它 在 实际 问题 中 的 
重要 性 ， 是 在 寻找 不 到 三 元 的 高 超声 速 流 场 的 解 的 时 
候 ， 这 个 定律 便 能 预先 告 听 我 们 举 力 和 阻力 与 机 杜 的 
厚度 和 局 赫 数 的 关系 ， 这 对 整理 实验 的 数据 是 很 有 用 
处 的 (图 13)。 
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高 超声 度 的 另 一 问题 ， 是 飞 体 的 顶端 不 穴 ， 如 加 
形 或 方形 。 这 样 飞 体 前 面 的 冲击 波 ， 就 不 能 与 飞 体 接 
创 而 保持 一 定 距 离 。 因 此 冲击 波 后 面 的 流 场 就 不 能 是 
者 超声 束 而 是 路 声速 ， 计 算 上 不 论 是 二 元 还 是 三 元 的 
流 场 部 是 极其 困难 的 。 这 是 于 洋 际 有 关 的 一 个 阅 题 ， 
很 有 研究 的 价值 (图 14)。 
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高 超声 速 流 一 一 粘性 的 影响 

当空 气 吹 过 一 个 平 薄板 时 ， 因 为 粘性 的 关系 ， 松 
的 才 面 一 居 气 流 就 被 滞 欠 下 来 。 在 风 未 低 的 时 候 ， 这 
个 粘性 后 是 很 小 的 。 可 是 在 风速 高 的 时 候 ， 因 为 动能 
的 消耗 大 而 产生 很 高 的 温度 ， 于 是 附 面 唇 里 的 气体 就 
BEL, ATTRA. НЧИ AERA, PNY 
SHAT AAR UG BATT Ds RIEL, ЖИИ 
RIT HBR. ADEA (PAER) 的 时 
Be RT DUAR, 

在 高 超声 速 的 情况 下 ， 因 为 有 这样 厚 的 一 居 气 流 
被 潮 蚀 下来， 为 了 保持 物质 吉宗 条 件 ， 狂 板 附近 的 流 
ИНИНИ, MEI А САА 
Th. WRAP, BATRA AT 
PETE, БЖИ НВ, АЖИМАТ BUS] Ae 
粘性 气流 吹 过 有 厚度 的 国体 一 样 处 理 的 (图 15)。 


LE 
KHL Н BEAN, BRL Ln PTT REOR ANCUS 
端的 流 场 。 在 那里 的 流 场 ， 很 显然 的 ， 不 会 是 局 于 附 
面 后 类 型 的 。 机 解决 这 个 问题 , 就 率 涉 到 精 费 尔 -斯 篇 
JEM (Navier—Stokes) 方程 式 的 解 在 那 点 的 特性 。 
这 是 一 个 基本 的 问题 , 它 的 解决 ,新 的 观点 是 必要 的 。 


高 超声 回流 一 一 分 离 电 高 的 影响 


一 个 飞弹 在 空气 中 飞行 ， 因 为 顶端 与 空气 挤 压 ， 
PART RATE, (AUTRE RTE). inas 
AULT SEER, SKATE SLL, REF 
行 的 马赫 数 的 平方 乘 外 界 温度 的 五 分 之 一 。 

第 二 次 世界 大 战 ， 德 国 V 一 2 飞弹 的 马赫 数 大 构 
是 5。 模 据 这 个 算法 ， 它 顶头 上 的 温度 ， 在 将 近 地 面 
时 ， 就 在 1500*C 左右 ， 这 就 很 近 于 铁 的 熔点 了 。 在 
不 同 的 马赫 数 和 一 定 的 高 度 ， 我 们 可 以 画 一 条 曲 米 。 
从 这 曲 镜 可 以 看 出 ， 当 飞行 的 对 赫 数 是 10, 在 四 公里 
上 空 ， 飞 弹 的 最 高 艳 对 温度 就 达到 五 千 多 庆 (图 16)。 
RAR, CREAT RNR, “EAT 
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图 16 BENE дй ж 

EMILE, RIL FARSI EET e 

ARS: EAM, RAL ARAN, ZR 
数 超过 5 以 上 ， 空 气 的 分 子 的 热 运动 就 很 强烈 ， 在 分 
子 剧烈 地 确 擅 时 ， 便 发 生 分 离 现 象 。 飞 得 越 快 ， 温 谋 
RE, TERRA. RTA, ZE 
50 AMAIE, 分 离 现象 在 两 千 抠 对 温度 、 相 当 于 轧 
坦 数 6 左右， 就 开始 发 生 ， 到 了 四 千 多 讼 ， 氧 的 分 于 


© q iue Зою doe Sao дәю Fao Bem SQ 
温度 CK) 
Wis 空气 的 分 离 与 电离 
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就 完 人 分离， 电离 现象 接著 就 开始 了 (图 17). 

在 这 样 情况 下 ， 显 然 我 们 不 能 再 把 空气 看 作 简单 
的 理 起 气体 ， 而 应 当 看 作 相当 复杂 的 混合 气体 。 在 时 
论 气 体 流动 所 产生 的 现象 时 ， 分 离 电离 以 及 因 分 离 而 
引起 的 化 学 链 式 反应 的 影响 ， 就 不 能 不 管 。 例 如 在 估 
计 叉 点 温度 村， 要 是 把 这 些 现象 算 在 里 边 ， 但 是 假设 
它们 痢 在 平衡 状态 ,我 们 就 可 以 得 到 一 个 精 果 (图 16)， 
它 同 原来 根据 理想 气体 的 假设 所 算出 的 嬉 果 相差 很 
Ko FEM 12, 实际 上 能 达到 的 温度 ， 几 乎 是 理想 
气体 中 的 温度 的 一 中 。 对 于 肚 点 温 遮 的 影响 是 这 样 
大 ， 对 于 流 扬 其 它 的 变量 也 是 一 样 。 这 类 现象 对 于 未 
来 航空 工业 的 重要 ， 是 不 难 想 见 的 。 

因为 有 分 离 电 离 的 至 生 ， 在 空气 动力 学 里 就 产生 
以 下 的 一 些 问题 

Q) 空气 的 起 成 ZENE RIE, КҮҮН 
RGAE, EAH 78% 的 氮 和 24% 的 氧 。 当 飞 
速 增加 而 发 生 分 子 分 离 后 ， 从 实 哈 上 知道 ， 不 仅 有 所 
和 和 氧 的 原子 出 现 , 还 有 一 氧化 氮 存 在 。 根 据 这 个 事实 ， 
在 笠 宇 状态 下 就 可 以 算出 不 同 温度 和 压力 下 各 种 气体 
PIRE (Bü 17)。 在 考虑 空气 分 离 发 生 后 的 不 平衡 现象 
时 ， 一 氧化 氮 的 所 以 产生 就 是 一 个 很 重要 的 问题 。 

O) ФИИ ”在 分 离 、 电 离 等 现象 改 生 以 后 ， 
实际 间 题 里 所 要 知道 的 ， 便 是 决定 从 这 个 现象 的 开始 
到 达 热 力学 的 平衡 状态 的 过 滤 时 并 。 知 道 了 这 个 时 
WM, RIHI, Te— MINUM, BERUISAUKCUA 
到 乎 衡 ,哪里 的 气体 是 在 非 平衡 状态 。 在 各 种 情形 下 ， 
决定 这 个 时 间 ， 便 是 一 个 很 基本 的 研究 。 

MAAR. MITRAL hh FS 
FANG BRAMAN, WT 
ДЕТИ, dk 2000"C 左 右 , 大 构 是 二 分 之 一 秒 。 
TURE, SPAMS, SAY 0 A wt I 
БИЛМАН Hu ЖЕЛИ. ENIRE, ТЕ 9000°C 
Ri, ОБИТЕЛ 1077 P5, SEMEN IE RIN, 

HT HABIT FARR RMT LY EE 
BEET RIAs (ARATE ШЕ EE 6000 K, Fi 
要 达到 平衡 的 长 度 ， 根 据 头 一 个 弛 列 时 间 , 就 要 6 Ж, 
根据 第 二 个 便 是 0.06 ERT. KHER, QUA TUR 
果 是 千 分 之 一 秒 ，6 米 长 的 机 身 ， 在 飞 迷 是 每 秒 6000 
米 的 时 候 ， 机 身 外 的 气流 ， 便 都 不 在 平衡 状态 ， 这 对 
于 飞机 统计 上 所 需要 的 数据 的 计算 是 很 困难 的 。 

此 外 ， 我 们 还 要 知道 (1) 空气 的 热力 学 画 数 ， 
(2) 传 渤 邓 数 ( 即 热传导 ， 扩 散 ， 粘 性 等 秒 数 )，(3) 而 
TAR, (ACARI знан, 等 等 。 这 一 孙 列 问题 的 研 
究 ， 是 要 从 理 险 和 实验 双方 进行 的 ， 它 们 的 解决 ， 对 
于 将 来 航空 工业 的 新 技术 的 发 展 ， 是 有 英 大 的 页 献 
的 。 
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电磁 流体 力学 


根据 实验 的 千 果 ， 在 20 公里 高 谋 ， 飞 速 在 15 倍 
声速 左右 ， 空 气 便 是 很 好 的 电导 体 (图 18)。 因 此 最 高 
速 的 气流 便 佣 用 电场 和 磁场 来 控制 ， 这 个 技术 的 应 用 
产生 了 一 门 新 科学 :电磁 流体 力学 。 


кушж 


a 
Was 
Wis жонс ж 

А Pr РЕН O P,—1 IPAE 
Pie ke 
SEAN, AH POKER (ste ea) ete t 
Won, Ae PAROS A) PE M ERS (0 19), 因 
为 流 场 和 碳 声 的 相互 感应 ， 便 产生 电流 场 ， 在 管 的 横 


r ; 
BR = 
<. =: 
Я : 
“< | pou ^ 


19 电 咸 流量 计 和 感应 电流 的 分 布 
截面 上 下 就 有 电位 差 ; 在 管 的 两 端 就 建立 了 压力 差 ， 
这 就 保持 电导 休 的 流动 。 这 种 办 法 已 未 用 于 循环 原子 
反应 堆 里 有 放射 性 的 冷却 剂 。 同 祥 的 ， 在 气体 变 成 电 
导体 时 ， 气 流 里 的 动能 和 电能 的 交换 ， 也 是 可 能 的 。 
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高 温 下 的 冷却 问题 


高 速 飞行 的 最 重要 的 一 个 障碍 ， 就 是 高 速度 带 来 
的 高 温 庚 。 为 了 解决 高 束 飞 行 ， 如 何 痊 却 机 身 ， 便 是 
一 个 最 基本 的 实际 间 题 ,我 们 知道 , 当 飞 速 逐 渐 增 加 
从 热 附 面 后 传 到 机 身 的 热 ， 不 哗 是 在 层 流 或 市 流 的 时 
候 , 是 和 局 赫 数 的 平方 成 正比 的 。 因 此 在 高 速 飞行 时 ， 
这 个 热量 是 很 大 的 。 

如 果 纤 面 局 是 层 流 ， 这 个 热量 是 可 以 计算 的 。 可 
是 在 澳 流 的 时 候 ， 这 个 问题 就 很 困难 。 连 度 要 是 低 
这 问题 的 处 理 ， 是 一 面 况 实 验 ， 一 面 用 动量 与 热量 交 
换 相似 的 观念 , 得 到 些 估计 。 但 这 些 办 法 , 用 到 高 速 的 
间 题 上 就 完全 不 对 。 痛 卡 芒 (von Kármán) 在 1936 
年 会 为 阻力 作 了 一 个 估计 。 近 几 年 来 ,有 不 少 人 (例如 
范 纵 斯 特 van Driest) 想 改 进 他 的 计算 ， 可 是 精 果 
与 实验 比较 ， 一 点 也 不 符合 (图 20)。 阻力 ( 即 动量 ) 
饭 无 法 估计 ， 进 一 步 的 热 的 交换 开题 就 不 能 时 脸 。 


Галана 
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温度 再 行 上 升 ， 到 分 离 和 电离 发 生 以 后 ; 
表面 上 就 有 再 结合 的 现象 ， 放 出 大 量 的 热 ， 热 的 售 时 
问题 就 更 加 复杂 。 这 类 问题 的 研究 ， 也 是 刚刚 开始 ; 
还 没有 具体 成 就 。 

从 这 个 简略 的 介 和 可 以 看 出 ， 空 气动 力学 还 是 一 
门 比较 年 轻 的 科学 。 它 的 生 医 力 还 很 强 ， 将 来 的 发 展 
是 优良 的 。 在 这 个 紧要 关头 ， 希 望 我 们 的 空气 动力 学 
工作 者 ， 能 够 抓 着 时 机 ， 尽 量 地 充实 自己 ， 好 在 空气 
动力 学 发 展 史 上 的 第 三 个 年 代 里 ， 作 些 页 献 。 本 文 承 
钱学森 先生 该 过 ， 提 出 不 少 宝 幅 意见 ， 特 此 志 潮 。 
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在 关于 苏联 发 射 成 功 第 一 颗 人 造 卫星 座谈 会 上 的 发 言 记录 


(中国 科学 院 , 中 华 全 国 自然 科学 专门 学 会 联合 会 ,中 华 全 国 科学 技术 普及 协会 在 1957 年 
10 月 13 日 召开 了 一 次 关于 苏联 发 射 成 功 世界 上 第 一 个 人 造 卫星 的 座谈 会 。 到 会 的 有 天 文 
学 ,物理 学 ,力学 .空气 动力 学 ,化 学 ,无 线 电 学 、 电 子 学 、 地 球 物理 学 、 通 讯 学 等 方面 的 科学 
家 38 A. 会 议 由 竺 可 被 副 院 长 主持 .) 


郭 永 怀 的 发 言 : 


10 月 4 日 苏联 发 射 人 造 卫星 的 意义 , 各 位 都 已 讲 了 ， 我 现在 想 补充 两 点 。 我 觉得 这 
件 事 是 在 进入 原子 能 时 代 以 后 的 第 二 件 大 事 ， 对 整个 人 类 都 有 影响 。 人 类 一 向 是 在 二 度 
空间 活动 的 动物 ,现在 有 了 人 造 卫星 的 成 就 ,就 如 用 高 有 了 梯子 一 样 ,以 后 去 宇宙 活动 ,已 
经 不 是 梦想 ,可 以 实现 了 。 另 外 一 点 ,就 是 这 件 事 发 生 在 我 们 社会 主义 国家 里 ， 这 样 对 和 
平 事业 的 影响 一 定 很 大 。 我 认为 人 造 卫星 对 和 平 事业 起 的 作用 是 正 的 ,不 是 负 的 。 

人 造 卫 星 关系 到 许多 技术 部 门 ， 我 愿意 在 许多 技术 中 提 两 点 来 谈 一 谈 。 第 一 点 是 发 
射 人 造 卫 星 的 工具 ,也 就 是 火箭 问题 。 火箭 的 发 明 是 很 时 的 了 ,中 国 早 已 制造 过 火箭 。 在 
近代 推进 器 中 ,火箭 有 两 个 特点 : 一 个 特点 是 在 很 短 时 间 放 出 很 大 的 能 量 , 另 一 个 特点 是 
他 用 自己 的 力量 推进 ,因此 火箭 的 活动 不 受 外 界 影响 ,不 用 外 界 空气 作 推动 力 ， 所 以 离开 
空气 层 在 真空 中 也 能 前 进 。 那 末 过 去 为 什么 对 星际 旅行 的 意见 会 有 不 一 致 呢 ? 这 并 不 是 
因为 对 火箭 作 推 进 器 有 疑问 ,而 是 由 于 燃料 的 问题 。 用 普通 的 化 学 品 燃料 ,可 以 简单 地 算 
出 ,推出 地 球 几乎 是 不 可 能 的 。 由 于 这 样 , 因 此 用 了 多 节 火 箭 ， 苏 联 这 次 用 的 就 是 三 节 火 
wi. 

现在 说 说 苏联 的 成 就 苏联 卫星 是 83 公斤 ,高 程 900 公里 ， 要 把 这 样 的 卫星 发 射出 
去 ,可 用 已 经 算 好 的 资料 为 例 : 如 100 公斤 三 级 火箭 ,用 的 燃料 是 化 学 燃料 ， 这 当然 与 苏 
联 现 用 的 燃料 不 同 ， 化 学 燃料 是 用 流体 氧 与 肝 〈 肝 有 自燃 的 特性 )。 火 箭 可 以 有 各 种 设 
H, 一 种 设计 大 约 是 这 样 的 数据 : 第 一 节 总 重量 《火箭 与 载重 、 燃 料 ) 是 91 吨 ; 第 二 节 
的 总 重量 是 15 吨 ; 第 三 节 总 重量 是 1.7 吨 ,其 中 有 100 公斤 是 载重 . 三 节 的 总 重量 是 109 
号 。 这 么 大 的 重量 是 很 难 想像 的 。 

现在 看 一 看 输送 力 ,因为 最 后 一 节 也 达到 高 空 ， 苏 联 现在 的 最 后 一 节 也 是 在 高 空 上 ， 
因此 把 最 后 一 节 也 算 作 被 输送 的 , 那 末 总 的 输送 能 力 ， 是 总 重量 的 1/64。 输送 能 力 大 约 
是 总 重量 的 1/64, 现在 英美 设计 的 火箭 也 是 这 样 的 数目 字 .把 火箭 送 上 去 所 用 总 的 推力 ， 
第 一 节 是 181 吨 , 第 二 节 的 推力 是 31 吨 的 样子 。 假 使 我 们 要 用 的 火箭 发 动机 是 5 个， 这 
个 推力 是 太 大 了 ,每 个 发 动机 的 推力 是 36 吨 ， 普 通 的 发 动机 远 远 在 这 数字 的 下 面 ， 美 国 
准备 发 射 的 卫星 的 重量 比 苏联 的 差 八 倍 ,每 个 推进 器 的 推力 只 不 过 3 一 4 吨 。 

另外 ,从 人 造 卫 星 的 发 射 到 进入 轨道 ,需要 很 精确 的 分 析 。 第 一 节 达 到 的 高 度 与 最 后 
的 速度 问题 ,以 及 第 二 节 开 始 的 速度 ,到 什么 时 候 停火 ,第 三 节 怎 样 达到 轨道 ,这 要 很 精确 
的 计算 。 在 轨道 确定 以 后 ,要 作 各 种 规划 ,这 完全 是 自动 控制 的 问题 。 由 此 也 可 见 到 苏联 
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在 自动 控制 .电子 学 等 各 方面 ,都 有 很 高 水 平 . 

最 后 要 强调 一 下 , 赵 先生 已 经 说 过 ,苏联 从 十 月 革命 到 现在 不 过 四 十 年 ， 苏 联 在 这 四 
十 年 中 除了 文化 和 经 济 建设 的 发 展 以 外 ,科学 方面 的 进展 ， 尤 其 是 最 近 二 十 年 来 在 航空 、 
原子 能 、 高 温 物理 等 方面 的 进 晨 , 简 直 不 可 想像 。 苏 联 的 科学 为 什么 会 发 展 得 这 样 快 ， 我 
想 在 座 诸 位 也 都 知道 ,要 发 展 科学 ,只 有 在 社会 主义 国家 ,有 共产 党 领导 才能 够 。 
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、 处 理 问题 方法 


基本 方程 式 的 转换 
表面 摩擦 阻力 
动量 积分 方程 积分 
2. RPDA 


图 5: 


、 热 交换 率 
、 计 算 结果 
、 结 
、 附 录 : 可 压缩 满 流 边界 层 转 换 
、 主 要 参考 文献 

、 附 


论 


Pq: 


: 高 冷却 潮流 边界 层 内 流体 性 质 的 分 布 

: 半球 锥 体 压力 分 布 (实验 值 ) 

: 热 交 换 率 计算 值 与 CRESc) 实验 比较 

: 热 交换 率 计算 值 与 NACATN4125 实验 点 比较 


M=20 , Res 3.434408 


根据 “CREsc} 模型 计算 的 fo 因子 随 S lex 
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— 3p * 
ТЕНЕТ, ЕТ ТГ EI GB I 
流 状态 ， 这 就 将 使 飞行 器 表面 上 的 传 热 率 比 在 层 流 时 增加 数 倍 。 因 此 ， 
在 设计 工作 中 ， 准 确 的 估计 在 顺 压 梯度 的 情况 下 ， 洪 流 的 热 交换 率 是 很 
重要 的 。 
当前 发 表 的 文献 中 ， 已 有 许多 人 对 此 类 问题 进行 了 研究 ， 例 如 ， 在 
超声 速 领域 里 就 有 Spence 9 Roshotko 和 Tucker “7%, Rasftotéo 
和 тибү 通过 解 联 立 动量 和 动量 矩 积分 方程 ， 对 型 参数 的 变化 对 结 
果 的 影响 进行 了 比较 细 丝 的 研究 ， 并 引入 “Ec&ey 光 参考 烙 对 气体 的 性 
质 作 了 修正 。 这 一 方法 虽然 比较 合理 ， 但 计算 量 大 大 。 在 超 高 速 领域 里 ， 
Vaghes Lu M ут Bresce y Rosa's рот 
т adams р, ЫЫ ЕЕ T BERE. fruc, dupl 
题 是 选取 一 组 合理 的 假设 ， 例 如 摩擦 阻力 与 局 部 动量 边界 层 厚度 雷诺 数 
的 关 保 ， 北 选取 驻 点 或 边界 层 外 缘 的 条 件 作为 气体 性质 的 修正 ， 型 参数 
取 为 常数 等 。 此 外 ， 另 有 一 种 局 部 平板 参考 烙 的 近似 方法 《2 ， 它 的 理 
论 基础 是 在 高 冷却 的 条 件 下 ， 压 力 梯度 对 湛 流 边界 层 的 影响 是 可 以 忽略 
的 。 
对 文献 [4 } 6】 和 [15 ] 各 种 方法 进行 分 析 的 结果 ， 发 现 这 些 方法 
所 得 结果 反 不 如 简单 的 局 部 平板 参考 从 方法 。 这 个 现象 的 出 现 是 由 放 某 
些 因素 处 理 得 不 十 分 合理 ， 第 一 :动量 积分 方程 中 可 压缩 边界 层 型 参数 


取 为 常数 。 如 果 是 不 可 压缩 顺 压 力 梯度 的 问题 ， 我 们 把 型 参数 看 作 某 一 
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个 适当 的 常数 是 一 个 比较 好 的 近似 ， 但 对 可 压缩 的 问题 却 不 然 了 。 例 如 ， 
平板 可 压缩 边界 层 的 可 压缩 型 参数 与 不 可 压缩 型 参数 — 之 间 可 近似 表 
пуб ле C w> 下 T 分别 为 表面 温度 、 边 界 层 
外 缘 温度 和 恢复 温度 ) 。 由 此 可 见 ， 即 使 不 可 压缩 顺 压 梯度 的 型 参数 元 
近似 等 於 常数 ， 但 是 由 於 壁 温 比 和 局 部 半数 的 变化 将 使 型 参数 不 能 保持 党 
数 。 因 此 我 们 认为 为 了 使 计算 准确 应 该 考虑 型 参数 的 变化 。 第 二 : Ж 
用 驻 点 或 边界 层 外 缘 作 为 修正 气体 性 质 的 参考 条 件 。 可 以 指出 ， 蛙 点 的 
条 件 只 适用 於 钝 头 体 头 部 M<1 的 区 域 ， 但 在 大 部 潮流 区 域 中 下 数 已 可 
以 从 0。 3 到 3 了 ， 因 此 边界 层 内 温度 的 变化 是 很 大 的 。 在 这 情况 下 先 
性 点 的 条 件 就 不 再 适用 了 。 同 样 选 边 界 层 外 缘 作 为 参考 条 件 也 不 十 分 适 
合 ， 因 为 在 高 速 的 条 件 下 ， 边 界 层 边 缘 和 表面 温度 差 往往 悬殊 很 大 ， 外 
缘 上 的 温度 自然 不 能 作为 边界 层 温度 的 代表 。 

在 超 高 速 飞行 时 ， 由 共 强 冲 激 波 的 出 现 ， 飞 行 器 关 部 边界 层 处 缘 M 
数 比较 小 ， 经 过 强 膨胀 后 ， 在 下 游 的 站 数 也 不 过 3 、4 。 这 种 边界 层 的 
特点 是 被 顺 压 梯度 所 控制 ， 而 且 表 面 与 边界 层 外 缘 的 温差 校 大 。 根 据 实 
验 结果 [15] 和 [ 14]， 在 超 高 速 高 冷却 条 件 下 ， 边 界 层 的 平均 速度 分 布 
和 低速 边界 层 的 一 样 ( 见 图 1 ) ， 也 可 用 寡 次 形式 表示 。 这 说 明了 在 高 
冷却 、 高 速 渗流 中 的 且 动 混合 机 理 是 不 改变 的 。 根 据 低速 的 情况 ， 顺 压 
梯度 对 边界 层 的 ” 度 分 布 的 作用 是 不 大 的 。 在 高 速 的 情况 下 ， 通 过 
Howarth — Вороднишвін 的 转换 ， 从 运动 方程 我 们 可 以 清楚 看 到 


压力 梯度 的 确 是 可 以 忽略 的 。 这 是 由 於 压力 梯度 一 项 的 因子 Ce -US » 
... 
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在 高 冷却 条 件 下 ， 确 实 是 很 小 的 (图 一 ) 。 
从 这 一 观点 出 发 ， 我 们 探 用 了 Mager Сапа ноб Mang ee 
联合 转换 式 ， 把 边界 层 方程 转换 为 二 维 不 可 压缩 边界 层 问题 ， 然 后 再 按 
建立 在 大 量 实验 基础 上 的 经 典 方法 求解 ， 从 而 避 开 了 象 上 述 文献 中 的 一 
些 不 合理 的 假设 。 为 了 提高 精确 度 ， 我 们 控 用 了 ERNE REN 
的 ， 后 来 由 Buagg 77 等 从 理论 上 给 予 验证 的 局 部 参考 谷 ， 修 
正在 转换 中 引进 的 近似 。 Buff BH, Eat MSR 
USE EFL tfc EHRE. БИЙЛЕРИ 

性 ， 选 此 处 温度 作为 边界 层 温度 代表 是 能 较 好 的 反映 实际 情况 。 

为 了 简化 计算 ， 在 求 得 阻力 后 ， 对 传 热 问题 我 们 探 用 了 修正 雷诺 比 
拟 式 。 当 然 ， 我 们 也 可 以 直接 对 能 量 方程 求解 ， 但 是 ， 根 据 Pubesin 1) 
fasitubhin 一些 人 的 工作 ， 这 种 做 法 闪 不 提高 精度 ， 反 而 增加 了 
计算 的 复杂 性 。 最 后 ， 所 得 结果 和 发 表 的 一 些 实验 数据 “此 校 是 很 
一 致 的 ， 和 其 他 方法 比 我 们 的 结果 也 更 接近 大 实验 ， 而 且 计 算 量 也 北 不 太 大 。 
这 证 明了 ， 在 可 压缩 滇 流 边界 层 中 探 用 单 参 数 方法 站 用 Eckect 参考 
迷 作 为 气体 性 质 的 修正 是 很 合适 的 ， 同 时 也 证 明了 人 们 认为 没有 理论 根 
据 的 局 部 平板 参考 法 是 一 个 比较 好 的 近似 方法 。 

二 、 处 理 问题 的 方法 

下 面 探 用 三 步 来 求解 动量 积分 方程 。 首 先 把 边界 层 转 化 为 不 可 压缩 
问题 ， 然 后 引入 单 参数 表示 的 摩擦 阻力 傈 数 和 型 参数 ， 最 后 借助 认 线 性 
化 的 近似 关 傈 对 动量 积分 方程 进行 积分 。 
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基本 方程 式 的 转换 : 轴 对 称 可 压缩 满 流 边界 层 方程 : 


Ed. —w 
Pg РРО SP 38 (ы Lp) 
根据 Meger L Cmenanof -rang fer 联合 转换 式 
x 
x= f Cko)? FG dx 


Y <k F (A) oly 2 
其 中 F=qe[g。 ; 6 = ифи, 2 Ro ERIE, TEMRE 
外 表面 的 径 向 距离 ， 脚 广 < O ” < “ o ”和 “ 六 ”分 别 代表 驻 点 、 边 界 
层 外 缘 和 参考 条 件 。 为 了 得 到 简单 的 动量 积分 文 程 ， 我 们 引进 以 下 近似 
假设 第 一 : 首先 探 用 (Pru =e ? 是 湾流 交换 傈 数 ， 并 假设 交 
换 傈 数 在 转换 过 程 中 保持 不 变 ， 这 是 和 Mager 的 假设 一 致 的 。 第 二 : 
假设 ри = Фи, тї (Де 仅仅 是 座 开 的 函数 。 这 一 假设 是 有 一 定 
近似 性 ， 对 於 超 高 速 边 界 层 few 雇 化 是 比较 大 的 ， 因 此 ， 参 考量 PA 
必须 是 随 X 而 变化 的 。 由 此 转换 的 结果 ( 详 见 附录 ) 

3p | 

— (03) 


wee wg = аў, ++ M] 


一 一 (2) 


ERR” 表示 转换 后 的 量 , EF ER. 
BATE EB PHI Jc А 27] 8 77 EE Е 73 B6 HERO Y — 3 EE: 


Whe ° RUBEN, КЕЕШ НЕНА ЖЕШ ЕЙ) Zune 增长 到 边界 
ays 
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EUM, M Йе <1 , WAARAB H/He RNR 
1 的 。 从 实验 的 结果 看 ， 温 度 和 速度 一 般 在 很 小 的 范围 内 就 从 表面 上 的 
数值 上 升 到 最 大 值 ， 而 且 越 是 表面 温度 低 这 种 上 升 的 速度 就 越 高 。 所 以 
定性 地 我 们 可 以 说 ， 始 比 对 速度 分 布 的 影响 是 不 大 的 。 在 平板 的 情况 下 
* =1 зай utuku 的 关 祭 是 已 知 的 ;根据 Spence? 

f = ft Ue Rude Uo fe YR: 
通过 上 述 近似 ， л 

+ + 2 HRE- Jep +1) -E. — 6) 
其 中 $2 72 0-2 зар 转换 后 的 动量 厚度 。 

= [0-а Ж-дү » 生 换 后 型 参数 。 Wirt W? 
“分 别 代表 壁面 和 恢复 条 件 。 Typ = +2n ， 是 平板 型 参数 y э 
为 器 次 速度 律 的 指数 。 一 般 取 为 1 T, 

表面 摩擦 阻力 :方程 (4) 已 成 为 二 维 不 可 压缩 的 形式 ， 因 此 ， 对 方程 
中 的 阻力 可 以 探 用 经 典 的 阻力 律 。 在 很 早 由 Bua £ ， 后 来 又 由 


Лойуятекай Ug, S et 
p= = fr dL gue w 05) 
给 出 了 以 单 参数 表示 的 阻力 
x` 1 


其 中 N 是 指数 阻力 律 的 指数 , ер) 是 单 参 数 函数 ， 对 平板 边界 层 
天 人 T) 是 常数 ， 对 顺 讨 力 梯度 边界 层 了 CP) 的 变化 也 比较 小 ， 而 对 逆 压 梯 


度 具 有 很 大 的 变化 。 这 些 结果 在 低速 实验 中 已 被 证 实 ， 因 此 在 我 们 分 析 
65 = 
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中 也 控 用 上 述 阻 力 公式 。 
动量 积分 方程 积分 ， 在 积分 方程 4) 的 时 候 需要 借助 经 典 理论 同 处 理 
阻力 一 样 ， 把 型 参数 Je 做 为 单 参数 ， 表 示 为 
Je = f.) 一 (7/ 
对 逆 压 梯度 fm Bü FE 7) BF i mm. IEE RER, qÉ 
且 变 化 也 比较 小 。 对 平板 可 取 为 常数 1 = 5, 
dH) RC SALA И), LEMUR EF C/V J, dI 
sas 
& (P 0ta t J = firar HAY PP a) 
其 中 DeC (o =1 up ， 为 了 使 方程 可 积 ， 假 设 方程 右边 仅仅 
是 单 参数 的 线性 函数 。 
LN fq) -Lerp+ ttc +p]p =a-lp 一 9) 
把 (9) 式 代入 (8] 式 ,根据 Š =o 时 Reer =o 条 件 ， 积 分 得 到 转换 后 动 
量 厚度 : А i 
PE = (itp) tf [а f быш” 


或 
r = =2 2 Lar Gerke ua š 
PP ort a oe Pta F pe 
«re G (he) ug dx 
根据 转换 前 后 动量 厚度 关 傈 ——(о) 


O” = F (BA )(Cr/0L28 


得 到 动量 厚度 
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P x = +] 
"earn, 25 са, J (ri “е T 


JE FG cre, uda uem 
Sep S xe, > Rest = B/Wo。 。 下 面 对 公 式 9) 线 性 假设 作 一 说 明 。 
soi e O AXES ERR RUNE. 
个 近似 的 线性 关 低 。 这 线性 函数 的 傈 数 是 两 个 固定 常数 。 现 在 对 转换 成 
不 可 压缩 形式 的 方程 也 假设 存在 这 样 一 个 线性 关 傈 ， 不 同 的 是 多 了 一 个 
REAT. RANTLE Ay BAS AE T ARERR, "i 
220-016, SARTIR THER, d=3.5+05(R%-1) 
当 foci Ма NMI AAMT RAE. (LATHE, RNA 
JA HERO RC, 

ENT ULT 

根据 前 述 ， 顺 压力 梯度 对 磨擦 阻力 休 数 的 影响 是 很 小 的 ， 因 此 下 面 
求 阻力 的 时 候 我 们 探 用 以 动量 厚度 雷诺 数 指数 形式 表示 的 ， 阻 力 律 ， 

се = 6( Rect) * — (e) 
其 中 B= 0o。o 1 3 FN = 4 。 把 公式 0 代入 13 得 到 

q^ = ARS Oa Fa 6 “hey gy ر‎ 
其 中 

G@= CF Gp? 8 We FS Er که"‎ —) 
0, = чето ， 根 据 畏 换 关 傈 (2 和 前 述 假设 M = 人 2 人， 得 到 转换 
前 后 摩擦 阻力 关 傈 

Tw = (P L= Fo) Lena 
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所 以 

G = Фв Ho Nio) GÀ — (5) 
dM ANS, Jy MERE ARGUE lo THER 

m. = efe КЕЛУШ * „ож, ye) fe 

中 Go = A Rex” ig ر‎ Rex = Че», A-00296 . 089 

ARM, (AŠ Quae Poss eat coe He tbe 
E, SEE nd W URE EATR, IPRA 7С HE 
阻力 公式 中 参考 量 的 选择 ， 不 论 从 还 辑 推理 或 从 实验 考验 ， Ecee 七 
参考 烩 作 参考 量 是 比较 适合 的 。 

обр биес ат 粘性 温度 关 傈 确定 

Mx = (t/q ) ette E 402) 
Е Eexert 
P4 =o 5 bathe ) +022 Cfi - Ве) — (18) 

四 、 热 交换 率 

最 后 为 了 求 出 热 交 换 率 ， 用 雷 庄 比拟 关 傈 代 蔡 能 量 方程 。 这 种 代 符 
是 一 个 很 好 的 近似 。 目 前 对 此 问题 已 有 许多 人 作 过 研究 。 在 平板 的 情况 
FT, 当 Rost 时 ， 动 量 和 热 交换 之 间 存 在 一 个 严格 的 比拟 关 保 St= SA 
St 数 是 热 交换 率 傈 数 。 当 Pd, 而且 Of yo 的 情况 下 ， 这 
HEDRER. Rufes hath, P. 数 的 影响 是 比较 大 的 ， 
因此 他 提出 一 个 修正 雷诺 比拟 式 St= 人 9/2$ ， 其 中 修正 因子 S= RP, 


至 於 压力 梯度 的 影响 至 今 不 十 分 清楚 ， 但 在 顺 压 梯度 情况 下 Sibu kin 
.8.- 


[13] 
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ЗРНО ИИ A EME, mRubesin жилы; зз 
结果 证 实 了 这 两 种 影响 也 是 很 小 的 。 因 此 我 们 控 用 修正 雷诺 比拟 式 
St= £ $. — U?) 
根据 St 数 定义 
St =- Iw /pUe(by-Pa) 
利 肌 9 式 热流 表示 为 


和 = Pe? (Rebus) рис =: (20) 
dose Ма 数 的 定义 
Nu = Lu (Gp), Re fho (нев) JH 


其 中 Ф 为 定 压 比 热 ， RBM ti d20 A C21) 式 得 到 用 Nu 
数 表示 的 热 交 换 率 公式 

крок РСА — 62) 
其 中 woo; ° Ё=Ё/%  Кео= RI. , p= ous =$, 


YP MEL, Peces B® KoChr f) енер.) WMA 
(22) 式 得 到 热 交 换 率 最 后 表达 式 
Nu _ 0.0296R K ,NS Ws ly 
A 
其 中 Y, = Ves, 是 动 粘性 傈 数 之 比 。 公 式 RM ROE i i5 
BI, Phi COE DRE Re 数 情况 。 


五 、 计 算 结果 : 
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为 了 验证 公式 (25 ) ， 利 用 两 组 实验 作 了 比较 ， 一 组 实验 是 利用 复 
盖 技 术 在 风 洞 中 进行 的 5] ， 模 型 驻 点 最 大 温度 和 压力 分 别 是 9 o ok 
MI 2。 2 KAE, MAAS 。 模 型 是 由 半球 锥 体 构成 ， 半 锥 角 
X= 30"〔 见 右 图 ) ;模型 从 对 称 由 到 表面 的 距离 表示 为 


6.51 e < 
ra= | m 4 

Rof (S - паво) Сосо т Sing] 63 x 
В лт HORS ЭА. 


在 图 2 上 给 出 了 模型 上 测量 
的 压力 分 布 。 根 据 上 述 条 件 м»: {т 
用 公式 C23) 计算 结果 表示 
在 图 5 上 。 

第 二 组 实验 是 在 球 型 模型 上 进行 的 ， 驻 点 条 件 略 低 放 第 一 给 买 验 ， 
以 来 流 参数 和 直径 定义 的 Re 数 约 为 3*4X105 ， 用 公式 C23) 计 算 结 
果 表 示 在 图 4 上。 为 了 便 从 和 局 部 平板 参数 妈 方法 比较 ， 公 式 C23) 中 
包括 压力 实 度 和 空间 效应 的 因子 91235 表示 在 图 5 上 。 

上 述 计算 和 实验 比较 的 结果 表明 ， 在 完全 被 湛 流 所 控制 的 锥 部 上 ， 
理论 计算 和 实验 很 符合 。 在 过 滤 区 域 ， 用 渚 流 公 式 计算 的 结果 必然 信 高 
从 实验 数据 。 同 时 ， 在 图 3 和 4 上 给 出 了 其 他 理论 计算 曲线 。 取 可 压缩 
边界 层 型 参数 为 负 工 ， 兹 用 边界 层 外 缘 条 件 作 参 考 的 Cres 方法 所 
HEAR LEE SIT IR Hy 2 о 多 ， 但 是 局 部 平板 参考 烙 法 却 很 符合 实验 。 

х.ж а 
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上 述 分 析 说 明了 以 下 几 点 事实 : 

(1) 本 文 的 方法 适合 於 计算 中 等 并 数 ， 较 大 Re 数 的 超 高 速 印 体 满 流 
热 交 换 率 。 

(2) 当 用 动量 积分 方法 求解 超 高 速 印 体 满 流 传 热 率 时 ， 应 该 考虑 由 於 
M 数 ， 烩 比 和 压力 梯度 对 型 参数 的 影响 。 取 型 参数 为 常数 一 般 是 不 合理 
的 。 

(3) 上 面 事实 证 明 ， 用 Eckert BY 修正 在 转换 中 所 引入 的 近似 
比 其 他 参考 条 件 要 合理 ， 而 且 也 符合 实验 。 

(根据 图 5 ， 计 算 结果 表明 ， 反 里 压力 本 度 和 空间 效应 的 多/ 
子 在 半球 锥 体 的 锥 部 上 趋 於 1 。 这 说 明 在 锥 部 上 压力 梯度 和 空间 效应 都 
变 得 很 小 ， 因 此 ， 证 明了 局 部 平板 参考 灶 的 确 可 以 用 来 计算 钝 体 后 部 
的 湛 流 传 热 问题 。 图 5 和 4 上 计算 结果 已 经 说 明了 这 点 。 


X. Mrs. 可 压缩 注 流 边界 层 转换 
Mga- Cuenahob- Mangler 联合 转换 式 : 为 了 使 可 压缩 轴 对 称 边界 
层 方程 情 为 不 可 压缩 平面 问题 ， ВИЛ Г Magen 的 由 可 压缩 边界 
层 屿 化 为 不 可 压缩 边界 层 的 转换 式 和 Cowenancl 一 Mang ter 
的 由 灿 对 称 边界 层 转 为 平面 问题 的 转换 式 的 联合 形式 
x= J Fe he)? әх } 
Y = raf pn dg 
其 中 Eau, , qe I eth „Р, ”仅仅 为 X 函 数 。 a 是 声速 、 


БЕ Tes 


——{А-!) 
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户 为 密度 ， .为 粘性 傈 数 。 引 入 流 函 数 p, Ву 
pur =f Rody } 
(pos Pr Jr= -pako SE 

为 了 保证 转换 前 后 两 个 边界 层 真正 一 致 相应 ， 量 度 在 边界 层 内 包含 的 质 

量 流 的 函数 应 该 在 转换 过 程 中 保持 不 变 ， yeyr ， 由 此 得 到 


— (4-2) 


и*= E ر‎ utu - Wy — (A-3) 
UH C A 一 2 Df C А—5 pid pip oin VERTES A 
usru* 
} 一 (А-4) 


(prs PF JY = As [Gs FEV- Ya u* ] 


MEAT FUSE. RIOR RT HEAD URN P: 
ae A fP1) = 
Pax e FON - -gE Ap pow) ж 
HRS A BN Ae SEE ШЫ i BII KRA Cp) = pM. > 其 
中 假设 满 流 粘性 傈 数 £ 在 转换 过 程 中 保持 不 变 。(21 假 设 frt qp, FI 
用 上 述 近似 关 傈 转换 运动 方程 为 如 下 形式 


BUR , au 
ax bay =e ILE 
Р ж $+ d 

WU , xau = ea (T TT] 5 (Se vat 

dax May. e Vea Em vat 
Ж dre vl ره‎ аә ty 

Qut y apt. 

2x um: 766 3 s у —— (A-7) 

«3U* , jx9UN 2 H +37 | Hf au ] 

э. әү 22 Не Yl 7 Yea 

Sees 
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其 中 五 为 边界 层 内 总 ， 了 为 压力 。 
动量 积分 方程 式 的 推导 把 方程 C A 一 7 ) 对 Y 座 标 从 零 到 和 4 积分 
得 到 + 
Жү o Fem jr — 
hd XAR DNK 
yn VV 是 再 参数 。 
S= f (roy 趾 转 换 后 边界 层 位 移 厚度 。 
2 (ic, Py JEME a a н 
ee Same CT rt Te 
TIN Ета FEE KA 
f= fw (B.E -(0,-0, E 
AUT A Bea 
A HEU, Rf Or Hite да) 
ERGO Wue =(Y/6)"， 得 到 
[ EDT = (Rune 7 1)(2o41) — (4-0) 
其 中 Ё, RETR, Bp KAR. MIIA p= 112n 58 


CA—8 ) 变 为 以 下 形式 


ae 8*j by LA 
тё 290 (o txt 0р |= Uv ut? 
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宇宙 飞船 的 回 地 问题 * 
BAG 


当 飞 船 在 外 层 空间 完成 各 种 飞行 任务 后 ,如 绕 地 球 飞行 ， 或 探测 月 球 等 ,再 返回 地 球 
时 , 它 都 将 处 在 高 速 运动 象 "东方 号 "卫星 式 飞 船 在 到 达 空 气 层 外 缘 时 , 它 的 速度 就 
是 每 种 7.8 SE. 对 于 星际 航行 来 说 ,这 虽然 是 起 码 的 速度 ,但 是 就 目前 人 类 掌握 的 飞行 
技术 来 说 ,这 仍然 是 相当 高 的 ; 它 比 最 快 的 超声 速 飞机 的 速度 要 高 10 几 倍 。 从 能 量 的 大 
小 来 看 , 那 也 是 很 可 观 的 。 如 果 飞 船 的 重量 是 5 吨 , 它 的 动能 就 要 比 一 列 5000 吨 , 每 小 时 
行驶 40 公里 的 火车 的 能 量 还 大 500 倍 。 能 量 既 然 是 这 样 大 ， 怎 样 能 把 飞船 “ 刹 住 ”使 它 
顺利 通过 大 气 层 ,并 保证 最 后 安全 降落 , 便 成 为 星际 航行 在 现 阶段 的 一 个 关键 问题 . 

从 原则 上 讲 , 解 决 这 个 问题 ,我 们 可 以 采用 反 推 火箭 ,也 就 是 说 , 火 稍 喷 气 方向 与 飞行 
方向 一 致 ,来 产生 一 个 与 飞行 方向 相反 的 力 ,逐渐 将 飞船 “ 刹 住 ”"。 这 种 减速 的 方式 虽然 简 
单 ,但 是 却 不 现实 ;一 个 粗略 的 估计 便 会 告诉 我 们 ， 火 稍 的 重量 几乎 是 有 效 载荷 和 结构 的 
13 fi. 

另 一 个 方案 是 利用 空气 阻力 减速 。 从 减轻 重量 方面 考虑 ， 这 是 前 一 方案 所 不 能 比较 
的 , 但 是 它 也 带 来 一 些 危 险 。 由 于 阻力 不 能 自由 控制 ， 飞 船 会 不 会 象 流 星 一 样 遭受 100g 
《8 一 一 重力 加 速度 ) 以 上 的 超重 ? 同时 ,在 剧烈 的 减速 过 程 中 ,由 动能 转化 来 的 大 量 的 热 
会 不 会 把 它 象 流星 一 样 气 化 为 灰 烷 ?因此 ,这 一 方案 能 不 能 实现 ,就 在 于 我 们 能 不 能 做 到 : 
G) 加 速度 不 大 于 10g;(ii) 能 处 理 导 人 飞船 壳 体 
的 热量 . 

我 现在 将 针对 “东方 号 "宇宙 飞船 的 回 地 飞行 
来 分 析 以 上 两 方面 的 问题 。 根 据 发 表 的 资料 ， 有 
关 “ 东 方 号 ”的 轨道 参数 是 : 速度 7.8 公里 / 秒 , 近 
地 点 高 度 180 公里 ,远地点 高 度 327 SE, RHE 
4.700 公斤 ， 飞 船 在 越过 远地点 以 后 (在 非洲 上 
空 )( 图 1) 开始 发 动 制 动 装置 ,将 飞船 从 卫星 轨道 
上 改 入 下 降 轨 道 , 飞行 10 分 钟 进入 大 气 层 . 又 20 
分 钟 飞船 才 通过 大 气 层 降落 到 预定 地 点 。 这 一 段 
飞行 的 距离 是 8000 公里 ,历时 30 分 钟 。 

以 下 的 讨论 的 一 个 基本 假设 是 :“ 东 方 号 ” 飞 


图 1 “东方 号 ? 字 宙 飞船 飞行 路 线 示意 图 


* 第 四 次 星际 航行 座谈 会 的 中 心 发 言 。 原 载 “星际 航行 科技 资料 汇编 (第 一 集 )， 中 国 科学 院 新 技术 局 ,科学 出 版 
+1965, 
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船 是 不 带 举 力 面 的 ， 因 此 它 在 稠密 大 气 层 内 飞行 将 完全 依靠 气动 力 阻力 减速 ， 而 且 外 形 
是 不 变 的 。 为 了 估计 的 便利 ， 在 计算 时 飞船 头 部 的 半径 将 取 为 50 厘米 ， 而 船体 半径 为 
100 ШЖ. 


二 、 空 气 阻力 减速 问题 


飞船 进 和 空气 层 以 后 , 它 是 同时 在 气动 阻力 和 地 心 引 力作 用 之 下 飞行 的 .如 果 飞 船 的 
外 形 是 不 变 的 ,阻力 系数 在 超 高 速 飞行 的 情况 下 几乎 与 速度 无 关 。 阻 力 便 与 空气 密度 o, 
飞行 速度 了 的 平方 成 正比 。 在 100 公里 高 度 范围 内 ,这 个 变化 可 以 用 指数 函数 来 描述 .在 
这 些 条 件 下 ,如 果 进 和 大气层 的 速度 和 方向 《与 水 平 所 成 的 角度 Ө) 给 定 ,运动 方程 便 可 
进行 数值 积分 。 

假定 进入 角度 6, 是 2", 初 速 是 7.6 公里 / 秒 , 速度 与 高 度 的 关系 示 于 图 2。 从 150 2: 
里 到 70 公里 ,速度 的 变化 是 慢 的 。 但 是 到 了 60 几 公里 的 高 度 , 速度 至 然 减 低 ; 在 15 公里 
范围 内 ， 速 度 从 每 种 7 SERHED 2 公里 。 如 果 我 们 把 减速 度 随 高 度 的 变化 也 表示 出 
来 ,在 速度 变化 剧烈 的 高 度 内 便 出 现 一 个 最 大 值 ; 在 计算 的 条 件 下 ,这 个 高 度 是 40 公里 左 
右 ( 图 3). 


2 4 6 80 100 37183 316.8 24454 1525 755 
高 度 (公里 ) 时 间 ( 秒 ) 
图 2 速度 随 高 度 的 变化 图 3 减速 度 随 高 度 的 变化 


计算 的 结果 表明 ， 飞 船 的 速度 在 3 公里 的 高 度 已 经 减 到 声速 以 下 ， 即 低 于 每 秒 300 
米 。 这 说 明 通过 空气 阻力 是 可 以 减速 的 ,而 且 6g 一 8g 的 超重 所 存在 的 时 间 不 超过 30 秒 
从 实验 资料 来 看 ,这 是 人 们 可 以 忍受 的 。 

从 图 3 我 们 知道 ,在 减速 最 快 的 范围 内 ,阻力 远 比 重力 重要 (6 很 小 的 缘故 )。 因 此 ， 
为 了 探讨 飞船 的 重量 、 几 何 形状 、 飞 行 等 参数 与 最 大 减速 度 和 出 现 最 大 减速 度 的 高 度 的 关 
系 ,我 们 可 以 近似 地 把 重力 略 去 不 计 , 并 且 近 似 地 将 密度 随 高 度 的 变化 表示 为 


H HS 
一 一 0.715e 73 — ge^» 
Po 


这 里 ,wm 是 海平 面 的 密度 〈 克 /厘米 ),y 是 高 度 〈 公 里 )。 通 过 简单 计算 给 出 的 最 大 减速 
度 是 
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Lim) BÓ, уз 
EN de Jm — 544g ° 

与 这 个 数值 对 应 的 高 度 是 
y,— Linca4 .1 ‚ае 


BWR в 
这 里 Varb Co, 4, W 分 别 是 初速 、 进 入 角 、 阻 力 系 
数 \ 截 面积 \ 重 量 。 这 个 结果 告诉 我 们 ， 对 于 每 一 种 回 
地 问题 ,在 V, 已 经 给 定 的 情况 下 ,要 减轻 超重 的 严重 
性 ,只 有 降低 进入 角度 6.， 而 与 其 它 参 数 无 关 。 另 一 
方面 ,出 现 最 大 减速 度 的 高 度 是 随 参数 W [Cp 及 0, 
的 碱 小 而 增加 。 由 于 是 对 数 函数 关系 ， 这 些 参数 的 先 
择 对 相应 于 最 大 减速 度 的 高 度 的 影响 是 比较 小 的 。 
准确 的 计算 表明 ,在 进入 角 б, 小 于 49, 最 大 减速 
度 基本 上 不 随 进入 角 Ө, 变化 , 即 当 V, 为 每 秒 7.6 公 
里 时 ， 最 大 碱 速度 与 0, 的 关系 曲线 开始 时 几乎 保 持 ES мажчалякак 
ЖЖ (8g 左右 )。 但 是 当 Ө, 大 于 4° 时 ,最 大 减速 度 就 将 随 着 б. 的 增加 而 增 大 (图 4) 


三 、 气 动力 加 热 问题 


从 前 面 的 计算 看 来 ,利用 空气 阻力 减速 是 现实 的 ,但 是 由 于 减速 度 的 变化 大 ， 在 一 段 
飞行 过 程 中 ,动能 转化 来 的 热 的 危险 性 可 能 是 严重 的 。 为 了 对 采取 有 效 措施 提供 依据 , 传 
热量 必须 加 以 分 析 。 

如 飞船 的 初速 为 7.6 公里 / 秒 ， 那 么 ,对 应 于 1 公斤 质量 的 动能 就 等 于 28 X 10 RE, 
如 果 将 这 个 能 量 全 部 化 为 热 , 它 足够 把 30 公斤 的 钢 熔点 1500*c) 加 热 到 20000, 在 这 
种 情况 下 ,要 想 使 飞船 不 被 烧毁 ,唯一 办 法 是 把 大 量 的 热 与 飞船 隔离 , 即 前 减 导 热量 。 

对 于 没有 举 力 面 的 "东方 号 "来 说 ,解决 这 个 问题 的 途径 是 选择 有 利 的 几何 形状 ,特别 
是 受热 最 大 的 头 部 的 几何 形状 。 我 们 知道 飞船 在 飞行 的 时 候 ， 尤 其 是 在 减速 度 很 高 的 飞 
行 阶段 , 它 周 围 的 气体 是 炽热 的 , 因而 使 大 量 的 热流 向 飞船 的 壳 体 。 根 据 热 与 动量 相似 的 
原则 ,飞船 每 秒 所 吸收 的 热量 可 以 近似 地 表达 为 


1 
—+¢,spv' 
9 = FB 


另 一 方面 ,飞船 在 阻力 作用 下 ,每 秒 所 损失 的 动能 是 
E= ÑTeV:CoAV 


因此 ,传人 飞船 体内 的 热流 与 总 热量 有 以 下 关系 : 
9 - 2(1-£) 


2 CoA. 
KH, C, 是 粘性 阻力 系数 , Ss 是 飞船 的 表面 积 。 从 这 个 关系 式 我 们 清楚 地 看 到 : 要 减少 
传 热流 O, 就 要 尽量 选择 CS/CoA 小 。 对 于 飞船 来 说 ， 表 面积 大 致 是 截面 积 的 两 、 三 
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倍 。 因 此 ,要 想 使 C$/CpA J, 我们 只 有 设计 外 形 使 C1/Cp 小 。 这 就 是 说 , 选择 飞船 
外 形 的 原则 必须 与 高 速 飞机 相反 ,不 是 要 船体 细 而 长 而 是 粗 而 短 ,特别 是 头 部 必须 有 一 定 
的 半径 , 即 鸳 体 。 对 于 这 样 的 物体 ， 粘 性 系数 就 将 占 总 阻力 系数 很 小 的 一 部 分 (шй, 
百 分 之 一 )。 

这 样 ,物体 在 超 高 声速 飞行 时 , 它 将 不 断 地 ,猛烈 地 压缩 它 前 面 的 空气 ,结果 在 空气 中 
便 产生 一 个 强 冲 激 波 ,并 将 空气 加 热 到 6000—8 000%, 空气 分 子 与 飞船 表面 反复 撞击 的 
结果 ,使 它们 的 速度 〈 热 运动 很 快 地 提高 。 在 它们 从 固体 返回 去 的 时 候 ,它们 当中 有 很 
多 便 又 与 前 面 新 冲 来 的 分 子 碰撞, 使 它们 不 与 男 体 面 接触 而 是 把 它们 散射 到 气流 中 去 .这 
样 就 把 大 量 的 热 排 印 在 冲 激 波 与 
飞船 之 间 的 空间 里 (图 5)。 这 部 
分 的 热量 是 很 大 的 ， 几 乎 占 总 热 
量 的 9876, MA 1 一 2% 的 热量 
才 通 过 热传导 和 扩散 传人 飞船 的 
1. 

当 飞船 的 速度 在 每 秒 6 一 7 
公里 范围 内 ， 冲 激 波 与 飞船 之 间 
的 空气 是 处 在 高 温 〈6000 一 8000 
“KYRA, ABD. 80 FERA 
烈 的 热 运动 的 作用 下 已 经 分 离 ， 
小 部 分 甚至 电离 。 这 时 冲 激 波 与 

图 5 冲击 玻 层 内 的 主要 参数 飞船 之 间 的 流 场 就 存在 两 个 性 质 
不 同 的 区 域 : 贴近 飞船 表面 的 粘性 层 和 这 一 层 以 外 一 直到 冲 激 波 的 流 场 (图 5)。 在 粘性 
层 以 外 的 区 域 里 ,温度 ,压力 的 变化 是 小 的 ， 因 此 分 离 了 的 气体 几乎 处 于 平衡 状态 。 粘 性 
层 GARE) 则 不 同 。 如 固体 表面 通过 冷却 维持 在 1000°K 左右 ,在 这 个 厚度 很 小 (毫米 
数量 级 ) 的 粘性 层 里 就 造成 很 大 的 温度 和 气体 浓度 梯度 。 这 样 在 边界 层 内 就 引起 很 强 流 
向 固体 壁 的 热流 ， 同 时 由 于 原子 浓度 内 外 不 一 样 ,处 在 高 温 的 原子 便 向 冷 的 区 域 扩散 , 结 
果 也 由 于 重新 结合 而 释放 一 部 分 热 来 。 

为 了 得 一 数量 上 的 概念 ， 我 们 可 以 对 驻 点 的 热流 q 进行 估计 。 如 果 边 界 层 是 处 在 层 
流 状 态 , 这 个 问题 是 解决 了 的 .计算 的 结果 通过 简化 是 〈 采 用 功 的 单位 ) 


4- ces FE/H) 
这 里 ”是 冲 波 前 的 空气 密度 ( 克 / 厘 米 )，R( 厘 米 ) 是 头 部 半径 , Y СА JB) JE ET 
度 


从 以 上 这 个 关系 式 我 们 可 以 看 出 ,如 果 了 给 定 , 要 降低 导热 率 就 要 选取 最 大 可 能 的 头 
部 半径 R。 同 时 我 们 也 注意 到 ,热流 与 密度 的 关系 ,虽然 与 碱 速度 和 密度 、 速 度 的 关系 不 
一 样 ,但 是 * 在 飞船 下 降 的 过 程 中 , q 也 将 出 现 一 极 大 值 。 根据 前 一 节 的 近似 ,这 个 最 大 值 
dmi 及 它 出 现 的 高 度 Y, 分 别 是 : 


. _8% 
CoA 8.1328 


max = 6.66. vi 
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导热 率 的 最 大 值 却 与 最 大 减速 度 不 同 ， 它 是 同 飞 
行 器 的 特性 ， 如 外 形 和 重量 有 密切 关系 的 。 如 果 飞 行 
器 的 阻力 参数 W [CoA 愈 大 ,热流 将 愈 大 ， 而 发 生 的 
高 度 也 愈 低 ， 对 防 热 问题 来 说 ,这 种 情况 是 不 利 的 .对 
于 宇宙 飞行 来 说 ,在 WW/Co4 确定 之 后 ， 降 低热 流 的 
途径 , 同 减轻 超重 一 样 ,是 要 尽量 选择 最 小 可 能 的 进入 
角度 9.. 根据 “东方 号 "的 参数 ,在 6, 为 2° 时 声速 点 
的 热流 随时 间 的 变化 示 于 图 6。 这 里 最 大 热流 是 310 
瓦 /厘米 ,发 生 的 高 度 是 38 公里 左右 。 

我 们 应 当 注意 : 6, 小 固然 降低 了 传 热 率 ， 但 是 却 
增加 了 总 传 热量 ， 因 为 总 传 热量 是 与 V 刺 成 反比 。 如 
果 进 入 角 不 是 太 小 的 话 ,这 个 影响 还 是 不 严重 的 。 mS PROS 


热流 (千瓦 /厘米 ?) 


四 、 回 地 轨道 


“东方 号 ”飞船 回 地 轨道 有 三 个 阶段 : 制 动 飞 行 眉 ， 无 反 推力 飞行 段 和 大 气 层 内 的 飞 
178: (887). 

为 了 使 飞船 在 预定 地 点 降落 , 飞船 必须 按 给 定 的 轨道 飞行 ,而 轨道 选择 的 原则 必须 是 
如 免 过 大 的 减速 度 和 传 热量 现在 就 设计 这 样 轨道 进行 以 下 分 析 。 


G) 制 动 飞行 (图 7 中 AB R) 


为 了 简化 计算 , 设 飞 船 绕 地 球 运行 轨道 为 贺 形 的 。 根 据 * 东 方 号 "的 资料 , 制 动 火 稍 开 
动 不 在 远地点 而 且 在 越过 那 点 以 后 〈 非 洲 上 空 ). 我 们 可 以 设想 : 这 时 它 的 高 度 〈 即 圆 形 
轨道 的 高 度 ) 是 250 公里 。 在 空气 层 以 外 的 一 段 飞行 ,下 降 100 公里 左右 ,而 航程 则 已 经 
是 3000 一 4000 公里 。 因 此 , 飞行 的 轨道 与 原来 的 圆 形 轨道 是 接近 的 。 这 样 ， 在 制 动 火箭 
发 动机 开始 工作 。 开动 后 的 轨道 的 改变 便 可 以 按 一 级 微量 计算 了 。 
nemit 计算 的 结果 表明 , 制 动 火箭 可 以 采用 推力 大 、 
小 两 种 。 推 力 小 ,燃烧 时 间 就 长 ;相反 ,推力 大 , 燃 
烧 时 间 就 短 。 对 比 起 来 ， 前 一 种 方式 推力 虽 小 而 
燃烧 时 间 长 ,从 推进 剂 耗 量 来 考虑 是 不 合适 的 . 现 
在 我 就 后 一 种 方式 进行 估计 。 
根据 这 种 方式 计算 ， 如 果 反 推力 7 与 重量 W 
的 比例 是 0.63, 飞行 距离 BA 为 396 公里 ,燃烧 时 
间 为 50 秒 . 设 飞 船 重量 为 5000 公斤 ,那么 推力 工 
将 为 3150 公斤 。 取 推进 剂 的 比 冲 量 为 250 秒 ,每 
图 7 字 害 飞船 回 地 的 路 线 秒 燃 烧 量 为 12 公斤 ， 结 果 推 进 剂 总 重 为 600 公 
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斤 ， 这 样 火箭 的 重量 就 占 总 重 的 12% 13%, 

假设 火箭 的 推力 再 大 一 些 , 如 6400 公斤 ,燃烧 时 间 就 会 缩短 一 半 以 上 (23 秒 ), 但 是 
推进 剂 的 重量 则 仅 碱 轻 了 20 公斤 ,这 样 看 来 ， 燃 烧 时 间 尽 管 缩短 ， 火 箭 的 重量 则 变化 不 
大 ,这 个 数值 应 不 低 于 总 重 的 11%, 


Gi) 无 反 推 力 飞行 段 


在 火 第 停火 以 后 ,飞船 将 在 重力 作用 下 按 椭 贺 轨道 飞行 。 在 下 降 100 公里 时 , 它 已 飞 
行 3780 公里 。 这 时 轨道 与 空气 层 外 缘 所 成 的 进入 角度 为 2.7”《 从 水 平 线 量 起 )， 飞 行 时 
闻 为 9 分 钟 , 飞行 速度 为 7.6 公里 / 秒 ， 如 果 再 下 降 30 公里 , 这 时 轨道 与 水 平 所 成 的 角度 
жж 3° 左右 。 

根据 二 、 三 两 节 的 结果 ， 飞 船 进 人 大 气 层 的 速度 和 进入 角度 分 别 为 7.6 公里 /种 和 
2° 一 3°, 证 明 以 上 两 阶段 轨道 的 选择 是 合适 的 ， 而 且 利用 固体 推 剂 火箭 也 是 不 难 实现 的 。 


Gi) 大 气 层 内 飞行 段 


飞船 进 和 大气层 内 的 运动 在 第 二 节 内 已 经 论述 ,通过 准确 计算 证 明 ,飞船 的 速度 在 3 
公里 高 度 处 ,已 经 下 降 到 声速 附近 , 即 每 秒 300 米 。 这 时 降落 售 就 可 以 打开 ， 然 后 逐渐 下 
降 .在 3 公里 高 度 以 上 的 飞行 时 间 约 为 6 分 钟 ,航程 4360 公里 。 

如 果 降 落 伞 束 下 时 间 为 10 一 15 分 钟 ,那么 ,根据 以 上 的 估计 ， 全 程 共 历时 25 一 30 分 
钟 ,航程 8540 公里 《地 面 距离 要 小 些 )。 这 些 结果 同 发 表 资料 大 致 是 符合 的 。 


五 , 防 热 问题 


根据 层 流 边界 层 的 理论 ,在 一 个 半球 -圆柱 的 组 合体 上 ， 热 流 由 驻 点 的 最 大 值 逐 新 沿 
轴线 降低 ,到 了 球 与 柱 体 衔 接 处 ， 热 流 仅 有 驻 点 热流 的 百 分 之 四 到 五 速度 足够 高 )， 对 
于 球 -圆锥 -圆柱 的 组 合体 图 5). 热流 的 分 布 也 大 致 类 似 。 因 此 ,从 受热 的 严重 性 来 看 ， 
飞船 的 头 部 是 最 需要 防护 的 ， 

假定 头 部 平均 受热 量 是 200 瓦 /厘米 *《 偏 高 的 估计 ), 受 热 时 间 是 100 秒 。 如 果 头 部 
的 面积 是 2xRX《 偏 高 ), 那 么 ,总 受热 量 将 是 

200 瓦 /厘米 "X100 秒 X2x(100)* 厘米 :一 12x10: KE, 
这 大 致 就 是 总 热量 的 百 分 之 一 ,对 于 一 般 钝 体 说 来 ,这 个 估计 是 差不多 的 。 

为 了 保证 飞船 的 安全 ， 这 样 一 个 数量 级 的 热量 必须 在 它 发 生 的 瞬间 内 完全 加 以 控制 
或 隔离 ,使 它 不 能 导致 飞船 壳 体 的 破坏 。 解 决 肯 时 大 热流 的 防 热 问题 ,在 卫星 或 飞船 回 地 
问题 上 ,目前 有 两 类 可 能 的 冷却 方案 ;发汗 和 娆 蚀 。 兹 分 别 叙 述 如 下 : 


G) BF 


飞船 头 部 的 外 这 的 制造 可 以 采用 松散 、 多 孔 的 材料 ， 并 且 在 这 层 壳 下面 储藏 冷却 剂 。 
当 外 表面 温度 升 高 ,冷却 剂 就 将 由 液态 或 固态 转变 为 气态 。 由 于 容积 的 增加 ,气体 在 发 生 
以 后 ,就 沿 孔道 向 外 燕 发 ,这 样 就 将 大 量 的 热 吸收 ,从 而 在 固体 表面 形成 一 层 低温 保护 层 . 
从 目前 的 情况 看 ,固体 冷却 剂 的 资料 还 很 不 全 ,一 般 说 来 ， 升 华 点 低 的 材料 吸 热量 也 
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比较 低 。 另 一 个 可 能 性 是 采用 被 体 ,例如 液态 氮 . 98 ДТ A RR RT ERM 107 焦 
耳 的 热 。 如 果 我 们 用 被 态 氮 作为 冷却 剂 ， 将 全 部 热量 吸收 , 20 几 公 斤 的 氨 就 够 了 。 

这 个 方案 的 优点 是 ,在 飞行 过 程 中 飞船 的 头 部 外 形 保持 不 变 ,这 对 保证 飞行 性 能 是 很 
重要 的 ， 但 缺点 是 ,由 于 液体 的 储存 和 输送 系统 较为 复杂 ,而 且 给 飞船 落 了 不 少 重量 。 另 
一 方面 ,多 孔 材 料 的 制备 在 工艺 上 的 要 求 也 很 高 ,例如 孔道 的 分 布 要 均匀 ， 否 则 将 由 于 堵 
塞 而 导致 局 部 破坏 。 因 此 ,这 个 方案 目前 实现 还 有 困难 。 


G) Heth 


当 固 态 物 质 一 旦 投入 高 温 《 低 于 一 万 度 ) 的 环境 内 ， 它 一 般 将 由 固态 逐步 过 渡 到 被 
态 以 至 气态 。 在 物理 状态 和 化 学 改变 过 程 中 , 它 将 吸收 一 定 热量 。 过 去 几 年 的 研究 ,发 现 
一 些 材料 ,它们 一 方面 在 改变 状态 时 吸收 大 量 的 热 ;同时 它们 在 固态 时 又 具有 很 高 的 绝缘 
人 性能。 这样 当 它 在 高 温 的 气流 作用 下 , 既 能 通过 材料 的 损失 ,如 燕 发 等 将 传 过 来 的 热 送 回 
气流 ,又 能 将 高 温 区 与 船 的 内 过 隔离 《绝缘 )。 这 一 种 现象 (广义 地 说 ) 就 叫做 烧 蚀 。 

根据 国外 的 资料 ,比较 有 前 途 的 材料 是 玻璃 丝 或 硅 丝 加 强 的 塑料 《树脂 )， 这 种 材料 
每 一 公斤 在 烧 蚀 时 能 够 吸收 12 xX 10° 焦耳 的 热 ,而 且 制 备 的 工艺 比较 简单 ,作为 “东方 号 ” 
这 样 飞船 的 保护 层 所 需 的 量 大 约 100 公斤 ， 看 来 这 个 方案 不 仅 可 以 满足 要 求 ， 也 是 完全 
可 以 实现 的 ， 

当然 ,这 里 有 一 个 外 表 变 形 的 问题 。 估 计 在 加 热 强烈 的 一 分 钟 内 ,由 于 表面 质量 的 消 
耗 , 头 部 的 表面 将 以 不 同 速度 后 退 ,最 大 可 能 达到 一 个 厘米 ， 由 于 烧 蚀 而 破坏 了 飞船 的 对 
称 性 ,从 而 造成 飞行 轨道 的 误差 ,这 是 不 可 各 免 的 ;但 这 在 “东方 号 ”飞船 的 降落 上 ,至 少 在 
目前 阶段 ,这 种 误差 是 允许 的 。 


ха ж idi 


УМ YEARS ДАРИ АЛИЙ ЖТ, SF KHE КИЛЕ АЛЕ ВИЙ ht 
范围 大 体 是 正确 的 。 沿 着 这 种 轨道 进入 空气 层 所 引起 的 超重 \ 防 热 以 及 导航 \ 操 纵 等 技术 
问题 ,在 当前 科学 技术 水 平 的 条 件 下 ,是 完全 可 以 解决 的 .进一步 的 问题 是 利用 举 力 面 ,一 
方面 降低 卫星 式 飞 船 的 超重 , 另 一 方面 试图 解决 速度 更 高 的 月 球 飞 船 的 回 地 问题 。 
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激 波 的 介绍 
W k f 


XE iA HO Me Ac He RH ERII SN” R E RE R, BI А 
HORE JH RR LA ае акаа E EE, 
这 时 如 果 把 空气 里 的 压强 分 布 用 曲面 表示 出 来 ， 在 
那个 密度 大 的 气 层 里 ,这 个 面 就 像 个 小 山峰 一 样 .要 
是 用 有 照 像 的 方法 把 它 照 下 来 ， 像 片上 就 呈现 为 一 条 
黑 线 ,图 ! 所 表示 的 便 是 大 炮 发 射 最 初 一 朋 的 情形 。 
这 里 最 外 面 的 圆 形 黑 线 ， 便 是 上 面 所 说 压强 高 峰 的 
便 影 ,这 就 是 我 们 所 要 介绍 的 激 波 。 

一 般 地 说 来 ， 产 生 激 波 有 两 种 方法 :一 种 方法 
是 利用 火药 的 爆炸 ,放炮 便 是 一 个 例子 ;另外 一 种 广 
法 是 利用 物体 的 高 速 运动 ， 例 如 发 射出 去 的 炮弹 和 
超声 速 飞行 的 飞机 。 图 2 所 表示 的 情况 便 是 属于 后 
面 这 一 类 。 这 里 从 炮弹 尖端 所 发 出 的 两 条 黑 斜 线 就 
是 激 波 ,由 于 压强 在 激流 上 突然 地 增加 , 当 炮 弹 或 高 
速 飞机 飞 过 我 们 时 ,我 们 便 能 听 到 *“ 哟 "的 一 声响 .从 
这 两 个 例子 我 们 也 可 以 看 出 ， 激 波 的 形状 并 不 都 是 
一 样 大 ， 大 体 说 来 激 波 共有 以 下 几 类 : ШЕШ, 
平面 (又 分 正面 和 斜面 两 种 )。 它 们 的 共同 之 点 是 ， Е 
在 和 波 面 重 直 的 方向 ,压强 温度 、 密 度 的 变化 是 突然 的 。 在 普通 情况 下 这 种 变化 可 以 利 


KAS 


Lii 
图 2 图 3 球面 波 径 向 压强 分 布 


用 跃 变 来 表示 《图 3). 这 个 不 连续 的 路 变 差 ( 通 常用 压强 差 AP 来 表示 ) 便 叫 做 激 波 
的 强度 。 激 波 愈 强 , 跃 变 差 就 愈 大 . 
类 似 这 种 不 连续 的 传播 现象 ,在 自然 界 里 是 常常 出 现 的 ， 在 有 坡度 的 河流 里 出 现 “ 水 
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跃 " 便 是 个 例子 。 其 至 在 城市 中 的 人 群 里 也 会 发 生 。 警 如 说 ,一 群 赛跑 的 人 ， 如 最 前 面 的 
y" 一 个 忽然 被 交通 挡住 ,而 同时 来 不 及 警告 后 面 的 人 ， 

= 4 结果 大 家 都 来 不 及 准备 ， 便 一 个 跟着 一 个 地 磁 在 一 
= 起 ,这 个 密度 大 的 人 堆 , 即 激 波 ， 便 从 很 高 的 速度 对 


92: 着 哆 的 人 传播 过 来 (参看 图 人)。 
3 
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如 果 空 气 里 忽然 发 生 压强 变化 ， 这 种 变化 便 向 
各 方 传播 ， 这 就 产生 大 家 所 熟知 的 所 谓 “ 波 动 ” 一 一 
像 投 一 块 石头 到 水 里 时 ， 在 水 面 上 所 出 现 的 现象 一 
样 。 如 果 波动 区 域 里 压强 的 起 伏 小 ， 便 叫做 小 振幅 
ж. 平常 的 声波 便 是 属于 这 一 类 的 。 如 果 波 动 区 域 
里 压强 起 伏 很 大 , 便 叫 做 大 振幅 波 。 

由 于 振幅 小 的 关系 声波 的 传播 对 于 气体 的 压强 和 密度 影响 非常 小 ， 结 果 声 波 就 像 
沿 着 一 条 细 长 线 而 传播 的 波动 一 样 ,完全 和 这 时 介质 的 运动 情况 无 关 ,和 而 是 只 取决 于 空气 
在 未 扰动 情况 下 的 状态 。 如 果 大 气 是 均匀 的 ， 声 波 相对 于 介质 的 传播 速度 便 是 个 与 波长 
无 关 的 恒 量 。 在 标准 状态 下 ,如 我 们 所 熟知 的 ,这 个 数值 是 每 秒 331 米 。 传 播 速 度 既然 是 
恒 量 ,波动 区 域 里 压强 和 速度 的 微弱 变化 ， 即 “波形 ", 便 能 保持 固定 不 变 地 向 前 传播 ， 在 
讨论 波动 时 ,这 便 是 最 简单 的 一 种 类 型 . 

波动 的 振幅 大 时 ,情形 就 变 得 很 复杂 .波动 所 产生 的 压强 变化 大 ,在 气体 里 所 引起 的 
质点 运动 也 就 大 。 对 于 固定 的 坐标 说 ， 大 振幅 的 传播 速度 便 是 质点 速度 与 声速 之 和 . 因 
为 压强 影响 声速 ,而 声速 又 与 质点 的 速度 有 直接 关系 ,结果 大 振幅 的 波动 在 传播 过 程 中 便 
不 可 能 保持 固定 不 变 的 波形 . 

在 很 简单 的 情况 下 ,我们 可 以 假设 空气 是 个 没有 粘性 的 理想 气体 ,并 且 波 形 是 连续 的 
《 即 贺 滑 ,没有 突变 的 )， 在 这 样 的 运动 中 ,气态 的 变化 是 可 逆 的 ,也 就 是 说 , 米 这 个 量 在 传 
播 过 程 中 是 不 变 的 ， 为 了 便于 讨论 ,我 们 进一步 假设 运动 是 一 维 的 , 即 除了 随时 间 的 变化 
外 ,运动 仅 在 传播 方向 有 变化 ,在 一 根 直 管 里 所 产生 的 波动 便 是 这 样 . 这 种 波动 可 分 为 两 
类 : 及 胀 波 和 压缩 波 。 如 果 一 个 波 经 过 一 点 之 后 , 那 点 的 气体 是 膨胀 了 ,这 个 波 就 叫做 及 
Ж (H 5). 相反 地 ,如 果 波 通过 后 气体 被 压缩 了 ,这 个 波 便 叫做 压缩 波 (图 6). 
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设想 在 某 一 瞬间 空气 里 产生 了 一 个 向 右 传播 的 膨胀 波 。 从 前 面 的 讨论 我 们 知道 ， 压 
强 高 的 地 方 ,质点 速度 和 声速 都 大 ; 由 于 在 肝 胀 波 中 波 头 的 压强 高 而 波 尾 的 压强 低 ， 波 头 
的 传播 速度 总 比 波 尾 大 ,因此 ,这 样 一 个 及 
胀 波 发 生 后 不 久 就 会 逐渐 消失 (图 7). # СЕС oe 
反 地 ， 如 果 在 空气 里 产生 了 一 个 向 右 传播 ae 
的 压缩 波 ， 那 么 尾部 的 传播 速度 要 比 头 部 mmo тА 
为 大 ,结果 原来 一 个 连续 变化 的 压缩 波 , 变 MO BERVE 
化 的 坡度 在 传播 过 程 中 将 不 断 增 加 。 以 臻 在 一 定 的 时 间 内 便 演变 成 为 一 个 不 违 续 的 波 
сав). 

OLR (1859) 的 激流 形成 的 SS Se A 
ib. 在 这 个 理论 中 ， 他 发 现 像 图 6 所 示 的 ere e 
ME, ERMA, EERE =a t= te 
为 三 值 的 图 形 。 这 就 是 说 ， 在 某 一 点 的 坡 
度 达到 无 穷 值 以 后 ， 原 来 的 假设 就 不 再 适 


用 . 于 是 他 推测 , 当 坡 度 无 穷 大 的 时 候 , 实 际 上 就 可 能 出 现 不 连续 的 现象 ,如 激 波 .他 的 这 
个 推测 已 经 完全 为 实验 所 证 实 了 。 


图 8 压缩 波形 的 演变 


激 波 的 传播 


我 们 可 以 设想 做 这 样 一 个 简单 的 实验 : 在 一 个 很 长 的 直 管 里 装置 一 个 活塞 〈 图 9)， 
使 活塞 前 后 运动 ， 在 管内 静止 的 气体 里 就 能 发 生 波动 当 活塞 急速 往 后 退 使 它 附近 气体 
脱 胀 时 ,所 发 出 向 前 传播 的 波 便 是 一 个 脱 胀 波 ， 因 为 显然 波 头 的 压强 高 而 波 尾 的 压强 你。 
如 果 活 塞 向 前 急速 地 推进 ,使 附近 气体 压缩 , 则 在 气体 里 产生 一 个 向 前 传播 的 压缩 波 。 根 


一 一 一 


一 一 一 
Spec ERE 


LL LLL IJ 


КҮП 

图 9 激流 的 传播 图 10 压强 和 温度 在 激 波 前 后 的 情形 
据 前 面 的 理论 ,这 个 连续 的 压缩 波 会 很 快 地 演变 成 为 一 个 不 连续 的 波 , 即 激 波 。 当 激 波形 
成 以 后 ， 它 就 向 前 传播 如 果 活 塞 的 速度 不 变 , 激 波 的 传播 速度 也 就 不 变 ,对 于 随 着 激 波 


一 起 运动 的 坐标 来 说 ， 这 个 运动 便 是 一 个 定常 运动 (图 10)。 由 于 传播 方向 与 波 面 垂 直 ， 
这 个 激 波 也 叫做 正 激流. 


在 一 般 的 情况 下 ,这 个 运动 所 牵涉 到 的 参数 有 激 波 前 后 气体 的 压强 ,密度 、 温 度 以 及 
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激 波 和 活塞 的 速度 。 在 实际 的 问题 里 , 波 前 气体 的 状态 总 是 事先 就 可 以 肯定 的 ,至 于 与 活 
塞 运动 相应 的 速度 或 激 波 传播 的 速度 ， 则 一 般 不 能 预知 而 是 需要 给 定 或 测量 的 .决定 这 
样 的 问题 首先 就 要 解决 激 波 的 传播 问题 .在 定常 的 情况 下 (参看 图 10) , 激 波 面 上 各 处 的 
流量 (单位 时 间 内 流 过 单位 面积 的 质量 )、 动 量 (单位 面积 上 的 压强 和 由 于 流量 所 产生 的 
作用 ) 和 能 量 〈 单 位 质量 的 动能 和 痊 ) 在 通过 激 波 时 是 不 变 的 《当然 还 须 假设 气体 通过 
激 波 后 并 不 发 生化 学 变化 ) 

这 三 个 条 件 中 的 前 两 个 通常 叫 “ 力 学 条 件 "， 激 波 满足 这 两 个 条 件 是 毫 无 疑问 的 只 
有 在 能 量 守 恒 这 个 问题 上 ,就 不 是 那么 明显 。 因 为 从 理论 上 讲 ,气体 是 没有 粘性 的 ， 如 果 
没有 粘性 ,能 量 守 便 就 意味 着 热力 学 里 的 炳 也 不 变 ,这 也 就 是 说 ， 不 连续 运动 是 不 可 能 发 
生 的 .因此 ,通过 激 波 的 变化 就 必须 是 绝热 .不可逆 的 .这 就 引进 一 个 重要 的 辅助 条 件 ， 通 
SERRE ETE IKEA. 

这 些 关系 在 气体 动力 学 里 就 叫做 激 波 条 件 。 它 们 可 以 适用 于 激 波 ， 也 同样 适用 于 比 
较 复杂 的 柱 面 波 和 球面 波 。 根 据 这 三 个 条 件 ,我 们 可 以 把 波 后 和 波 前 的 压强 ,温度 、 密 度 
比 表 作 波 前 的 压强 ,密度 ,气体 的 特性 和 激 波 速度 的 函数 ， 在 这 些 关系 中 所 出 现 的 最 重要 
的 一 个 参数 便 是 激 波 速度 和 波 前 的 声速 的 比值 ， 从 炉 增 加 这 一 条 件 我 们 可 以 断定 ， 这 个 
比值 , 称 为 马赫 数 , 永远 大 于 1。 这 就 是 说 ， 激 波 的 速度 永远 大 于 声速 。 由 于 激 波 的 压缩 
而 产生 的 压强 、 温 度 、 密 度 增加 的 倍数 是 和 马赫 数 的 平方 成 正比 的 ， 当 激 波 趋 近 于 声波 
СКОК) 时 ,马赫 数 便 趋 近 于 1, 波 前 后 的 状态 也 便 趋 近 均等 。 相 反 地 , 随 激 波 的 强度 的 
"XN 增加 , 波 后 的 压强 和 温度 便 很 迅速 地 上 升 . 另 
n M 一 方面 ,密度 虽然 也 有 增加 ， 但 是 增加 很 锡 ， 
在 激 波 极端 强烈 时 ,密度 比 便 趋 近 一 个 恒 量 . 
w f 对 于 空气 来 说 ,这 个 恒 量 几乎 等 于 6, 这 也 就 
A " 是 说 ,利用 激 波 来 压缩 空气 ,密度 最 大 不 能 起 
ч ER ax Mo RID. 
ge cee 压强 和 温度 的 情况 就 不 一 样 。 激 波 的 速 
度 提高 , 即 马赫 数 提高 ,压强 和 温度 比 就 与 马 
赫 数 的 平方 成 正比 地 提高 (图 11). 温度 和 压 
E 3 强 的 这 种 变化 是 由 于 气体 冲 过 激 波 之 后 (E 
11), 立 刻 受到 压缩 的 过 程 中 大 量 的 动能 转变 
AAM. BERK ERDE, BEENA. 
لطا‎ 由 于 动能 转变 为 热 ， 通 过 激 波 以 后 气体 的 动 

能 大 大 减低 。 对 于 激 波 说 ， 波 前 的 气流 是 超 

Ши ESE. CE AS MUR 声速 的 ,而 波 后 的 气流 则 是 亚 声速 的 . 

简单 说 来 ,这 便 是 激 波 前 后 的 情况 。 只 要 激 波 不 是 过 于 强 时 ,这 些 理论 上 的 推测 是 符 
合 事实 的 。 但 是 假使 激 波 的 强度 很 大 ， 警 如 说 马赫 数 大 于 10, 这 个 理论 对 于 实际 的 气体 
说 ,就 不 够 准确 。 原 因 是 这 样 : 在 激 波 不 强 时 ,为 了 使 空气 〈 警 如 说 ) 的 热 运动 状态 能 从 
波 前 的 平衡 状态 过 渡 到 波 后 的 平衡 状态 ， 所 需要 的 分 子 碰 击 次 数 不 到 10. 这 就 是 说 , 从 
激 波 一 边 到 另 一 边 的 厚度 ,不 到 10 个 分 子 碰撞 自由 程 。 在 一 般 的 情况 下 ， 即 马赫 数 为 1 
或 2, 这 个 厚度 的 确 是 很 小 的 ， 大 约 是 107 厘米 左右 。 前 面 所 说 的 不 可 逆 过 程 就 是 在 这 
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极 狭小 的 区 域 里 发 生 的 。 因 此 ,理论 上 的 不 连续 的 假说 ,实际 上 是 一 个 很 准确 的 近似 。 

但 是 在 激 波 很 强 的 时 候 , 由 于 激 波 后 面 的 温度 高 ,分 子 的 剧烈 础 击 可 能 发 生 分 离 甚至 
电离 现象 ,分 子 如果 破 裂 ,气体 的 分 子 数目 就 要 增加 ,结果 气体 的 热 容量 就 要 增加 ， 温 度 
就 要 降低 ， 在 这 样 情况 下 ,通过 激 波 的 气体 仍旧 保持 单纯 的 理想 气体 的 假设 已 不 能 适用 . 
我 们 必须 进一步 考虑 气体 分 离 或 电离 的 影响 以 及 这 些 物理 现象 发 生 的 过 程 。 这 些 研究 对 
于 今后 新 技术 的 发 展 将 是 很 重要 的 . 


激 波 对 实际 问题 的 重要 性 


激 波 是 一 个 很 普通 的 现象 ， 它 发 生 在 高 速 气流 里 ;强烈 的 燃烧 里 , 即 爆 震 波 ; 也 出 现 
在 星 的 爆炸 和 太阳 表面 气体 的 冲 射 。 在 技术 方面 ,为 了 提高 航空 和 火药 爆炸 的 新 技术 , 研 
究 激 波 对 于 气流 和 激 波 对 于 导致 火药 爆炸 的 影响 和 作用 都 是 很 重要 的 。 近 年 来 天 文物 理 
学 家 还 引用 激 波 的 特点 来 理解 星际 间 的 现象 ， 在 这 里 我 们 特别 讨论 一 下 下 面 的 问题 . 


1. 高 速 飞行 


从 图 2 里 我 们 可 以 看 出 来 ， 一 个 物体 要 以 高 于 声速 的 速度 飞行 ， 它 的 前 端 便 发 生 激 
Bi. 激 波 的 产生 对 于 物体 所 产生 的 气流 有 什么 影响 呢 ? 它 的 主要 的 影响 是 产生 阻力 〈 阻 
力 大 体 上 说 可 分 为 两 种 : 一 种 来 自 粘性 ,一 种 就 是 来 自 激 波 ) ,我们 现在 先 谈 激 波 阻力 . 

前 面 已 经 说 过 , 激 波 的 产生 是 通过 一 个 不 可 逆 的 过 程 ， 一 个 运动 中 如 果 有 激 波 发 生 ， 
迷 便 不 可 能 保持 不 变 。 这 是 因为 当 气体 冲 进 激 波 从 而 被 压缩 以 后 ， 它 同时 便 接受 了 由 于 
耗损 所 生 的 热 ,结果 录 便 有 增加 。 由 于 内 耗 的 关系 ,动能 便 有 损失 . 这 个 量 的 关系 在 热力 
学 里 是 一 个 很 著名 的 规律 .在 物体 飞行 的 问题 ,这 种 损耗 就 表现 成 为 对 物体 的 阻力 . 

在 炮弹 和 超声 速 飞行 的 研究 中 ,如 何 选择 飞 体 的 几何 形状 以 便 减少 动能 的 损失 ,是 一 
个 中 心 问题 ， 从 前 面 的 讨论 我 们 知道 , 激 波 的 强 弱 决 定 炉 增加 的 多 少 ;同时 炉 的 增加 又 决 
定 了 阻力 ， 所 以 要 达到 减 阻 的 目标 ， 就 要 避免 强 激 波 出 现 。 和 避免 强 激 波 最 直接 的 办 法 是 
降低 飞行 速度 ,但 是 在 高 速 飞行 的 先决 条 件 下 ,这 自然 是 不 许可 的 。 另 外 的 一 个 方法 则 是 


图 13 几何 形状 对 阻力 的 影响 
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以 下 面 的 事实 为 依据 的 。 

在 飞速 指定 后 ,我 们 可 以 比较 两 种 情形 : 一 个 是 正 激 波 ; 一 个 是 斜 激 波 ， 即 激 波 与 飞 
行 方 向 成 一 锐角 《参看 图 2). 我 们 知道 , 通过 激 波 的 跃 变 只 限于 与 波 面 垂 直方 向 的 速度 
和 动量 ， 结 果 同样 的 飞速 斜 激 波 所 导致 的 跃进 显然 就 要 小 些 ， 因 此 所 引起 的 阻力 也 就 小 
些 ， 所 以 ,在 飞 体 的 设计 上 ,我 们 总 是 选择 产生 类 似 斜 激 波 的 几何 形状 。 根 据 经 验 我 们 知 
WAM КИК, пак (图 12), ERK, 细 而 扁 的 形状 (图 2) 产生 更 强 的 激 波 .在 
不 同 的 速度 这 两 种 物体 阻力 的 比较 ,请 参看 图 13. 

阻力 大 究竟 有 什么 不 好 呢 ? 我 们 知道 ,物体 的 飞行 是 依靠 推力 或 爆炸 所 产生 的 动能 . 
有 了 动能 的 损失 ,在 炮弹 的 情形 ,同样 的 炮 和 炮弹 ,当然 就 发 射 不 远 ;在 飞行 的 情形 ， 同 样 
的 飞速 ,阻力 如 果 大 ,就 需要 强大 的 发 动机 ,这 就 要 增加 发 动机 的 重量 和 耗 油 量 ， 记 以 ,在 
实际 问题 里 , 激 波 与 飞 体 或 管道 〈 推 进 器 的 ) 的 几何 形状 间 的 相互 关系 ,是 具有 重要 意义 
的 研究 题目 . 


2. 实验 的 工具 


上 面 所 讲 的 是 激 波 有 害 的 一 面 ,现在 我 们 再 谈 谈 它 的 有 利 的 一 面 . 

从 激 波 的 特性 看 来 , 正 激 波 是 一 个 很 有 效 的 压缩 和 产生 温度 的 工具 。 艾 如 说 , 激 波 的 
马赫 数 等 于 4 或 5, 激 波 后 面 的 压强 就 有 20 到 30 个 大 气压 而 温度 就 能 达到 1800°К. ZE 
实验 室 里 产生 这 样 强度 的 激 波 是 很 容易 的 .有 了 这 样 的 工具 ,我 们 便 能 利用 它 来 研究 化 学 
反应 的 问题 .因为 激 波 的 温度 是 可 以 预先 拟定 的 ， 我 们 便 能 在 各 种 情形 下 进行 这 类 的 研 
Ж. 这 对 于 探索 化 学 连锁 反应 问题 是 极 有 用 的 。 

另 一 方面 , 近 几 年 来 由 于 远 距离 导弹 的 成 功 ,高 速 飞 行 已 有 实现 的 可 能 。 飞 行 的 速度 
很 高 , 警 如 说 马赫 数 等 于 10, 物体 前 端的 激 波 就 很 强 , 它 足以 使 气体 里 的 分 子 发 生化 学 变 
化 ， 从 空气 的 实验 里 我 们 知道 ,在 温度 近 一 万 度 绝对 温度 时 ， 气 体 的 组 成 便 变 为 很 复杂 . 
由 于 空气 分 子 在 这 样 的 高 温 下 的 分 离 , 化 合 和 电离 ,空气 的 特性 就 有 很 大 的 变化 ， 它 对 于 
飞 体外 表 的 气流 的 影响 也 是 巨大 的 .因此 ,为 了 设计 效率 高 的 飞行 器 ,高 温 下 气体 性 质 的 
研究 是 很 重要 的 . 

研究 高 温 下 的 气体 的 特性 ， 激 波 也 是 一 个 有 利 的 工具 .为 了 要 在 实验 室 里 进行 这 种 

an an 研究 ,首先 就 需要 产生 近 一 万 度 绝对 温度 的 温度 ， 

[ак F P 这 样 的 温度 在 一 个 能 发 生 激 波 的 直 管 里 已 经 达到 

NE NN T. 这 种 管 便 叫 做 激 波 管 (图 14). 
什么 是 激 波 管 呢 ?具体 说 来 ， 它 是 一 个 两 端 
密封 而 中 间 有 一 个 分 隔膜 的 直 管 。 在 膜 的 一 边 压 


TTET 强 高 , 男 一 边 的 压强 低 。 葡 膜 一 旦 破裂 ,高 压 室内 
mu REKAR — 的 气体 就 往 低压 那 边 冲 。 由 于 气体 的 冲 激 ， 在 低 
te 压 室内 便 产生 了 一 个 激 波 ， 向 低压 一 端 传播 ， 利 


用 不 同 的 薄膜 以 及 高 压 和 低压 室 的 压强 比 ,我 们 便 能 产生 各 种 不 同 的 激 波 ,也 就 是 说 ， 各 
种 压强 下 的 不 同 温度 . 
这 一 方面 的 技术 目前 还 正在 迅速 发 展 ,前 途 是 无 限 的 . 
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1958 4 1 月 
1958 4 4 Я 
1958 # 9 Л 
1960 ^F 5 Я 
1961 4E 10 Я 


1964 4F 3 Я 
1965 4 1H 
1965 4F 6 Я 
1966 4 5 H 
1967 4: 7 H 
1968 4F 12 Я 5H 
1968 4 12 J] 25 Н 
1999 年 


出 生 于 山东 省 荣成 县 西 滩 郭 家 村 

考 人 南开 大 学 预科 理工 班 

进入 北京 大 学 物理 系 学 习 光学 

北京 大 学 毕业 ， 留 任 助教 

回 山东 威海 中 学 任教 

西南 联 大 学 习 流体 力学 

在 加 拿 大 多 伦 多 大 学 应 用 数学 系 学 习 

获 硕 士 学 位 ， 赴 美国 加 州 理 工学 院 航空 工程 系 学 习 

获 博士 学 位 ， 次 年 发 表 “ 可 压缩 流体 二 维 亚 声速 和 超声 速 
混合 型 流动 和 上 临界 马赫 数 ”的 论文 ( 跨 声 速 流动 研究 代 
表 作 ) 

赴 康 乃尔 大 学 参与 创办 航空 研究 院 

发 表 “ 中 等 雷诺 数 下 不 可 压缩 黏 性 流体 绕 平板 的 流动 "( PLK 
方法 的 代表 作 ) 

回 到 祖国 

当选 为 数理 化 学 部 学 部 委员 

任 《 力 学 学 报 》 主 编 

任 力学 研究 所 常务 副 所 长 

任 中 国 科 技 大 学 化 学 物理 系 主任 

任 二 机 部 第 九 研究 院 副 院 长 

参加 中 国 科学 院 举办 的 星际 航行 座谈 会 ， 并 做 “宇宙 飞船 
的 回 地 问题 ”的 中 心 发 言 

领导 再 人 物理 现象 的 研究 工作 

参与 领导 人 造 卫 星 设计 院 的 工作 ， 任 中 国航 空 学 会 副 理 事 长 
任 541 地 空 导 弹 项 目 总 设计 师 

科学 出 版 社 出 版 郭 永 怀 译作 《 流 体力 学 概论 》( 普 朗 特 著 ) 
任国 防 科 委 空气 动力 研究 院 筹备 组 副 组 长 

从 基地 回 返 北京 ， 因 飞机 失事 不 幸 牺牲 ， 享 年 59 岁 

中 华人 民 共和 国内 务 部 授予 郭 永 怀 烈士 称号 

中 华人 民 共 和 国 授予 “两 弹 一 星 ” 元 勋 称号 


郭 永 怀 传 ” 


郭 永 怀 是 我 国 卓越 的 力学 家 、 应 用 数学 家 ， 他 在 跨 声速 流 和 奇异 摄 动 理论 领域 取得 
杰出 的 学 术 成 就 。 郭 永 怀 是 我 国 近代 力学 事业 的 组 织 者 和 葛 基 者 之 一 ， 也 是 我 国 核武 器 
研制 单位 的 主要 技术 负责 人 之 一 。 他 为 发 展 我 国 的 国防 科研 事业 ， 在 倡导 高 速 空气 动力 
学 、 电 磁 流 体力 学 、 爆 炸 力学 等 新 兴 的 力学 学 科 方面 ， 在 培养 青年 力学 科技 人 才 方 面 都 
做 出 了 杰出 贡献 。1968 年 12 月 5 Н, 郭 永 怀 从 西北 核 试验 基地 返 京 时 , 因 飞 机 失事 不 幸 
牺牲 。 郭 永 怀 虽然 只 活 了 59 岁 ， 但 其 为 国际 所 公认 的 科学 成 就 ， 严 肃 认 真 的 治学 态度 
正直 朴实 的 思想 品德 ， 刻 苦 勤奋 的 工作 作风 ,受到 了 人 们 的 普遍 爱戴 和 尊重 。 我 们 在 此 
说 以 怀念 和 崇敬 的 心情 ， 来 记述 郭 永 怀 先生 光辉 的 一 生 。 


一 、 学 生 时 代 


1909 年 4 月 4 日 ， 郭 永 怀 出 生 在 山东 荣成 西 滩 郭 家 村 。 小 学 就 读 石 岛 镇 明 德 小 学 ， 
1926 年 ， 郭 永 怀 考取 青岛 大 学 附属 中 学 的 公费 生 。1929 年 9 月 毕业 后 ， 郭 永 怀 又 考 人 南 
开 大 学 预科 理工 班 ， 学 制 两 年 。 由 于 课程 大 都 由 教授 担任 ， 所 选用 的 教材 也 多 是 英文 原 
版 书 ， 因 而 预科 班 学 生 的 实际 水 平 高 于 普通 高 中 。 在 此 期 间 ， 对 郭 永 怀 影响 较 大 的 是 申 
又 栓 教 授 ， 他 是 中 国 数学 界 老 前 斐 姜 立 夫 先生 的 高 足 ， 许 多 杰出 的 数学 家 如 江 泽 涵 、 陈 
省 身 、 吴 大 任 等 都 出 自 姜 先生 的 门下 。 申 又 栓 教 授 担 任 预科 的 数学 教学 ， 讲 课 很 有 特色 ， 
给 人 以 外 松 内 紧 的 感觉 。 虽然 他 上 课 风 趣 ， 轻松, 但 对 学 生 要 求 却 十 分 严格 ， 经 常 布置 
大 量 的 习题 。 这 样 既 加 深 了 学 生 们 的 数学 功底 ， 也 培养 了 学 生 对 数学 的 兴趣 。 著 名 数学 
家 胡 世 华 教授 就 是 在 他 的 引导 下 走 上 专门 从 事 数学 研究 道路 的 。 郭 永 怀 对 申 先生 布置 的 
难题 总 是 埋头 研究 ， 独 立 完成 ， 还 经 常 帮助 同伴 。 预 科 的 两 年 使 郭 永 怀 打下 了 坚实 的 数 
学 基础 ， 为 他 以 后 专门 从 事 力学 理论 研究 创造 了 条 件 。 郭 永 怀 很 得 申 先生 赏识 ， 师 生 间 
结 下 了 深厚 的 感情 。 郭 永 怀 留学 回国 后 还 常常 去 看 望 申 先生 。 

郭 永 怀 在 预科 期 间 ， 僻 统 泰 是 理学 院 院 长 ， 物 理 系 主任 。 他 是 中 国 物理 学 界 的 老 前 
Ж, 他 于 1913 年 留美 , 1922 年 回国 在 南开 大 学 创办 了 物理 系 , 培养 了 大 批 优秀 的 物理 学 
家 。1929 年 ， 饶 先生 前 往 德国 研究 碱 金属 原子 的 斯 塔 克 效 应 。 这 样 ， 郭 永 怀 所 在 班 的 物 
理 课程 由 美国 麻 省 理工 学 院 回 国 的 卢 祖 褒 任教 ， 助 教 是 吴 大 献 。 吴 先生 除 批改 学 生 的 作 
业 外 ， 还 负责 物理 实验 。 

南开 大 学 所 收 学 费 标准 比 一 般 大 学 要 高 ， 能 进入 这 所 大 学 的 ， 有 不 少 是 有 钱 人 家 
特别 是 天 津 当地 的 织 络 子 弟 。 郭 永 怀 来 自 农村 ， 他 不 悄 同 这 些 人 来 往 ， 只 知道 专心 学 习 。 
他 的 宿舍 中 一 共有 四 个 人 ， 都 是 家 境 贫寒 的 。 这 几 个 志同道合 的 年 轻 人 发 起 成 立 了 一 个 
读书 会 “ 微 社 "。“ 微 社 ”的 成 员 只 有 六 人 ， 郭 永 怀 是 其 中 主要 成 员 。 他 们 每 周 举行 一 次 
讨论 会 ， 轮 流 介绍 心得 ， 交 流 经 验 。 讨 论 的 内 容 很 宽 ， 例 如 ， 后 来 成 为 数理 逻辑 学 家 的 
胡 世 华 曾 做 过 “四 度 空间 ”的 小 型 学 术 报 告 。 这 个 小 小 的 读书 会 培养 了 年 轻 人 好 学 上 进 
的 精神 ， 对 他 们 后 来 的 学 术 生涯 影响 很 大 。 著 名 经 济 学 家 陈 振 汉 、 胡 世 华 回忆 起 微 社 仍 


* 根据 李 家 春 、 李 成 智 《 郭 永 怀 》 一 文 节选 ， 原 文 刊 于 《两 弹 一 星 元 励 传 》， 宋 健 主编 ,北京 : 
清华 大 学 出 版 社 ，2001。 
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很 留恋 ， 胡 先生 还 说 :“ 正 是 “ 微 社 ” 培 养 了 我 们 作 学 术 研 究 的 兴趣 。” 

这 期 间 ， 郭 永 怀 还 迷恋 起 摄影 了 。 一 天 ， 他 买 来 一 架 照相 机 玩 了 起 来 。 同 学 们 都 很 
惊奇 ,一 方面 因为 大 家 没 想到 他 还 喜欢 摄影 , 男 一 方面 因为 这 架 相机 况 是 德国 名 牌 Leica。 
追问 之 下 ， 才 知道 他 买 相机 是 为 了 实现 研究 光学 的 理想 。 他 一 面 学 摄影 ， 一 面 细致 研究 
相机 的 结构 ， 了 解 透镜 成 像 原 理 ， 学 习 胶 片 感光 方面 的 知识 。 

1931 年 7 月 ， 郭 永 怀 预科 毕业 。 按 南开 大 学 的 惯例 ， 预 科 毕 业 生 进入 本 科 还 要 经 过 
严格 的 考试 。 学 生 向 校方 提议 免 去 考试 ， 陈 振 汉 在 《南大 周刊 》 上 写 了 一 篇 小 文章 “为 
预科 学 生 请 命 "， 向 校方 呼吁 。 校 方 采纳 了 学 生 的 意见 。 这 样 ， 郭 永 怀 等 都 顺利 地 进入 本 
科学 习 ， 郭 永 怀 以 他 数学 上 的 专长 和 对 光学 的 浓厚 兴趣 ， 决 定 选择 物理 专业 。 当 时 学 理 
科 没 有 多 少 出 路 ， 而 学 采矿 科 和 工商 科 ， 毕 业 后 谋事 容易 。 因 此 同伴 都 劝阻 他 不 要 选择 
物理 学 。 这 不 仅 是 因为 物理 学 难 学 ， 而 且 日 后 “饭碗 ”都 难 找 。 但 郭 永 怀 不 为 所 动 ， 同 
学 们 的 劝告 他 只 是 报 以 微笑 。 

郭 永 怀 转 人 本 科 时 ， 吴 大 献 赴 美 留学 ， 物 理 教师 更 缺 。 后 来 他 听 说 电机 系 有 一 位 顾 
静 微 教授 是 搞 物 理 的 ， 便 投入 她 的 门下 ， 成 了 她 唯一 的 一 位 物理 专业 学 生 。 郭 永 怀 良好 
的 数学 基础 和 孜孜不倦 的 求学 精神 深 得 顾 静 薇 赏 识 。 她 为 他 单独 开课 ， 使 他 在 学 业 上 有 
很 大 长 进 。1932 年 8 月 ， 侥 航 泰 回国 并 应 北京 大 学 之 邀 担任 北京 大 学 物理 系 主任 ， 顾 先 
生 认 为 ， 郭 永 怀 应 当 到 光学 专家 饶 毓 泰 那里 去 深造 。 当 时 适 着 南开 大 学 办 学 经 费 紧张 ， 
拟 缩小 学 生 规 模 ， 鼓 励 学 生 转 学 。 郭 永 怀 便 参加 了 北京 大 学 入学 考试 。 北 大 请 清华 大 学 
教授 周 培 源 对 郭 永 怀 进行 口试 ， 内 容 是 理论 力学 。 经 过 一 小 时 的 问答 后 ， 周 培 源 先生 发 
现 郭 永 怀 对 这 门 课程 掌握 得 很 好 ， 并 且 慌 得 运用 力学 规律 来 解 算 实际 问题 ， 周 先生 十 分 
满意 ， 给 了 他 很 高 的 分 数 。 其 他 考试 课程 郭 永 怀 也 都 答 得 很 好 。 这 样 ，1933 年 9 月 ， 郭 
水 怀 如 愿 以 偿 进 入 北京 大 学 物理 系 ， 插 班 在 三 年 级 学 习 。 

北京 大 学 物理 系 曾 有 几 度 兴衰 。 侯 先生 来 后 ， 先 后 请 来 一 批 有 名 的 教授 ， 包 括 周 同 
庆 、 孙 宗 茵 、 朱 物华 、 郑 华 炽 以 及 刚刚 留学 回来 的 吴 大 献 ， 使 物理 系 各 方面 都 出 现 了 岂 
新 局 面 。 郭 永 怀 在 本 科 的 两 年 中 所 学 的 主要 物理 学 课程 有 : 朱 物 华 开 设 的 “应 用 电学 和 
无 线 电 学 "; 郑 华 炽 教授 开设 的 “热学 和 热力 学 "; 孙 宗 画 教授 开设 的 “几何 光学 "; etit 
泰 教授 开设 的 “电磁 学 "; 吴 大 献 教授 开设 的 “古典 力学 "、“ 量 子 力学 ”和 “理论 物理 学 " 
等 。 其 中 “量子 力学 ” 系 国内 首次 开设 ， 听 的 人 很 少 ， 只 有 高 年 级 学 生 选 修 。 郭 永 怀 对 
所 有 课程 都 认真 听讲 ， 仔 细 钻 研 ， 成 绩优 异 ， 获 得 任课 教师 的 好 评 。 

在 北大 期 间 ， 郭 永 怀 曾 选修 了 一 门 贷 往 泰 开设 的 “大 气 物 理学 "。 这 些 课程 对 他 日 后 
专门 从 事 高 速 空 气动 力学 研究 疯 定 了 坚实 基础 。 在 北大 求学 期 间 ， 郭 永 怀 从 不 放弃 任何 
学 习 新 知识 的 机 会 。 优 良 的 学 习 环境 加 上 郭 永 怀 的 勤奋 好 学 精神 ， 使 他 扎 扎 实 实地 掌握 
了 各 门 课程 。1935 年 郭 永 怀 毕 业 时 ,在 全 班 30 位 学 生 中 , 郭 永 怀 的 总 成 绩 名 列 前 茅 。 吴 
AME (EZ) 一 书 中 ,还 谈 到 他 当年 教 过 的 ， 日 后 取得 重大 成 就 的 郭 永 怀 、 马 仕 俊 等 
对 他 们 有 很 深 的 印象 。 

郭 永 怀 本 科 毕 业 后 ， 饶 统 泰 留 他 做 自己 的 助教 和 研究 生 。 饶 先生 认为 ， 郭 永 怀 应 当 
深造 ， 为 此 他 尽量 不 给 他 安排 更 多 的 事 ， 以 便 给 他 提供 足够 的 时 间 准 备 留学 考试 。 
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所 以 ， 他 这 段 时 间 的 主要 精力 都 放 在 充实 和 巩固 自己 的 知识 上 ， 也 进行 了 一 些 物 理学 的 
研究 工作 。 当 时 吴 大 献 、 郑 华 炽 等 教授 和 几 位 助教 正在 利用 简陋 的 设备 从 事 拉 曼 效应 的 
实验 研究 工作 。 拉 曼 效应 是 印度 物理 学 家 拉 曼 (С.У. Катап) 于 1928 年 发 现 ， 并 获 1930 
年 度 诺 贝尔 物理 学 奖 。 拉 曼 效应 表明 ， 入 射 光 线 照射 到 介质 表面 后 ， 散 射 光 线 不 仅 包含 
原来 的 辐射 ， 还 有 与 人 射 光 线 波长 不 同 的 辐射 ， 这 一 发 现 为 研究 物质 化 学 结构 提供 有 力 
工具 。 利 用 拉 曼 效应 研究 分 子 物理 学 具有 设备 简单 、 研 究 范围 广 、 效 果 好 等 特点 。 他 们 
以 此 研究 了 碳 同位 素 ， 获 得 了 当时 世界 领先 的 成 果 。1937 年 5 月 丹麦 物理 学 家 玻 尔 (N 
Bohr) 来 华 访问 ， 对 他 们 的 工作 十 分 赞扬 。 玻 尔 在 清华 大 学 发 表 讲演 时 ， 郭 永 怀 也 前 去 听 
讲 ,， 还 当场 多 次 提问 ， 深 受 同学 们 的 钦佩 。 鉴 于 拉 曼 效应 研究 的 重要 性 ， 饶 先生 建议 郭 
永 怀 也 进行 一 些 这 一 方面 的 研究 。 但 由 于 芦 沟 桥 事变 爆发 了 ， 郭 永 怀 只 能 回 到 山东 威海 
中 学 执教 ， 但 这 段 时间 的 工作 使 他 得 到 如 何 从 事 科 学 研究 的 锻炼。 

北大 、 清 华 、 南 开 三 校 迁 到 长 沙 后 组 建新 校 ， 定 名 长 沙 临 时 大 学 。1937 年 底 ， 战 火 
迫近 长 沙 ， 教 育 部 又 令 长 沙 临时 大 学 西 迁 昆明 。1938 年 4 月 师 生 抵达 昆明 ， 奉 教育 部 令 
改 校 名 为 西南 联合 大 学 后 正式 复课 。 正 在 家 乡 中 学 任教 的 郭 永 怀 得 知 这 一 消息 后 ， 决 定 
前 往 昆明 。5 月 底 前 后 , 郭 永 怀 思 转 来 到 西南 联合 大 学 ,开始 了 两 年 的 半 工 半 读 生活 。 西 
南 联 大 教师 队伍 集中 了 三 校 精英 ， 物 理 系 教授 阵容 更 是 强大 。 正 像 抗战 时 期 知识 界 的 情 
况 一 样 ， 联 大 的 大 多 数 有 民族 正义 感 的 教师 和 学 生 看 到 日 寇 在 中 国 领土 上 横行 霸道 ， 烧 
杀 抢 掠 ,他 们 在 心中 早 就 激 起 了 一 股 强烈 的 科学 救国 愿望 ， 所 以 当时 联 大 内 教书 、 学 习 
都 朝气 蓬 势 。1938 年 至 1940 年 冬 , 由 于 校园 生活 充实 , 学习 氛 围 良好 ,同学 们 在 这 一 时 
期 进步 最 快 。 

国难 当头 ， 更 增强 了 青年 郭 永 怀 科学 救国 的 信念 。 他 觉得 要 使 国家 强盛 起 来 ， 首 先 
要 发 展 军事 科学 技术 ， 发 展 航空 事业 。 为 此 ， 他 放弃 了 专修 光学 的 宿 愿 ， 立 志 改 学 航空 
工程 。 抗 战 期 间 ， 同 样 有 许多 教师 也 放弃 或 暂停 原来 的 专业 ， 学 习 或 研究 与 国防 有 关 的 
学 科 ， 和 希望 能 对 抗日 战争 做 些 事情 。 当 时 与 航空 密切 有 关 的 力学 学 科 正 莲 勃 发 展 ， 物 理 
系 的 周 培 源 教授 由 原来 的 广义 相对 论 转向 弹道 学 和 流体 力学 研究 ， 并 在 联 大 开设 《流体 
力学 》 课 程 。 郭 永 怀 从 学 习 这 门 课 开 始 ， 正 式 步 人 空气 动力 学 学 习 和 研究 的 科学 道路 。 
周 培 源 教授 很 早 就 开始 从 事 湾流 理论 研究 。 抗 战 期 间 ， 他 继续 带领 年 轻 人 探究 这 项 世界 
性 难题 ， 郭 永 怀 、 林 家 诱 、 胡 宁 等 人 也 都 自愿 跟随 周 先生 工作 。1942 年 ， 周 先生 领导 的 
滑 流 理论 的 研究 取得 了 重要 进展 ， 并 获得 教育 部 第 二 届 学 术 会 议 自然 科学 类 一 等 奖 。 这 
段 时 间 的 工作 对 郭 永 怀 等 几 位 年 轻 人 以 后 选择 科学 生涯 起 到 了 引导 作用 。 郭 永 怀 、 林 家 
翘 都 是 从 这 里 起 步 的 ， 他 们 日 后 都 为 该 学 科 的 发 展 作出 了 重大 贡献 。 

郭 永 怀 在 西南 联 大 期 间 , 借 住 在 昆 华中 学 高 中 部 。 一 个 小 小 的 四 合 院 可 谓 人 才 济济 ， 
其 中 就 有 钱 伟 长 、 林 家 诱 、 传 承 义 、 有 段 学 复 、 汪 德 昭 等 人 。1938 年 夏 ， 中 英 庚 款 留学 生 
委员 会 拟 举 办 第 七 届 留 学 生 招 生 考 试 。 消 息 传 来 后 ， 小 院 里 多 数 人 跃跃欲试 ， 郭 永 怀 也 
决心 从 中 争 得 一 席 之 地 。 出 国 留学 对 年 轻 人 来 说 是 难得 的 深造 机 会 ， 虽 然 招生 人 数 只 有 
20 名 , 但 报考 者 却 多 达 三 千 。 小 院 里 11 个 人 报名 , 结果 竟 有 7 人 榜 上 有 名 。 郭 永 怀 报考 
的 力学 专业 只 有 1 个 名 额 , 但 有 50 余人 报名 。 结果 他 与 钱 伟 长 、 林 家 竹 总 分 竟 一 模 一 样 ， 
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五 门 课 超过 了 350 分 。 经 清华 大 学 的 叶 企 苏 教授 、 北 京 大 学 的 饶 筑 泰 教授 在 重庆 考 选 委 
员 会 上 竭力 争取 ， 破 格 将 三 人 一 同 录取 。 于 是 原 定 招生 20 人 ， 而 实际 录取 了 22 人 。 

然而 好 事 多 磨 , 正 当 留 学 生 一 行 22 人 聚集 香港 准备 从 海路 前 往 英 国 时 , 欧 战 爆发 了 ， 
英国 对 德 宣战 而 无 法 接纳 中 国 留学 生 。 他 们 只 好 返回 各 自 的 学 校 ， 等 待 新 的 安排 。1940 
年 1 月 ， 经 中 国 英 庚 款 委员 会 与 英 方 协商 ,英国 政府 同意 这 批 学 生 转 到 英 联 邦 成 员 国 学 
习 。 中 英 庚 款 委员 会 通知 留学 生 到 上 海 集合 ， 准 备 前 往 加 拿 大 。 但 在 上 船 后 ， 留 学 生 们 
才 拿 到 护照 ,打开 一 看 ， 上 面 竟 有 日 本 领事 的 签证 ， 允 许 他 们 在 横滨 停 船 三 天 上 岸 游览 。 
留学 生 怒 不 可 歇 ， 他 们 向 英 代办 提出 强烈 抗议 :“ 这 不 行 ， 中 日 已 经 断交 ,我 们 不 能 接受 
这 个 签证 。” 这 使 英 代 办 大 为 恼火 ， 甚 至 以 取消 留学 资格 相 要 挟 。 但 留学 生 不 为 所 动 ， 他 
们 一 个 个 毅然 走 下 即将 启 航 的 轮船 。 几 经 交涉 之 后 ,直到 当年 8 月 他 们 第 三 次 接 到 通知 
在 上 海 集合 ， 再 度 出 发 ， 终 于 成 行 。 就 这 样 ， 郭 永 怀 开始 了 长 达 16 年 的 留学 生涯 。 


二 、 留 学 生涯 


1940 年 9 月 ， 郭 永 怀 等 一 行 五 人 来 到 加 拿 大 东部 的 多 伦 多 大 学 。 他 和 钱 伟 长 ЖЖ 
起 三 人 进入 应 用 数学 系 ， 段 学 复 和 曹 飞 进入 数学 系 。 那 时 候 中 国人 在 国外 地 位 低下 ， 应 
用 数学 系 主任 辛 格 (Synge) 教 授 以 怀疑 的 态度 接待 了 三 位 来 自 中 国 的 年 轻 人 。 他 看 了 他 们 
的 成 绩 单 ， 在 一 起 进行 了 面试 ， 发 现 他 们 基础 扎实 ， 在 国内 已 经 做 了 许多 高 深 的 研究 工 
作 ， 这 才 令 辛 格 教授 乔 目 相 看。 因此， 决定 把 他 们 都 留 在 身边 ， 亲 自 指导 。 

辛 格 教授 的 第 一 堂 课 给 他 们 三 位 留 下 深刻 印象 ， 也 为 他 们 今后 的 研究 工作 提供 了 终 
身受 益 的 指导 ， 下 决心 以 应 用 数学 为 目标 ， 掌 握 精深 的 数学 分 析 方法 ， 为 解决 力学 或 其 
他 领域 的 实际 问题 服务 。 如 果 现 有 数学 方法 不 够 ， 可 以 发 展 对 解决 具体 问题 有 用 的 新 方 
法 ,这样 便 极 大 地 拓展 了 研究 范围 。 这 一 重要 的 治学 思想 在 他 们 三 人 后 来 的 科学 生涯 中 
都 得 到 了 很 好 的 体现 。 多 伦 多 大 学 对 硕士 生 的 要 求 侧重 于 学 习 基础 课 ， 而 论文 则 放 在 次 
要 地 位 ， 主 要 为 将 来 攻读 博士 学 位 打下 基础 并 积累 研究 的 经 验 ， 因 此 郭 永 怀 他 们 在 多 伦 
多 大 学 修 课 和 从 事 论文 研究 都 比较 轻松 。 郭 永 怀 、 钱 伟 长 、 林 家 姓 三 人 在 多 伦 多 大 学 应 
用 数学 系 都 只 用 了 半年 多 的 时 间 就 完成 了 硕士 学 位 论文 。 他 们 的 优异 成 绩 和 取得 的 出 色 
成 果 使 辛 格 教授 大 为 赞叹 :“ 想 不 到 中 国 竟 有 这 样 出 色 的 人 才 , 他 们 是 我 一 生 中 很 少 过 到 
的 优秀 青年 学 者 。” 郭 永 怀 所 做 的 硕士 论文 题目 是 《可 压缩 黏 性 流体 在 直 管 中 的 流动 》， 
并 以 这 篇 论文 获得 硕士 学 位 。 

郭 永 怀 接着 向 辛 格 教授 要 求 做 一 个 更 难 的 题目 : 跨 声 速 流动 的 不 连续 性 问题 。 由 于 
辛 格 教授 的 专业 是 固体 力学 ， 对 气体 动力 学 问题 不 甚 熟悉 ， 郭 永 怀 便 决 心 求教 于 当代 航 
FKA ° 卡门 。 郭 永 怀 和 林家 考 准 备 前 往 美国 ， 这 使 辛 格 教授 感到 很 失望 ， 因 为 那 时 
的 研究 生 并 不 多 ， 而 且 像 他 们 这 样 优秀 的 人 才 更 少 。 但 为 了 他 们 的 前 途 ， 辛 格 教授 仍然 
很 支持 他 们 投奔 名 师 ， 成 就 学 业 。 钱 伟 长 仍 留 在 多 伦 多 大 学 ， 他 和 导师 辛 格 教授 合作 进 
行 板 壳 内 豪 统 一 理论 的 研究 ， 直 到 1942 年 获得 博士 学 位 后 才 去 了 美国 。 

1941 年 5 月 ， 郭 永 怀 来 到 美国 西部 加 州 帕 萨 过 那 ， 进 入 加 州 理工 学 院 (CIT)。 早 在 
20 年 代 初 ,该 校 校长 密 立根 就 认为 加 州 理工 学 院 应 大 力 发 展 航空 工程 学 。1926 年 他 亲自 
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出 马 ， 说 服 古 根 汉 姆 基金 会 同意 资助 兴建 一 个 航空 实验 室 ， 即 后 来 的 国际 著名 的 古 根 汉 
姆 航空 实验 室 ( GALCIT )。1929 年 实验 室 建成 ， 他 又 请 来 冯 17 (уоп Кагтап){Н{Е 
实验 室 主任 ， 使 古 根 汉 姆 航空 实验 室 成 为 世界 空气 动力 学 研究 中 心 。 经 过 10 年 的 努力 ， 
15 卡门 集中 了 一 批 流体 力学 精英 于 此 ， 使 GALCIT 成 为 空气 动力 学 研究 的 国际 中 心 。 
郭 永 怀 正 值 这 个 时 候 来 到 GALCIT， 无 疑 是 如 鱼 得 水 ， 为 他 在 空气 动力 学 领域 一 试 身手 
创造 了 有 利 条 件 。 

20 世纪 30 年 代 ， 航 空 技术 已 有 了 长 足 进 步 。 当 时 ， 活 塞 式 飞机 已 达到 了 相当 完善 
的 程度 ， 飞 机 所 创造 的 各 项 飞行 纪录 ， 已 近乎 达到 活塞 式 飞机 的 极限 ， 在 俯冲 阶段 的 飞 
行 速度 已 接近 声速 。 加 州 理工 学 院 同道 格拉 斯 飞机 公司 合作 发 展 了 DC 系列 飞机 ， 飞 机 
速度 达到 了 每 小 时 700 公里 。1935 年 沃 尔 塔 会 议 后 ， 开 始 研究 更 高 速 的 飞机 。 德 ， 哈 维 
兰 父 子 就 开始 采用 早期 古 别 林 喷 气 发 动机 研制 高 速 喷 气 飞 机 。 德 国 首先 在 1941 年 将 
Me-262 型 后 掠 翼 喷 气 式 战斗 机 投入 实战 ,美国 也 在 加 紧 研 制 高 速 飞机 。 洛 克 希 德 公司 的 
双 引 擎 P-38 型 战斗 机 (闪电 式 战 斗 机 的 前 身 ) 虽 然 在 时 速 900 公里 左右 时 性 能 良好 ， 但 在 
越过 声速 时 出 了 故障 。 当 飞机 的 飞行 速度 接近 声速 时 ， 此 时 会 发 生 剧 烈 的 拌 振 ， 变 得 不 
稳定 ， 有 时 甚至 失去 操纵 或 解体 ， 许 多 飞行 员 因此 而 丧命 ， 英 国 著名 飞机 设计 师 杰 弗 
里 ， 德 ， 哈 维 兰 的 儿子 小 杰 弗 里 就 是 其 中 之 一 。 该 公司 设计 的 DH-108 飞机 于 1946 年 4 
月 创造 了 时 速 937 公里 的 世界 纪录 。1946 年 11 月 19 日 ， 小 杰 弗 里 准备 驾 机 实现 超声 速 
飞行 并 一 举 创造 新 的 速度 纪录 。 然 而 ， 就 在 飞机 接近 声速 时 ， 发 生 空中 解体 事故 ， 小 杰 
弗 里 献 出 了 年 轻 的 生命 ， 成 为 探索 突破 声 障 的 第 一 个 牺牲 者 。 

当 飞 行 速度 接近 声速 时 ， 人 们 过 到 了 极 大 的 技术 困难 。 一 些 飞行 员 在 进行 跨 声速 飞 
行 试验 时 ， 突 然 感到 阻力 剧 增 、 升 力 又 降 、 航 陀 失 灵 ， 甚 至 导致 机 翼 、 机 身 强 烈 振 动 。 
多 少 飞行 员 试图 逾越 声 障 ， 结 果 是 机 毁 人 亡 。 于 是 ， 声 障 就 像 一 堵 高 墙 ， 阻 碍 着 航空 事 
业 的 发 展 。 许 多 人 曾 错误 地 认为 声 障 是 不 可 逾越 的 ， 突 破 声 障 成 了 当时 工程 界 和 科学 界 
共同 奋斗 的 目标 。 力 学 家 在 研究 这 一 奇特 的 现象 时 ， 进 行 了 实验 研究 ， 发 现在 姻 面 上 产 
生 激 波 是 气动 特性 恶化 的 主要 原因 。 从 空气 动力 学 的 原理 来 分 析 ， 激 波 出 现 以 后 ， 等 入 
条 件 破坏 ， 流 体 的 一 部 分 机 械 能 转变 为 热能 ， 增 加 了 波 阻 ， 上 表面 后 部 压力 增加 ， 产 生 
分 离 和 旋涡 ， 于 是 升力 减 小 ， 产 生 负 的 俯仰 力矩 ， 从 而 使 飞机 失速 ， 失 稳 ， 失 控 。 激 波 
的 无 规 运动 使 机 翼 产 生 强 烈 震 动 。 因 此 ， 研 究 胺 型 绕 流出 现 激 波 的 现象 成 了 当时 跨 声 速 
领域 研究 的 关键 科学 问题 。 

郭 永 怀 的 博士 论文 《 跨 声速 流动 的 不 连续 解 》 就 是 研究 这 个 最 具有 挑战 性 的 课题 ， 
并 且 最 终 要 回答 在 翼 型 上 什么 时 候 理论 上 的 连续 解 是 不 可 能 的 ; 什么 时 候 会 在 实际 流 场 
中 产生 激 波 ;， 激 波 对 翼 型 气动 性 能 的 影响 ;控制 与 克服 声 障 的 措施 等 重要 问题 。 这 个 工 
作 无 论 在 理论 上 还 是 在 工程 实际 中 都 有 难以 估量 的 重要 意义 。 但 要 在 理论 上 解决 这 一 课 
题 决 不 是 一 件 轻而易举 的 事 。 因 为 这 时 支配 流体 运动 规律 的 数学 方程 兼 有 椭圆 型 、 双 曲 
线 型 特性 的 非 线性 混合 型 方程 。 而 且 由 于 速度 的 增 大 ， 空 气 不 可 压缩 的 近似 假设 已 不 再 
能 精确 反映 出 真实 气体 的 特征 。 非 线性 、 混 合 型 、 可 压缩 与 不 连续 这 些 难点 交织 在 一 起 ， 
更 使 问题 变 得 异常 复杂 , 根本 没有 现成 的 方法 可 供 运 用 。 当 时 GALCIT 正 处 于 鼎盛 时 期 ， 
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人 才 济 济 ， 但 很 少 有 人 敢 沾 这 个 难题 的 边 。 郭 永 怀 恰恰 选 定 了 这 个 难题 。 正 如 钱学森 所 
说 的 :“ 永 怀 同 志 因 问 题 对 技术 发 展 有 重要 意义 ， 故 知 难 而 进 ， 下 决心 攻关 。” 当 郭 永 怀 
向 汉 ， 卡门 教授 提出 自己 的 想法 时 ， 这 位 热情 的 航空 大 师 非 常 高 兴 ， 十 分 钦佩 这 个 年 轻 
人 的 胆略 和 勇气。 他 尽力 为 他 创造 良好 的 研究 条 件 , 使 他 能 集中 精力 工作 。 他 固 人 便 说 : 
“ 郭 正在 作 一 个 最 难 的 课题 ， 我 们 不 要 用 零碎 事情 打扰 他 。” 

W. 卡门 是 郭 永 怀 的 导师 ， 由 于 他 工作 异常 繁忙 ， 因 此 他 推荐 已 经 博士 毕业 ， 并 晋 
升 为 副教授 的 钱学森 协助 他 指导 郭 永 怀 的 论文 研究 。 从 此 ， 郭 永 怀 全 力 以 赴 投入 工作 。 
他 深 知 借鉴 他 人 成 果 和 经 验 教训 的 重要 性 ， 他 广泛 查阅 各 种 文献 资料 ， 密 切 注意 国际 最 
新 研究 动态 和 研究 进展 ， 同 挚友 钱学森 共同 切磋 商讨 。 空 气动 力学 理论 研究 几乎 全 是 和 
高 深 的 数学 理论 打交道 ,特别 是 那些 超越 几何 函数 、 复 变 函 数 、 线 性 和 非 线性 微分 方程 ， 
异常 复杂 ， 没 有 良好 的 数学 造 诈 和 高 度 的 耐心 与 才 力 是 难以 胜任 的 。 郭 永 怀 毫 不 退缩 。 
当时 在 加 州 理工 学 院 还 有 不 少 中 国学 者 如 钱 伟 长 、 林 家 乱 、 传 承 义 等 。1943 年 周 培 源 教 
授 也 来 到 这 里 ， 在 美国 战 时 科学 研究 与 发 展 局 、 海 军 军工 试验 站 做 战 时 科学 研究 。 郭 永 
怀 除了 和 同胞 们 一 道 进行 学 术 讨 论 和 假日 共同 聚会 外 ， 几 乎 断绝 了 一 切 娱 乐 活动 。 加 州 
理工 学 院 离 美国 影 城 好 莱 坞 不 远 ， 但 据说 他 在 这 里 的 四 年 半 时 间 只 看 过 半 场 电影 ， 这 正 
是 他 辛勤 工作 的 写照 。 功 夫 不 负 有 心 人 。1945 年 ， 郭 永 怀 终于 以 顽强 的 贰 力 ， 凭 借 他 在 
数学 、 物 理学 和 空气 动力 学 领域 的 扎实 功底 ， 完 成 了 有 关 跨 声速 流动 不 连续 解 的 出 色 论 
文 ， 并 获得 博士 学 位 。 

郭 永 怀 的 论文 从 理论 上 证 明了 ， 当 来 流 马赫 数 足够 高 时 ， 物 体 的 二 维 定常 位 势 绕 流 
可 以 是 局 部 超声 速 的 ， 该 超声 速 区 总 是 贴近 在 物体 的 表面 ， 其 范围 将 随 着 马赫 数 的 增 大 
而 扩大 。 进 一 步 研究 发 现 ， 从 亚 声速 到 超声 速 或 者 从 超声 速 到 亚 声速 的 过 度 是 连续 的 ， 
这 种 光滑 流动 发 生 在 一 定 的 马赫 数 范 围 内 。 只 有 当 马 赫 数 达到 某 一 值 后 ， 速 度 图 变换 存 
在 奇异 性 使 极限 线 出 现时 ， 理 论 上 的 连续 解 才 是 不 可 能 的 ， 这 一 马赫 数 被 称 为 临界 马赫 
数 。 在 来 流 马赫 数 达到 某 一 值 时 ， 在 避 面 上 会 首先 出 现 超声 速 区 ， 随 后 才 可 能 出 现 极限 
线 。 所 以 ， 称 前 者 为 下 临界 马赫 数 ， 称 后 者 为 上 临界 马赫 数 。 由 于 出 现 激 波 是 影响 机 恤 
绕 流 特性 的 主要 因素 ， 所 以 , 真正 有 意义 的 是 钱学森 和 郭 永 怀 共同 提出 的 上 临界 马赫 数 ; 
然而 ， 风 洞 实验 表明 ， 应 该 在 理论 上 出 现 光滑 的 连续 解 时， 往往 这 种 解 被 带 有 激 波 的 流 
动 所 取代 ， 显 然 ， 解 释 理论 与 实际 的 矛盾 对 于 吉 免 或 推迟 激 波 发 生 是 十 分 必要 的 。 郭 永 
怀 的 研究 证 明了 ， 对 于 薄 慢 ， 在 流动 的 加 速 区 ， 这 种 光滑 的 连续 流动 是 稳定 的 ; 在 减速 
区 ， 这 种 光滑 的 连续 流动 不 稳定 ， 于 是 便 可 在 低 于 上 临界 马赫 数 时 出 现 激 波 (一 般 都 介 于 
上 下 临界 马赫 数 之 间 )。 而 且 ， 厚 度 效应 主要 以 物 面 的 斜率 体现 出 来 。 所 以 ， 只 要 超声 速 
区 在 物体 的 平 直 部 分 ， 理 论 依然 成 立 。 这 一 项 研究 不 仅 解决 了 理论 同 实验 的 矛盾 ， 而 且 
是 高 效 气动 外 型 设计 的 先驱 性 工作 。 钱学森 对 此 作 了 人 恰如其分 的 评价 :“ 郭 做 博士 论文 找 
了 一 个 谁 也 不 想 泪 边 的 题目 ， 但 他 孜孜 不 倦 地 干 ， 得 到 的 结果 出 人 意料 。” 

郭 永 怀 取得 博士 学 位 后 ， 即 留 在 GALCIT 做 研究 工作 ， 继 续 从 事 跨 声速 空气 动力 学 
研究 。 这 期 间 他 又 完成 并 发 表 了 几 篇 学 术 论文 。 
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三 、 科 学 研究 的 黄金 时 期 


1946 年 ， 汉 - 卡门 的 优秀 学 生 西 尔 斯 (W.R. Sears ) 在 康 乃 尔 大 学 创建 航空 研究 院 。 
由 于 郭 永 怀 的 才能 和 出 色 的 成 就 ， 他 特地 聘请 郭 永 怀 前 去 任教 ， 并 共同 主持 该 研究 院 。 
1946 年 10 月 ， 郭 永 怀 来 到 康 乃 尔 大 学 任 副教授 。 

在 康 乃 尔 大 学 ， 郭 永 怀 一 方面 继续 从 事 跨 声速 理论 研究 ， 另 一 方面 把 主要 精力 放 在 
黏 性 流体 力学 、 高 超声 速 空气 动力 学 研究 上 ， 这 是 因为 要 真正 了 解 激 波 是 如 何 影响 飞机 
气动 性 能 的 机 理 ， 必 须 研究 激 波 与 边界 层 的 相互 作用 。 同 时 由 于 飞行 器 速度 的 提高 ， 郭 
永 怀 敏 锐 地 意识 到 ， 在 突破 声 障 以 后 ， 热 障 问 题 必 将 会 提 到 议事 日 程 上 来 。 事 实 上 ， 无 
论 是 在 理论 上 还 是 在 应 用 方面 ， 黏 性 流动 是 现代 流体 力学 中 最 困难 的 部 分 。 在 研究 激 波 
边界 层 相互 作用 时 ， 郭 永 怀 感到 霍 华 斯 (L. Howarth) 等 人 虽然 提出 了 改进 的 物 面 附近 的 速 
度 型 模型 ， 但 由 于 没有 真正 考虑 车 性 效应 ， 所 以 至 多 只 能 给 出 定性 的 结果 。 郭 永 怀 从 两 
种 不 同 途径 研究 了 弱 激 波 从 平板 边界 层 的 反射 ， 并 真正 地 考虑 了 黏 性 作用 。 研 究 结果 得 
到 了 在 人 射 点 压力 向 上 游 训 减 ， 沿 下 游 过 度 压 缩 再 恢复 到 正规 反射 的 正常 值 ， 激 波 的 几 
何 结构 和 流 线 曲 率 等 规律 ， 指 出 层 流 边 界 层 与 淇 流 边界 层 影 响 上 游 范 围 的 差异 ;尤其 是 
压力 梯度 可 能 导致 分 离 的 后 果 。 这 些 理论 预测 为 李 普 曼 (H.W. Liepmann) 的 实验 所 证 实 。 
这 是 边界 层 与 激 波 相互 作用 理论 的 重大 进展 。 关 于 高 超声 速 流动 ， 郭 永 怀 研究 了 沿 平板 
和 槐 的 高 超声 速 蒜 性 绕 流 ， 普 朗 特 数 对 平板 高 超声 速 黏 性 绕 流 的 影响 ， 超 声速 黏 性 流动 
中 的 离 解 效 应 等 问题 ， 其 中 许多 都 是 开创 性 的 工作 。 

值得 一 提 的 是 ， 这 一 时 期 郭 永 怀 在 应 用 数学 上 取得 了 突出 成 就 。 钱 学 森 回忆 起 这 段 
有 意义 的 经 历时 说 :“1949 4E, 我 再 次 搬家 ， 又 到 美国 加 州 理工 学 院 任教 ， 所 以 再 一 次 开 
车 西 去 ， 中 途 到 康 乃 尔 。 这 次 我 们 都 结 了 婚 ， 是 家 人 相聚 了 ， 萝 英 也 再 次 见 到 了 我 经 常 
称道 的 郭 永 怀 和 李 佩 同志 。 这 次 聚会 还 有 西 尔 斯 夫妇 ， 都 是 我 们 在 加 州 理 工学 院 的 熟 朋 
友 。 我 们 都 是 老师 冯 “' 卡门 的 学 生 ， 学 术 见 解 很 一 致 ， 谈 起 来 逸 趣 横生 。 这 时 ， 郭 永 怀 
同志 已 对 跨 声速 空气 动力 学 提出 了 一 个 新 课题 : 既然 超出 上 临界 马赫 数 后 不 可 能 有 连续 
解 ， 在 流 场 的 超声 速 区 就 要 出 现 激 波 ， 而 激 波 的 形状 和 位 置 是 受 附 面 层 影 响 的 ， 因 此 必 
须 研究 激 波 与 附 面 层 的 相互 作用 。 这 个 问题 比 上 临界 马赫 数 问题 更 难 ， 连 数学 方法 都 得 
另 辟 新 途径 。 这 就 是 PLK 方法 中 Kuo( 郭 ) 的 来 源 ， 现 在 我 们 称奇 异 摄 动 法 。 这 项 工作 是 
郭 永 怀 的 又 一 重大 贡献 。 莱特 希 尔 的 推广 被 广泛 应 用 于 气体 动力 学 ， 如: 轴 对 称 体 的 定 
常 超声 速 绕 流 的 激 波 位 置 ， 星 系 中 球面 激 波 的 传播 以 及 声 爆 问题 等 。 现 在 ， 郭 永 怀 将 莱 
特 希 尔 的 思想 推广 应 用 于 边界 层 ， 而 且 零 阶 近似 本 身 是 非 线性 的 问题 。 除 了 激 波 边界 层 
相互 作用 外 ， 郭 永 怀 还 将 该 方法 应 用 于 高 超声 速 流动 。1953 年 ， 郭 永 怀 乘 休 假 到 加 州 理 
工学 院 讲学 ， 并 与 莱特 希 尔 、 钱 学 森 进 行 学 术 讨 论 ， 最 后 ， 将 这 项 优秀 成 果 总 结 在 《中 
等 雷诺 数 下 绕 平 板 的 不 可 压缩 黏 性 流动 》 的 论文 中 ， 于 1953 年 发 表 在 数学 物理 杂志 上 。 
钱学森 专门 在 应 用 力学 进展 上 撰文 评述 这 一 成 果 , 并 将 它 命名 为 PLK 方法 。 在 PLK 方法 
提出 以 后 ， 得 到 了 广泛 应 用 。 著 名 力学 家 莱特 希 尔 、 谷 一 郎 教授 专门 来 信 请 郭 永 怀 前 去 
讲学 。 

康 乃 尔 大 学 的 十 年 ， 是 郭 永 怀 成 果 丰 硕 的 十 年 。 正 在 他 的 科学 研究 处 于 黄金 时 期 ， 
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他 作出 了 出 乎 人 们 意料 的 回国 决定 。 


四 、 返 回 祖国 

郭 永 怀 早 就 抱 着 科学 救国 的 思想 出 国 留学 。 尽 管 在 国外 十 余年 ， 条 件 变化 了 ， 但 他 
报效 祖国 的 理想 矢志 不 移 。 HK, 在 他 受聘 于 康 乃 尔 大 学 时 , 一 进 校园 就 向 校方 表示 :“ 我 
来 贵 校 是 暂时 的 ,将 来 在 适当 的 时 候 就 要 离开 。” 因 此 ， 他 在 是 否 申请 接触 机 密 资料 的 表 
格 栏 中 填 了 个 “不 ” 字 。 对 于 让 他 申请 加 入 美国 籍 的 来 信 ， 一 概 置 之 不 理 。 新 中 国 成 立 
前 夕 ， 他 参加 了 “留美 中 国 科学 工作 者 协会 ” 康 乃 尔 分 会 ， 经 常 把 活跃 分 子 请 到 家 中 ， 
热烈 地 讨论 祖国 的 命运 和 未 来 。 郭 永 怀 以 往 很 少 参加 社交 活动 ， 但 这 个 分 会 的 活动 他 却 
很 积极 。1949 年 10 月 1 日 中 华人 民 共 和 国 诞生 了 。 回 祖国 探亲 的 李 佩 给 他 带 来 了 祖国 发 
生 沧桑 巨变 的 消息 ， 使 他 万 分 激动 。 身 居 海 外 的 知识 分 子 终于 有 了 报效 祖国 的 时 机 。 但 
当时 中 美 关系 被 蒙 上 一 层 阴影 ， 他 回国 的 愿望 一 直 未 能 实现 。 

50 年 代 初 ， 美 国政 府 不 允许 钱学森 回国 ， 并 限制 他 的 人 身 自由 。 钱 学 森 满腔 怒火 ， 
每 次 有 机 会 和 郭 永 怀 见面 时 都 倾诉 回国 的 迫切 心情 。 其 实 郭 永 怀 的 心情 也 是 一 样 的 ， 但 
他 克制 地 规劝 好 友 说 :“ 不 能 着 急 , 也 许 要 等 到 1960 年 美国 总 统 选举 后 ,形势 才能 转化 ， 
我 们 才能 回国 。” 他 们 握手 相约 ， 一 有 机 会 就 立即 回国 。 形 势 的 发 展 比 预 期 的 快 。1955 
年 在 日 内 瓦 的 外 交会 议 上 ， 周恩来 总 理 代表 中 华人 民 共和 国 赢得 了 外 交 上 的 胜利 。1955 
年 10 月 钱学森 回国 了 ， 郭 永 怀 更 是 归心 似 稍 。 尽 管 郭 永 怀 当年 在 康 乃 尔 大 学 刚刚 晋升 为 
正教 授 (终身 教授 )， 这 对 一 个 外 国人 来 说 是 相当 不 容易 的 ， 但 郭 永 怀 初衷 不 改 。 

1956 年 初夏 ， 康 乃尔 大 学 航空 研究 院 师 生 为 送别 郭 永 怀 夫妇 而 举行 野餐 晚会 。 这 天 
晚会 余兴 的 高 潮 却 是 大 家 没有 想到 的 。 郭 永 怀 在 与 同事 和 学 生 们 讨论 一 项 大 家 感 兴趣 的 
学 术 问题 的 同时 ， 把 自己 教书 十 余年 积累 的 厚 厚 书稿 一 页 页 投入 烤肉 的 矫 火 里 ， 烧 成 灰 
炽 。 这 一 举动 使 大 家 惊 杂 了 ， 在 一 旁 的 李 佩 也 感到 习 惜 。 事 后 才 知道 那 装 在 他 脑子 里 的 
科学 知识 是 属于 他 自己 的 ， 烧 不 掉 的 。 美 国 同事 和 学 生 们 都 深情 地 挽留 ;“ 郭 先生 ,我 们 
希望 您 改变 计划 留 下 来 !” 中 国 和 亚洲 的 同学 非常 钦佩 地 表示 :“ 老 师 ， 您 给 我 们 指明 了 
道路 , 我们 应 当 回 到 我 们 所 属 的 地 方 去 。” 欧 洲 同学 表示 理解 :“ 先 生 ， 以 您 的 学 术 成 就 ， 
走 到 哪里 都 会 做 出 对 人 类 有 益 的 贡献 .” 

1956 年 9 月 ， 郭 永 怀 、 李 佩 路 上 归程 。 谈 久 生 赶 到 芝加哥 来 送行 。 因 谈 匀 生 当时 正 
在 创建 热 工 研究 所 ， 和 暂时 不 能 成 行 。 但 他 们 相约 ， 一 定 要 为 祖国 推进 科学 事业 的 发 展 。 
他 们 彻夜 长 谈 ， 依依 惜别 。 后 又 来 到 CIT 与 同事 、 好 友 告 别 。10 月 下 名， 郭 永 怀 和 李 佩 
终于 乘 上 了 开 往 祖 国 的 “ 克 里 弗 兰 总 统 ”号 轮船 。1956 年 11 AH, 郭 永 怀 和 夫人 李 佩 终 
于 回 到 了 六 别 多 年 的 祖国 。 前 去 迎接 同 船 的 张 文 裕 夫 妇 的 何 神 床 把 钱学森 的 信 转 交 给 郭 
水 怀 。 钱 学 森 在 信 中 热情 洋溢 地 邀请 郭 永 怀 加 入 刚刚 成 立 的 中 国 科学 院 力学 研究 所 工作 。 
回 到 阔别 16 年 的 祖国 ， 郭 永 怀 激动 不 已 。 建 国 七 年 来 ,到 处 洋溢 着 勃勃 生机 。 当 他 在 北 
京 见 到 多 年 的 知己 钱学森 时 ， 素 来 沉静 的 郭 永 怀 再 也 按 拱 不 住 内 心 的 喜悦 之 情 。 他 兴奋 
地 说 :“ 想 不 到 建国 七 年 就 发 生 了 这 么 大 的 变化 ， 是 我 们 干 一 番 事 业 的 时 候 了 。.” 不 久 ， 
领导 上 正式 决定 让 郭 永 怀 同 钱学森 一 道 领导 成 立 不 久 的 力学 研究 所 。 开 始 他 担任 了 所 里 
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的 学 术 秘书 职务 ， 随 后 他 被 任命 为 副 所 长 。 从 此 ， 他 把 全 部 热情 和 精力 都 倾注 到 我 国力 
学 科学 和 尖端 技术 的 研究 事业 上 了 。 


五 、 竟 基 近 代 力 学 事业 


1956 年 我 国 开始 制定 12 年 科学 技术 发 展 远景 规划 ， 郭 永 怀 回国 后 即 投身 到 这 一 工 
作 ， 担 任 了 科技 规划 力学 专业 组 副 组 长 。 他 和 周 培 源 、 钱 学 森 、 钱 伟 长 、 沈 元 等 一 道 ， 
规划 了 我 国 高 等 院 校 力学 专业 设置 。 他 和 同仁 们 运筹 帷 幅 ,认真 研究 了 近代 力学 的 发 展 
动向 ， 开 拓 了 一 些 有 重要 意义 的 新 领域 ， 制 定 了 力学 学 科 的 近期 发 展 规划 和 远 期 奋斗 目 
标 ， 使 我 国 的 力学 学 科 的 面貌 大 为 改观 。 特 别 是 近代 力学 科学 技术 一 起 步 就 有 很 高 的 起 
点 ， 并 在 某 些 方面 开始 朝 着 世界 先进 水 平 的 目标 奋斗 。 

中 国 科学 院 力学 研究 所 正式 成 立 于 1956 年 1 月 5 日 。 所 长 由 钱学森 担任 , 建 所 初期 
钱 伟 长 兼任 副 所 长 。 力 学 所 的 初创 时 期 还 是 一 个 规模 较 小 的 研究 机 构 。 郭 永 怀 来 到 所 里 
后 ， 同 钱学森 、 钱 伟 长 一 道 ， 为 建设 和 发 展 力学 研究 所 付出 了 极 大 的 努力 ， 使 力学 所 很 
快 发 展 起 来 。 郭 永 怀 首先 关注 研究 所 的 学 科 设 置 、 研 究 领域 和 方向 任务 。1958 F, RE 
经 济 建设 和 科学 发 展 的 步伐 加 快 。 春 夏 的 一 天 ， 力 学 所 所 长 钱学森 、 副 所 长 郭 永 怀 和 党 
委 书 记 杨 刚才 ， 忙 里 偷 亲 ， 泛 舟 昆 明湖 ， 谈 笑 间 ， 决 定 了 力学 所 的 大 政 方针 : 着 手 研制 
人 造 卫 星 ， 发 展 高 速 空气 动力 学 、 水 动力 学 、 火 钼 技术 ,开辟 若干 为 国民 经 济 服务 的 研 
究 领 域 ， 并 简单 地 将 这 一 方针 概括 为 “上 天 、 入 地 、 下 海 、 工 农业 生产 中 的 重大 问题 ” 
四 大 方面 。 这 个 过 程 后 来 传 出 去 ， 被 外 界 描述 得 不 仅 充满 诗意 ， 而 且 蒙 上 浪漫 色彩 。 这 
一 方针 的 制定 固然 受到 当时 社会 背景 的 影响 ， 但 以 钱学森 和 郭 永 怀 的 阅历 和 水 平 ， 他 们 
制定 的 长 远 目标 仍然 是 经 过 深思 熟 虑 ， 持 有 科学 态度 的 。 同 时 ， 也 说 明了 力学 所 学 术 领 
导 人 的 博大 胸怀 。 在 该 所 发 展 的 几 十 年 历程 中 ， 就 主流 而 言 ， 力 学 所 在 不 断 开拓 新 的 学 
科 领 域 的 同时 ， 始 终 把 主要 力量 放 在 解决 国民 经 济 和 国家 安全 有 关 的 中 长 期 重大 的 综合 
性 力学 问题 上 。 

力学 所 开展 的 工作 始终 是 为 工程 实际 服务 的 “大 跃进 ”年 代 ， 国 家 重大 项 目的 关 、 
停 、 并 、 转 十 分 频繁 。1958 年 11 月 ,力学 所 和 上 海 市 联合 组 建 了 上 海 机 电 设计 院 ， 研 究 
探索 人 造 卫 星 ， 力 学 所 的 气动 研究 直接 为 其 服务 。 不 久 由 于 调整 ， 上 海 机 电 设 计 院 改 为 
研制 探 空 火 箭 ， 这 样 气动 部 分 失去 了 服务 目标 。 为 此 郭 永 怀 和 钱学森 提议 力学 所 的 气动 
研究 部 分 与 现在 的 北京 空气 动力 学 研究 所 建立 协作 关系 ， 确 定 力学 所 的 研究 方向 是 : 为 
中 程 导 弹 的 空气 动力 学 和 气动 热力 学 提供 实验 数据 和 工程 计算 方法 , 并 开展 探索 性 研究 ， 
重点 是 烧 蚀 防 热 问题 。 为 了 适应 新 的 需要 ， 力 学 所 组 建 空气 动力 学 研究 室 ， 并 大 量 补充 
了 研究 人 员 。 郭 永 怀 和 其 他 领导 及 高 级 研究 人 员 ， 详 细 讨论 了 气动 研究 的 方向 和 目标 ， 
设置 了 七 个 专门 的 研究 组 。 这 些 研 究 组 的 研究 方向 重点 各 异 ， 有 中 、 长 期 的 ， 也 有 短期 
的 ,包括 基础 、 理 论 性 探索 ， 也 包括 实验 性 研究 和 工程 服务 性 研究 。 这 个 总 体 研究 布局 
充分 体现 了 他 们 的 雄心 和 胆略 。 郭 永 怀 还 直接 指导 激 波 管 和 激 波 风 洞 实 验 研究 组 、 满 流 
边界 层 研究 组 。 

为 了 开展 高 超声 速 空气 动力 学 实验 研究 ， 郭 永 怀 始终 如 一 地 大 抓 高 超声 速 实 验 设备 
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的 研制 工作 。 为 了 在 条 件 极为 艰难 的 情况 下 开展 实验 研究 ， 他 提出 了 符合 我 国 国情 的 建 
议 。 他 认为 : 搞 实验 研究 要 符合 我 国 的 国情 ， 决 不 能 贪 大 求 洋 。 他 说 :“ 就 像 高 能 物理 研 
究 那 样 ， 我 们 不 能 摘 昂贵 的 大 型 高 能 加 速 器 ， 但 可 以 用 小 型 设备 来 观测 宇宙 线 。 我 们 搞 
气动 研究 的 ， 不 能 一 上 来 就 搞 大 型 风 洞 ， 而 搞 激 波 管 、 激 波 风 洞 却 是 力所能及 的 捷径 。” 
他 曾 多 次 强调 说 :“ 要 少 花 钱 ,用 简单 设备 作 高 水 平 的 研究 。” 他 还 说 :“ 看 来 我 们 也 将 研 
制 航天 飞行 器 ， 为 此 高 超声 速 流 实验 是 必 不 可 少 的 。 我 国资 金 电力 不 足 ， 不 可 能 走 美国 
靠 常规 加 热 高 超声 速 风 洞 的 道路 。 即 便 有 了 这 种 大 型 风 洞 ， 由 于 受 材料 性 能 的 限制 ， 所 
能 达到 的 气体 加 热 温度 极限 仍 不 能 满足 回 地 环境 模拟 的 要 求 。 我 们 应 及 早 探索 新 途径 ， 
利用 激 波 加 热 可 能 是 一 种 有 前 途 的 办 法 。 如 果 能 在 十 年 内 获得 成 功 ， 对 我 国 的 航天 事业 
将 是 非常 有 用 的 。” 中 国 科 学 院 力学 研究 所 几 十 年 来 ， 利 用 激 波 管 、 激 波 风 洞 设备 为 解决 
两 弹 一 星 中 的 气动 热 、 气 动力 关键 问题 做 出 了 重要 贡献 。 事 实证 明 ， 郭 永 怀 的 这 一 思想 
是 很 有 预见 性 的 。 

郭 永 怀 回国 后 积极 倡导 开展 新 兴 力 学 学 科 的 研究 ， 开 拓 了 几 个 有 重要 发 展 前 景 的 新 
领域 。 其 中 ， 取 得 突出 成 绩 的 有 高 超声 速 空气 动力 学 、 电 磁 流体 力学 和 爆炸 力学 。 

早 在 1957 年 2 月 ， 郭 永 怀 在 第 一 次 全 国力 学 学 术 报告 会 上 作 了 关于 “现代 空气 动力 
学 的 问题 ”的 报告 。 这 篇 报告 后 来 发 表 在 《科学 通报 》 上 。 郭 永 怀 以 他 丰富 的 学 识 ， 指 
出 了 现代 空气 动力 学 发 展 的 前 沿 领域 和 尚 待 解决 的 重大 课题 。 他 还 特别 就 当时 对 正在 甘 
拖 发 展 的 高 超声 速 空气 动力 学 发 表 了 许多 精深 的 见解 。 他 说 :“ 现 在 各 国 又 从 事 技术 和 军 
事 的 竞赛 ， 洲 际 导弹 和 人 造 卫星 不 久 将 成 为 事实 ， 于 是 我 们 面临 着 ( 空气 动力 学 ) 第 三 
个 新 时 代 的 开始 。” 为 国内 空气 动力 学 的 研究 发 展 指明 了 方向 。 

高 超声 速 是 钱学森 早年 研究 高 超声 速 相似 律 时 提出 的 概念 。 一 般 认为 ， 来 流速 度 大 
于 5 倍 声速 的 流动 称 为 高 超声 速 流 。 为 了 使 人 们 更 加 注意 飞行 器 周围 空气 经 强烈 压缩 后 
的 高 温 环境 中 的 物理 、 化 学 现象 ， 郭 永 怀 把 分 子 振动 、 离 解 和 化 学 反应 对 流 场 有 重大 影 
响 的 流动 称 为 超 高 声速 流 ， 并 认为 必须 着 重 研究 这 种 流动 。 日 后 的 发 展 证 实 了 这 种 认识 
的 正确 性 。 他 所 提出 的 超 高 声速 气体 动力 学 的 名 词 和 概念 已 被 国内 广泛 采用 。 并 且 为 
了 包括 工业 应 用 ， 现 称 高 温 气 体 动力 学 。 

为 了 在 国内 尽快 将 这 一 重要 领域 的 研究 工作 铺 开 ,1961 年 他 把 在 北京 地 区 的 许多 老 、 
中 、 青 空气 动力 学 工作 者 组 织 起 来 ， 成 立 了 高 超声 速 讨论 班 。 讨 论 内 容 眶 准 了 理论 发 展 
与 工程 实际 的 最 前 沿 。 正 如 钱学森 在 讨论 班 的 第 一 次 会 议 上 所 说 的 那样 :“ 这 不 是 一 般 的 
讨论 班 ,而 是 性 最 新 发 展 的 高 层次 上 进行 探讨 。” 可 以 说 这 个 讨论 班 研究 的 问题 已 与 当时 
的 国际 最 高 水 平 接轨 。 讨 论 班 每 周一 次 的 例会 ， 郭 永 怀 总 是 风雨 无 阻 ， 亲 临 指导 。 他 与 
大 家 一 起 报告 学 术 动向 、 研 究 进展 ， 讨 论 不 成 熟 的 见解 。 讨 论 班 学 术 气氛 活跃 、 民 主 ， 
只 服从 真理 ， 颇 有 点 像 加 州 理工 学 院 古 根 汉 姆 实验 室 的 风格 。 

在 这 个 讨论 班 上 ， 郭 永 怀 提出 了 许多 有 重要 意义 的 精辟 见解 。1963 年 郭 永 怀 指出 
由 于 高 超声 速 钝 体 绕 流 会 在 后 身 的 表面 附近 形成 炉 层 ， 在 一 定 情况 下 ,后 身 流 场 中 可 能 
产生 “悬挂 ” 激 波 。 在 他 的 指导 下 ， 他 的 研究 生 用 炉 层 分 析 方 法 进行 了 理论 分 析 ， 获 得 
了 压力 和 其 他 物理 量 的 合理 分 布 ， 解 释 了 压力 过 度 膨胀 和 回升 现象 ， 并 给 出 了 二 次 激 波 
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的 条 件 。 郭 永 怀 在 钝 体高 超声 速 绕 流 的 最 大 灶 值 线 问 题 、 真 实 气体 效应 问题 及 钝 体 绕 流 
的 激 波 形状 研究 工作 上 都 做 出 了 成 绩 。 郭 永 怀 十 分 注意 抓 研究 中 的 新 苗头 。 早 在 1964 4E, 
他 就 注意 到 带 灰 侍 粒子 的 高 超声 速 流动 ， 比 国外 早 几 年 提出 开展 “ 云 粒子 侵蚀 ”效应 研 
究 的 设想 。 当 时 他 解释 说 :“ 我 总 觉得 弹头 穿 过 核 爆 区 ， 灰 侍 粒子 会 有 影响 。” 随 后 ， 他 
的 学 生 开始 研究 含 灰 持 气体 穿 过 激 波 的 运动 。 郭 永 怀 倡导 并 组 织 的 高 超声 速 讨论 班 ， 进 
行 了 很 多 探索 性 研究 工作 ， 取 得 了 前 沿 领 域 的 研究 成 果 。 这 些 成 果 不 断 地 推广 运用 到 工 
程 实践 部 门 ， 为 发 展 我 国 的 导弹 、 航 天 事业 做 出 了 贡献 。 正 是 由 于 郭 永 怀 等 人 的 出 色 组 
织 才能 ， 使 这 个 讨论 班 达到 了 当时 的 世界 先进 水 平 。 在 高 超声 速 领域 ， 由 于 飞行 器 周围 
空气 的 强烈 压缩 和 摩擦 ， 造 成 几 千 度 高 温 ， 普 通 材料 制 成 的 飞行 器 必然 烧毁 ， 这 就 是 所 
谓 热 障 。 它 同 声 障 一 样 是 必须 加 以 克服 和 解决 的 。 郭 永 怀 早 在 星际 航行 座谈 会 上 就 专门 
探讨 过 烧 蚀 防 热 和 烧 蚀 材料 等 问题 。 他 在 倡导 国内 开展 烧 蚀 机 理 研 究 的 同时 ， 还 指出 必 
须 大 力 开 展 烧 蚀 的 实验 研究 。 在 国际 上 技术 极端 保密 的 情况 下 ， 国 内 必须 因 陋 就 简 进 行 
探索 。60 年 代 初 ， 他 支持 用 电弧 风 洞 进行 了 上 百 次 试验 。 在 以 后 的 动乱 年 代 ， 力 学 所 和 
有 关 单 位 仍 按照 郭 永 怀 的 设想 ， 继 续 进行 实验 和 理论 研究 ， 在 极其 困难 的 条 件 下 ， 摸 索 
出 了 有 效 的 防 热 措施 。 我 国 返回 式 卫 星 和 洲际 导弹 的 试验 成 功 ， 标 志 着 我 国 在 突破 热 障 
方面 取得 了 成 功 ， 在 这 里 面 凝 聚 着 郭 永 怀 的 一 份 心血 和 贡献 。 

电磁 流体 力学 是 40 年 代 以 来 出 现 的 一 门 新 兴学 科 , 主要 研究 导电 流体 在 磁场 中 的 运 
动 规律 。 当 时 它 只 是 天 体 物 理 和 气体 放电 方面 的 研究 领域 。50 年 代 后 ， 由 于 能 源 危机 迫 
在 眉 睫 ， 也 由 于 超 高 声速 气动 力学 中 电离 现象 的 出 现 ， 这 一 新 兴学 科 才 引起 了 重视 。 郭 
永 怀 抓 住 这 个 苗头 ， 在 力学 所 亲自 筹划 建立 了 电磁 流体 力学 研究 组 (后 发 展 成 研究 室 )。 
1961 年 该 研究 组 即 开始 工作 。 他 将 几 个 学 不 同 专业 的 人 召集 到 一 起 ， 谈 了 他 的 想法 。 他 
说 :“ 为 什么 要 搞 电 磁 流体 力学 呢 ， 主 要 有 三 个 方面 原因 : 第 一 ， 人 类 将 来 势必 要 从 受 控 
核 聚 变 反 应 中 取得 大 量 能 源 ， 而 研究 高 温 等 离子 体 、 磁 流体 理论 乃 是 研究 受 控 热 核反应 
的 基础 ; 第 二 ， 航 天 器 再 人 返回 大 气 层 时 ， 也 会 碰 到 气体 电离 、 磁 流体 力学 问题 ; 第 三 ， 
可 以 通过 磁 流 体 发 电 方式 ， 直 接 获 取 能 源 。 

关于 受 控 热 核反应 研究 ， 郭 永 怀 最 关心 的 是 加 热 和 等 离子 体 不 稳定 问题 。 他 认为 可 
以 通过 在 磁 压 作用 下 柱 形 激 波 的 收缩 ， 达 到 中 心 反射 后 获得 最 高 的 温度 ， 并 力图 将 气体 
动力 学 的 戈 德 莱 相 似 解 的 研究 成 果 推 广 到 磁 流体 力学 中 来 。 尽 管 当时 物理 学 家 是 从 寻找 
合适 的 磁场 位 形 的 角度 来 研究 不 稳定 问题 ， 郭 永 怀 建议 研究 瑞 利 -泰勒 界面 不 稳定 问题 。 
他 的 目标 很 明确 : 我 们 是 从 力学 角度 为 聚变 出 力 ， 为 核 科学 技术 出 力 。 磁 流体 直接 发 电 
是 一 项 解决 未 来 能 源 问题 的 重要 课题 。 由 于 用 导电 流体 代替 机 械 转子 ,减少 了 中 间 环 节 ， 
因而 可 使 发 电 效率 大 为 提高 。 当 时 国外 搞 得 比较 多 的 是 直流 发 电 试验 装置 。 郭 永 怀 向 这 
个 组 的 负责 同志 提议 : 我 们 不 仅 在 搞 直 流 发 电 装置 ， 而 且 要 探索 交流 的 。 力 学 所 磁 流 体 
力学 组 开始 了 以 液态 金属 为 工 质 的 三 相交 流 发 电器 的 研究 ， 用 两 年 时 间 建 立 了 国内 第 一 
个 液态 金属 回路 ， 与 当时 国外 的 实验 几乎 同步 。 郭 永 怀 还 提出 磁 流体 发 电 原理 应 当 和 原 
子 能 技术 结合 起 来 ， 这 是 很 富有 创造 性 的 设想 。 郭 永 怀 提出 利用 电磁 离心 方法 分 离 同 位 
素 的 新 颖 想法 。 由 于 机 械 式 离心 机 转速 最 高 为 500~600 m/s， 而 电磁 力 加 速 电 离 气体 可 以 
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达到 很 高 的 旋转 速度 ， 从 而 改善 分 离 性 能 。 这 个 设想 当时 在 国际 上 也 是 先进 的 。 以 往 铀 
同位 素 的 分 离 一 般 采 用 气体 扩散 法 和 电磁 分 离 法 ， 这 两 种 方法 都 需要 庞大 的 工厂 和 昂贵 
的 设备 (美国 曼哈顿 工程 中 为 分 离 铀 同位 素 使 用 了 14700 吨 纯 银 制造 电磁 铁 )。 如 果 电 磁 离 
心 分 离 同 位 素 的 设想 能 够 付 诸 实施 ， 就 可 用 一 台 小 型 设备 代替 庞大 的 气体 扩散 工厂 ， 将 
为 原子 能 事业 提供 强 有 力 的 后 盾 。 

在 他 的 大 力 支持 和 具体 指导 下 ， 这 个 室 取得 了 一 批 成 果 ， 发 表 了 一 些 专著 和 论文 。 
这 支 研究 队伍 成 为 我 国电 磁 流体 力学 和 等 离子 体 物理 研究 领域 的 中 坚 力量 。 在 我 国 等 离 
子 体 物理 学 会 中 ， 这 个 室 有 三 位 同志 被 推选 为 理事 。 从 该 室 调 出 的 一 位 同志 担任 了 专门 
研究 所 的 副 所 长 。 他 原先 留学 苏联 学 原子 能 ， 由 于 以 后 在 电磁 流体 力学 组 积累 了 高 温 等 
离子 体 物理 和 育 变 的 知识 ， 三 十 年 后 成 为 聚变 -裂变 混合 堆 的 实现 者 ， 该 所 也 成 为 国际 上 
算得 相当 规模 的 研究 基地 ,他 不 无 感慨 地 说 :“ 郭 永 怀 先生 不 愧 是 电磁 流体 力学 的 葛 基 者 ， 
力学 、 物 理学 领域 的 一 代 宗师 。” 力 学 研究 所 在 随后 的 年 代 里 继续 了 这 一 领域 的 研究 ,在 
材料 制备 和 加 工 的 应 用 方面 作出 了 突出 成 绩 ， 可 以 说 郭 永 怀 辛勤 耕耘 的 这 块 “自留地 ” 
已 开花 结果 了 。 以 后 的 实践 也 证 实 了 郭 永 怀 的 许多 预见 是 正确 的 。 

爆炸 力学 这 门 新 兴学 科 也 是 在 郭 永 怀 等 的 倡导 下 , 在 国内 开展 起 来 的 。50 年 代 末期 ， 
他 就 亲自 过 问 ， 在 力学 所 组 织 了 一 支 研 究 队 伍 。60 年 代 初 ， 他 负责 爆炸 力学 研究 室 。 为 
使 大 家 深刻 理解 爆炸 力学 在 我 国 国民 经 济 建 设 的 重要 性 ， 他 打开 中 国 地 图 ， 对 从 事 这 项 
工作 的 年 轻 同志 解释 说 :“ 你 们 看 ,我 国 的 高 原 和 丘陵 地 带 占有 多 大 的 比例 ! 要 建设 就 要 
用 炸药 , 如 果 我 们 能 使 炸药 的 爆炸 效力 提高 百 分 之 几 , 就 能 为 国家 节省 多 少 人 力 物 力 啊 。” 
在 他 的 记事 本 中 ， 爆 炸 力学 的 各 项 任务 课题 始终 占 着 重要 地 位 。 他 时 刻 挂 记 着 长 江 三 峡 
水 电站 、 成 昆 铁路 以 及 大 型 国防 工程 的 建设 。 

郭 永 怀 除了 对 爆炸 成 型 、 水 坝 安 全 、 铁 路 建设 等 课题 给 予 关 心 和 指导 外 ， 还 提出 了 
爆炸 力学 的 军事 应 用 课题 。 文 革 前 后 ， 他 向 玛 荣 瑟 同 志 汇 报 了 用 定向 爆破 方法 修筑 工事 
的 设想 ,并 抽调 几 个 人 进行 这 方面 的 研究 。 在 他 的 支持 和 当时 的 室 主任 郑 哲 敏 的 带领 下 ， 
爆炸 力学 研究 室 迅速 成 长 起 来 。 多 年 来 ， 他 们 进行 了 成 百 上 千 次 大 型 实验 和 现场 施工 ， 
完成 了 爆炸 成 型 、 定 向 爆破 、 穿 甲 爆破 等 多 方面 重大 任务 ， 取 得 了 优异 的 成 绩 。 特 别 是 
在 爆炸 成 型 的 理论 和 实践 上 有 较 突出 的 成 果 ， 为 我 国 的 经 济 建设 和 国防 建设 作出 了 积极 
贡献 ， 多 次 获得 国家 重大 科技 成 果 奖 。 

郭 永 怀 不 仅 是 一 位 优秀 的 科学 家 ， 也 是 一 位 出 色 的 科研 组 织 者 。 他 在 科研 组 织 上 有 
许多 深刻 的 思想 和 独特 的 做 法 。 

郭 永 怀 始终 认为 科研 部 门 应 当 有 相对 独立 的 科研 计划 ， 包 括 近 、 中 、 远 期 各 个 阶段 
的 计划 ， 做 到 近期 有 安排 ， 中 期 有 准备 ， 远 期 有 目标 。 要 保证 科研 计划 持续 、 循 序 渐进 
地 进行 ,使 研究 工作 有 继承 性 。 同 时 ， 他 还 十 分 强调 制定 科研 规划 应 有 明确 的 服务 方向 
科研 成 果 要 不 断 地 反馈 到 生产 实践 中 去 。 从 这 个 意义 上 讲 ， 他 的 一 切 工作 都 是 面向 实际 
的 。 他 参与 制定 的 力学 所 大 计 方针 就 体现 了 这 一 思想 。 

郭 水 怀 对 选择 科研 课题 的 重要 指导 思想 是 一 、 要 瞄准 当时 科技 发 展 的 前 沿 ; С. 
要 与 国民 经 济 的 发 展 结合 起 来 ; 三、 要 重视 基础 性 研究 四、 要 强调 为 国防 建设 服务 。 
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他 不 主张 做 小 题目 ， 写 小 文章 ， 更 反对 在 “文章 锋 里 ” 找 课题 做 。 他 指定 的 研究 方向 ， 
都 是 重大 的 探索 性 课题 ， 大 都 会 有 重要 的 应 用 价值 。 

郭 永 怀 极 为 重视 并 大 力 提倡 开展 基础 研究 ， 因 为 “基础 研究 是 科学 研究 的 基础 ， 没 
有 基础 研究 ， 科 学 技术 的 现代 化 就 要 落空 。” 他 总 是 鼓励 年 轻 人 要 热爱 基础 研究 。 他 多 次 
在 各 种 场合 谈 到 :“ 一 旦 生产 上 提出 需要 ， 基 础 研究 就 会 变 成 巨大 的 生产 力 。” 他 还 用 半 
导体 、 火 箭 和 喷气 技术 的 发 展 历史 来 说 明 这 个 问题 。 大 牙 进 时 期 ， 社 会 上 出 现 了 片面 强 
调 科 研 必须 为 生产 服务 ， 从 而 忽视 基础 研究 的 倾向 。 针 对 这 一 情况 ， 郭 永 怀 在 1959 年 春 
为 力学 所 作 年 度 计划 时 ， 写 下 了 《研究 工作 与 工程 技术 工作 如 何 衔接 》 的 短文 。 他 指出 : 
“理论 研究 与 工程 技术 工作 有 区 别 ， 也 应 有 交叉 。 一 个 研究 机 构 不 能 是 设计 院 ， 然 而 在 
一 定 范围 内 又 要 执行 设计 院 的 任务 ; 它 离 不 开设 计 院 ,但 不 能 包括 设计 院 。 如 果 这 样 做 ， 
研究 机 构 势 必 十 分 庞大 ; 那样 既 没 有 必要 , 也 不 可 能 。” 他 对 流行 的 两 种 说 法 进行 了 分 析 。 
一 种 是 认为 理论 研究 与 设计 可 以 分 开 ， 独立、 分 段 地 进行 ; 一 种 是 认为 研究 是 为 生产 服 
务 的 ， 因 此 研究 的 目的 在 于 实现 某 一 具体 任务 。 他 指出 ， 第 一 种 说 法 势必 脱离 实际 。 第 
二 种 说 法 只 在 某 些 特殊 场合 是 对 的 ， 一 般 说 来 是 不 对 的 。 他 的 观点 实际 上 为 是 力学 所 的 
发 展 方向 作 了 规划 ， 即 : 作为 一 个 研究 单位 ， 力 学 所 应 以 理论 研究 为 主 ， 同 时 强调 为 工 
程 实际 服务 ， 但 决 不 能 成 为 一 个 设计 部 门 。 

在 郭 永 怀 的 科学 研究 生涯 中 ， 他 主要 从 事理 论 分 析 研究 。 但 他 仍然 十 分 重视 和 强调 
实验 研究 ， 并 有 自己 的 见地 。 他 认为 科学 研究 有 两 种 手段 ， 即 理论 研究 和 实验 研究 。 理 
论 研究 是 就 工程 实验 中 所 迪 到 的 问题 进行 理论 上 的 分 析 探 讨 , 以 寻求 解决 的 途径 和 方法 ， 
得 出 有 规律 性 的 东西 。 实 验 研究 一 方面 用 于 检验 一 种 新 的 理论 、 新 的 思想 ; 另 一 方面 还 
在 于 通过 实验 来 发 现 新 的 现象 ， 揭 示 新 规律 ,探索 新 方法 。 这 两 种 研究 手段 是 相互 联系 
相互 依赖 、 相 互补 充 、 相 互 验证 的 。 因 此 ， 理 论 研究 和 实验 研究 具有 同等 重要 的 地 位 ， 
不 能 偏向 任何 一 方 ， 也 不 能 把 实验 简单 地 看 作 是 试验 或 验证 。 

郭 永 怀 曾 是 中 国力 学 学 会 的 常务 理事 ,《 力 学 学 报 》 的 主编 ， 力 学 所 的 常务 副 所 长 ， 
对 力学 所 全 局 的 建设 和 发 展 ， 乃 至 我 国 的 近代 力学 事业 作出 了 卓越 贡献 。 曾 任 力学 所 所 
长 的 钱学森 先生 说 :“ 郭 永 怀 同志 归 国 后 ,奋力 工作 ， 是 中 国 科学 院 力学 所 的 主要 学 术 领 
导 人 。 他 做 的 要 比 我 多 得 多 。” 在 力学 所 发 展 的 第 一 个 重要 时 期 (1956~1966 4E), 该 所 承 
担 或 参与 了 许多 重大 科研 项 目 ， 规 划 了 总 体 研究 方向 和 任务 ,筹建 了 实验 基地 和 许多 实 
验 设备 , 设立 了 多 种 新 兴 力 学 学 科 ， 培 养 了 一 大 批 科研 人 才 。 该 所 的 研究 队伍 逐步 形成 ， 
涌现 了 一 批 有 价值 的 成 果 。 这 一 时 期 ， 郭 永 怀 及 力学 所 的 同志 进行 了 艰苦 的 创业 工作 ， 
为 该 所 后 来 的 发 展 打下 了 良好 的 基础 。 这 一 时 期 力学 所 人 数 最 多 时 达 1300 多 人 , 其 中 相 
当 一 部 分 人 员 有 效 地 支援 了 其 他 部 门 的 建设 。 力 学 所 的 发 展 壮大 与 郭 永 怀 的 不 懈 努 力 是 
分 不 开 的 。 郭 永 怀 逝世 后 30 年 来 ， 人 们 经 常 重复 的 一 句 话 是 :“ 他 要 是 还 活着 就 好 了 。” 
这 名 朴实 的 话语 ， 寄 托 着 人 们 对 郭 永 怀 的 深切 怀念 之 情 。 
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六 、 献 身 “ 两 弹 一 星 ” 
(一 ) 提倡 发 展 我 国航 天 事业 

郭 永 怀 对 我 国 发 展 航天 技术 和 研制 人 造 卫 星 的 贡献 主要 包括 四 个 方面 : 第 一 ,积极 
提倡 发 展 我 国 的 航天 事业 ; 第 二 ， 参 与 发 展 航天 事业 的 规划 ; 第 三 ， 亲 自 参加 重大 课题 
的 研究 工作 ; 第 四 ， 参 与 组 织 、 领 导 中 国 科学 院 的 人 造 卫星 本 体 设计 。 

1957 年 10 月 4 日 ， 原 苏联 发 射 成 功 世 界 第 一 颗 人 造 卫 星 ， 震 动 了 全 世界 ， 在 我 国 
科技 界 也 引起 强烈 反响 。10 月 13 日 ， 中 国 科学 院 、 中 华 全 国 自然 科学 专门 学 会 联合 会 、 
中 华 全 国 科学 技术 普及 学 会 组 织 召 开 了 “关于 苏联 发 射 成 功 第 一 颗 人 造 卫星 的 座谈 会 ”， 
到 会 的 有 许多 是 在 京 的 各 个 专业 领域 的 著名 科学 家 。 郭 永 怀 也 参加 了 这 次 大 会 ,并 发 言 ; 

“我 觉得 这 件 事 是 在 进入 原子 能 时 代 以 后 的 第 二 件 大 事 ， 对 整个 人 类 都 有 影响 。 人 类 一 
向 是 在 二 度 空间 活动 的 动物 ， 现 在 有 了 人 造 卫 星 的 成 就 ， 就 如 疏 高 有 了 梯子 一 样 ， 以 后 
去 宇宙 活动 已 经 不 是 梦想 ， 可 以 实现 了 。” 然后， 他 以 从 国外 获得 的 资料 ， 就 发 射 人 造 卫 
星 的 运载 工具 及 其 推力 、 火 箭 发 动机 的 推进 剂 、 卫 星 进入 轨道 的 姿态 控制 、 苏 联 同 西方 
国家 火箭 技术 的 比较 等 具体 技术 问题 作 了 分 析 介绍 ， 并 发 表 了 自己 的 观点 。 

1958 年 ， 郭 永 怀 参与 制定 力学 所 的 科研 规划 时 ， 就 和 所 里 其 他 领导 共同 提出 研制 人 
造 卫星 的 倡议 。1958 年 5 月 17 日 ， 毛 泽 东 主席 在 八 届 二 次 会 议 上 指出 :“ 我 们 也 要 搞 人 
造 卫 星 。” 于 是 趁 着 大 牙 进 的 热情 ， 研 制 人 造 卫 星 的 任务 很 快 落实 到 中 国 科学 院 。 中 科 院 
把 研制 人 造 卫 星 列 为 1958 年 的 第 一 号 重点 任务 , fr “581 工程 "。 随 后 组 建 了 三 个 设计 院 ， 
其 中 第 一 设计 院 以 力学 所 为 主 建立 的 ， 承 担 人 造 卫 星 本 体 及 其 运载 火箭 的 研制 工作 。 受 
大 跃进 影响 ， 当 时 提出 了 不 切实 际 的 目标 : 1959 年 发 射 第 一 颗 人 造 卫星 。 但 在 实际 工作 
中 ， 困 难 重重 ， 不 符合 当时 的 国力 。1959 年 1 月 ， 国 家 决定 581 工程 随即 暂缓 进行 。 

1961 年 4 月 12 Н, 前 苏联 宇航 员 尤 里 “加 加 林 首 次 进入 太空 , 对 我 国 又 是 一 次 极 大 
的 促进 。 为 了 使 我 国 的 航天 事业 循序 渐进 ， 以 科学 的 态度 逐步 发 展 上 去 ， 在 一 些 著名 科 
学 家 的 提议 下 ,中 国 科学 院 举办 了 星际 航行 座谈 会 。 此 后 的 三 年 时 间 里 ， 共 召开 了 12 次 
专门 会 议 。 郭 永 怀 除 在 第 四 次 座谈 会 上 作 中 心 报告 外 ， 其 他 历次 会 议 他 都 参加 了 讨论 。 
他 以 他 在 空气 动力 学 、 气 体 热力 学 以 及 数学 、 物 理学 方面 的 专长 ， 提 出 过 许多 重要 见解 
和 主张 。1961 年 10 月 ,在 星际 航行 座谈 会 第 四 次 会 议 上 , 郭 永 怀 做 了 《宇宙 飞船 的 回 地 
问题 》 的 报告 。 郭 永 怀 重点 讨论 了 宇宙 飞船 在 返回 地 面 过 程 中 ， 怎 样 才能 安全 再 和 大气 
层 ， 并 保证 顺利 降落 回收 。 他 从 理论 上 定量 分 析 计算 了 飞船 再 人 段 的 空气 阻力 减速 、 气 
动 加 热 、 回 地 轨道 的 设计 和 烧 蚀 防 热 等 重要 课题 ， 得 出 了 符合 当时 已 掌握 的 实际 资料 的 
结果 。 他 还 指出 ， 现 有 飞船 是 没有 举 力 面 的 ， 所 以 无 法 利用 空气 产生 必要 的 升力 。 他 认 
为 ， 未 来 的 宇宙 飞船 可 以 设计 成 爵 的 形式 ， 一 方面 可 以 降低 卫星 式 飞船 的 超重 ; 另 一 
方面 可 以 部 分 解决 回 地 速度 更 高 的 月 球 飞 船 的 再 人 与 回收 问题 。 他 还 主张 研究 优化 转移 
变 轨 的 方案 ,为 十 多 年 后 的 工作 作 了 准备 。 星 际 航行 座谈 会 历时 三 年 ， 为 我 国 逐 步 进 入 
航天 大 国 行列 进行 探索 ， 郭 永 怀 就 是 做 了 许多 有 益 工作 的 航天 事业 开拓 者 之 一 。 

1965 年 ， 随 着 我 国 战略 导弹 事业 的 顺利 进行 ,研制 和 发 射 人 造 地 球 卫星 的 任务 再 次 
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提 到 议事 日 程 上 来 。581 项 目 演化 为 651 项 目 。 中 国 科 学 院 在 钱学森 和 郭 永 怀 的 参与 下 ， 
成 立 了 以 党 委 书 记 杨刚 毅 为 首 的 人 造 卫 星 设计 院 ， 承 担 人 造 卫 星 本 体 设 计 任 务 。 设 计 院 
另 设 一 组 ， 负 责 回 地 式 卫星 ( 即 返回 式 卫 星 ) 方 案 及 气动 设计 。 回 地 式 卫星 设计 组 自 1965 
年 到 1967 年 ,提出 了 卫星 回收 方案 ,包括 下 降 轨道 设计 、 制 动 火箭 控制 方案 、 卫 星 气动 
外 形 、 结 构 布局 等 ， 并 对 再 人 段 气动 加 热 及 烧 蚀 特性 作 了 较 详 细 的 计算 。 此 外 ， 他 们 还 
对 以 后 的 研究 工作 提出 了 具体 建议 。 后 来 ， 由 于 工作 重点 的 调整 ， 这 些 成 果 均 转 到 第 七 
机 械 工业 部 和 空间 技术 研究 院 ， 为 我 国 研制 人 造 卫 星 和 发 展 航天 事业 发 挥 了 重要 作用 ， 
并 打下 良好 的 基础 。 


(二 ) 规划 筹建 气动 研究 基地 


1964 年 初 ， 国 防 科 委 为 了 促进 我 国 空气 动力 学 研究 工作 的 发 展 ， 满 足 型 号 研制 对 空 
气动 力学 的 要 求 ,决定 成 立国 防 科 委 空 气动 力学 专业 组 ， 即 第 16 专业 组 。 专 业 组 由 钱 学 
森 、 郭 永 怀 、 沈 元 等 国内 15 位 著名 空气 动力 学 家 组 成 ， 其 主要 任务 是 : 协调 风 洞 实验 任 
务 ， 提 出 并 讨论 全 国 空气 动力 学 实验 的 规划 ， 提 出 有 关 空 气动 力学 发 展 的 重大 技术 措施 
的 建议 和 组 织 空气 动力 学 的 学 术 交流 。 这 个 专业 组 颇 有 些 类 似 于 专家 咨询 委员 会 ， 相 当 
于 国防 科 委 发 展 空气 动力 学 的 高 级 智囊 团 和 参谋 部 。16 专业 组 成 立 后 ， 郭 永 怀 和 其 他 成 
员 一 道 组 织 了 全 国 风 洞 群 建设 规划 的 论证 ， 并 提出 了 风 洞 建设 建议 ， 进 行 了 重点 型 号 气 
动 分 析 会 诊 工作 ， 讨 论 了 我 国 空气 动力 学 研究 队伍 建设 中 的 有 关 问题 。 同 时 开展 了 技术 
交流 ， 并 就 一 些 新 的 领域 进行 了 讨论 。 他 们 还 向 国家 提出 尽快 成 立 我 国 空气 动力 研究 院 
的 建议 ， 它 应 独立 于 型 号 研究 院 之 外 ， 为 型 号 研制 和 自身 发 展 服务 。1965 年 ， 国 防 部 第 
五 、 第 六 研究 院 分 别 划 归 第 七 、 第 三 机 械 工 业 部 建制 。16 专业 组 的 活动 基本 停止。 

文化 大 革命 开始 后 ， 为 了 减少 动乱 所 造成 的 损失 ， 推 动 国防 科研 事业 的 发 展 ，1967 
年 9 月, 聂 荣 至 在 《关于 国防 科研 体制 调整 改组 方案 的 报告 》 中 , 建议 成 立 18 个 研究 院 
得 到 中 共 中 央 的 批准 。 空 气动 力学 名 列 第 17， 所 以 被 称 为 第 17 研究 院 。 为 组 建 17 研究 
院 ， 国 防 科 委 成 立 了 筹备 组 。 钱 学 森 任 组 长 ， 郭 永 怀 、 严 文祥 任 副 组 长 ， 郭 永 怀 负责 技 
术 工 作 。 郭 永 怀 以 他 丰富 的 学 识 和 深究 的 思想 ， 通 过 考察 我 国 气动 力 研究 的 现状 ,同时 
结合 国外 先进 经 验 ， 同 钱学森 等 科学 家 一 道 ， 提 出 了 许多 重要 建议 和 主张 

第 一 、 空 气动 力学 的 主要 服务 对 象 仍然 是 航空 和 航天 事业 ， 这 样 才 会 有 立足 点 ， 并 
使 其 自身 得 到 发 展 。 在 我 国航 空 和 航天 事业 刚刚 起 步 之 时 ， 迫 切 需要 空气 动力 学 理论 指 
导 的 特点 尤为 突出 。 

第 二 、 空 气动 力学 研究 要 形成 国家 层次 的 中 心 。 在 我 国 空气 动力 学 发 展 中 ， 曾 有 一 
个 时 期 ， 各 个 部 门 分 头 建设 风 洞 等 实验 设备 ， 这 种 局 面 必然 造成 耗资 多 ， 周 期 长 ， 配 套 
能 力 差 ， 技 术 力 量 分 散 。 因 此 ， 建 立 一 个 国家 级 中 心 ， 集 中 有 限 的 人 力 、 物 力 和 财力 ， 
统一 规划 、 统 一 组 织 实施 ， 乃 是 一 个 快 、 好 、 省 的 办 法 。 这 个 中 心 可 以 同时 为 教学 、 科 
研 、 设 计 和 生产 服务 。 

第 三 、 空 气动 力 研究 院 应 具有 鲜明 的 特色 , 一 是 速度 、 尺 寸 、 品 种 和 功能 配套 互补 ; 
二 是 符合 我 国 的 国情 ; 三 是 近 、 中 、 远 期 相 结 合 ; 四 是 研究 手段 应 实现 理论 研究 、 实 验 
研究 和 模型 自由 飞 相 结合 。 
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第 四 、 郭 永 怀 还 详细 地 分 析 探讨 了 一 些 具 体 的 技术 途径 ， 其 中 许多 设想 是 同 我 国 国 
情 紧密 结合 的 。 为 了 发 展 我 国 的 航天 事业 ， 在 风 洞 建设 上 ， 除 了 要 求 达 到 低 、 高 、 超 高 
速配 套 外 ， 郭 永 怀 认为 应 该 重点 搞 高 速 、 超 高 速 实验 风 洞 ， 瞄 准 第 一 和 第 二 宇宙 速度 。 

基于 上 述 思想 , 钱学森 和 郭 永 怀 为 17 研究 院 的 建制 规划 了 一 幅 宏 伟 蓝图 , 包括 各 个 
专业 研究 所 的 设置 、 辅 助 设施 、 人 员 配备 ， 以 及 具体 的 技术 途径 和 各 种 实验 设备 ， 使 研 
究 院 具 有 空气 动力 学 研究 的 “全 天 候 ” 能 力 。 郭 永 怀 强调 指出 ，17 院 应 独立 于 型 号 研究 
院 之 外 ， 对 先进 的 飞行 器 如 飞机 、 火 箭 的 气动 布局 有 重大 的 发 言 权 。 通 过 空气 动力 学 研 
究 ， 及 时 提出 新 概念 、 新 建议 ， 为 具体 的 型 号 总 体 设计 作出 贡献 。 这 无 疑 是 很 有 见地 的 。 

即使 在 轻视 理论 ， 强 调 应 用 的 风气 下 ， 对 于 在 研究 院 各 专业 研究 所 的 设置 上 ， 郭 永 
怀 还 坚持 要 建立 搞 基础 研究 的 理论 研究 所 。 在 1968 年 6 月 的 一 次 会 议 上 ， 他 明确 指出 : 

“目前 重点 安排 一 、 二 、 五 所 的 建设 是 可 以 的 ， 六 所 虽 可 暂缓 一 下 ,但 不 能 不 建 。”( 一 、 
二 、 五 所 分 别 是 低速 、 高 速 、 超 高 速 所 ,六 所 是 理论 所 )。 郭 永 怀 十 分 关心 我 国 计 算 流体 
力学 的 发 展 ， 很 早 就 给 予 了 充分 的 肯定 和 支持 。 在 郭 永 怀 等 科学 家 的 倡导 下 ， 我 国 的 计 
算 空气 动力 学 起 步 较 早 ， 虽 然 在 实际 发 展 过 程 中 受到 计算 机 条 件 的 限制 ， 但 仍 取得 了 一 
批 丰硕 成 果 。 其 中 有 的 先进 计算 格式 如 NND 得 到 国际 学 术 界 的 关注 。 

郭 永 怀 迫 切 希 望 空气 动力 学 研究 院 能 早日 建成 ， 以 便 为 型 号 研制 服务 。 在 1968 年 2 
月 的 一 次 会 议 上 ， 他 重点 谈 了 领导 班子 问题 。 他 说 :“ 已 经 进入 1968 年 了 , 但 17 院 仍 只 
是 一 个 筹备 组 ， 所 以 应 报请 国防 科 委 解决 领导 班子 问题 。 所 级 干部 这 么 多 ， 应 当 分 批 解 
决 。” 更 令 人 不 能 忘怀 的 是 ，1968 年 10 月 ， 在 他 要 离开 北京 赴 西北 草原 筹划 导弹 核武 器 
试验 的 前 一 天 , 他 还 来 到 17 院 筹备 组 , 要 求 一 位 同志 起 草 一 份 关于 高 空 模拟 试车 台 和 17 
院 进行 统一 规划 的 报告 ， 等 他 参 试 回来 后 再 一 起 讨论 。 同 时 还 告诉 大 家 ， 他 要 出 差 了 ， 
询问 有 什么 事情 要 他 做 的 。 没 想到 这 次 会 面 竟 成 了 永 识 。 事 隔 30 多 年 后 ， 当 年 在 17 院 
与 郭 永 怀 一 道 工作 的 同志 仍然 深 深 地 铭记 着 这 件 平常 而 又 极 不 平常 的 事 。 每 每 想起 它 ， 
都 激 起 他 们 对 郭 永 怀 无 限 敬佩 与 怀念 之 情 。 

1976 年 ， 国 务 院 、 中 央 军 委 决定 在 风 洞 指挥 部 (17 院 是 该 机 构 的 前 身 ) 的 基础 上 ， 调 
整 组 建 空气 动力 学 研究 与 发 展 中 心 。 经 过 多 年 的 建设 ,气动 中 心 现 已 成 为 试验 设备 齐全 ， 
研究 手段 完备 ， 技 术 力量 雄厚 ， 测 试 数据 可 信 的 实验 研究 基地 ， 已 成 为 航空 航天 飞行 器 
及 风 工 程 研制 与 发 展 的 重要 技术 支柱 ， 在 国际 上 也 享有 盛誉 。 一 些 国际 同行 参观 了 气动 
中 心 后 ,交口 称赞 “了 不 起 ”。1998 年 8 月 ， 郭 永 怀 在 美国 期 间 指导 的 博士 生 ， 后 担任 
CALSPAN 高 技术 中 心 主任 的 瑞 特 (A. RitteD， 访 问 气动 中 心 后 说 : 贵 中 心 风 洞 设备 的 规划 
建设 显然 包含 了 郭 永 怀 教授 的 思想 。 作 为 一 个 开拓 者 和 奠基 人 ， 郭 永 怀 在 这 项 伟大 的 建 
设 工作 中 ,具有 不 可 磨灭 的 功绩 。 


(三 ) 为 实现 核弹 武器 化 献身 
1959 年 6 月 , 二 机 部 遵照 中 央 确 定 的 方针 , 决心 要 独立 自主 地 完成 原子 弹 研制 任务 。 
1960 年 初 ， 九 院 即 开始 了 原子 弹 技术 的 研究 与 探索 。 为 了 适应 自力 更 生 研制 原子 弹 的 需 


要 ， 中 央 决 定 从 全 国 抽调 技术 力量 加 强 九 院 。 许 多 著名 科学 家 包括 王 涂 昌 、 豆 桓 武 、 程 
开 甲 等 都 先后 被 调 到 九 院 工作 。 由 于 这 项 任务 里 面 有 许多 工程 力学 问题 ， 二 机 部 副 部 长 
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钱 三 强 约见 钱学森 ,让 他 推荐 从 事 这 方面 工作 的 技术 负责 人 人 选 。 钱 学 森 说 :“ 我 看 郭 永 
怀 完全 可 以 胜任 ! 他 学 术 上 造 诺 很 深 ， 而且 作风 正派 ， 工 作 扎实 ,现在 又 担任 力学 所 副 
所 长 "。 钱 三 强 在 向 上 级 汇报 后 ， 亲自 找到 郭 永 怀 。 郭 永 怀表 示 :“ 这 个 工作 我 虽 没 搞 过 ， 
但 经 过 努力 ， 我 想 还 是 可 以 的 -” 他 沉思 了 一 会 儿 说 :“ 不 过 ,我 的 力学 所 副 所 长 工作 如 
何 安排 ? ” 钱 三 强 说 :“ 可 由 二 机 部 和 中 国 科学 院 协商 解决 ”这 样 ， 郭 永 怀 于 1960 年 5 
月 来 到 九 院 ， 后 来 还 担任 了 副 院 长 。 在 原子 弹 研制 初期 ， 王 洽 昌 负责 物理 实验 ， 彭 桓 武 
负责 理论 设计 ， 郭 永 怀 负责 力学 方面 的 技术 领导 工作 。 这 些 著名 科学 家 以 及 大 量 技术 骨 
干 调 到 九 院 后 ， 大 大 加 强 了 九 院 的 力量 。 许 多 中 央 领 导 同 志 曾 来 到 九 院 看 望 他 们 ВАЕ 
还 说 :“ 有 你 们 科学 家 撑腰 ， 我 这 个 外 交 部 长 也 好 当 了 。” 


1. 第 一 颗 原子 弹 


原子 弹 的 引爆 方式 大 致 有 两 种 ， 一 种 是 所 谓 “枪法 "， 另 一 种 是 内 爆 法 。 前 一 种 采用 
两 块 亚 临界 核 材料 ， 利 用 常规 炸药 爆炸 时 的 冲击 力 把 子弹 射 到 靶子 上 ， 两 块 核 材料 达到 
超 临界 状态 ， 实 现 核 爆炸 。 内 爆 法 的 原理 则 是 : 在 亚 临界 状态 的 核 材 料 周围 布置 常规 炸 
药 ， 如 果 控 制 爆 禾 波 形状 使 之 聚焦 ， 就 能 引爆 原子 弹 。 因 此 ， 内 爆 法 就 是 使 球 对 称 的 常 
规 炸 药 的 爆 释 波 聚 集成 内 向 的 球形 冲击 波 ， 挤 压 核 材料 使 之 达到 超 临界 状态 ， 实 现 核 爆 
炸 。“ 枪 法 ”固然 简单 ,但 浪费 核 材 料 太 多 ,而 且 对 核 材 料 的 纯度 要 求 较 高 ， 对 以 钙 为 核 
材料 的 原子 弹 则 根本 不 能 使 用 。 内 爆 法 没有 上 述 问题 但 要 实现 精确 的 球 对 称 内 压力 ， 
技术 上 的 困难 很 大 。 实 际 上 ， 美国 曼 哈 顿 工程 在 解决 这 个 问题 时 也 过 到 重重 困难 。 美 国 
科学 家 内 德 迈 尔 提出 内 爆 设 想 ， 并 得 到 洛斯 * 阿拉 莫 斯 实验 室 负责 人 奥 本 海 默 的 支持 ， 
但 解决 内 爆 方案 中 种 种 困难 也 花 了 几 年 时 间 。 就 在 “内 爆 法 ”和 “枪法 ”争论 很 大 ， 难 
以 取舍 之 时 ， 郭 永 怀 通过 比较 两 种 方式 的 优越 性 ,结合 我 国 的 实际 ， 提 出 了 “争取 高 的 
准备 低 的 ”的 方针 ， 以 较 高 级 的 内 爆 法 作为 主攻 方向 ， 同 时 为 稳 妇 起 见 也 探索 较 低 级 的 
“枪法 "。 

内 爆 过 程 的 理论 计算 是 困难 的 ， 属 于 非 定常 气体 动力 学 问题 ， 且 涉及 多 学 科 领 域 
十 分 复杂 ， 而 且 是 当时 还 不 知道 应 采用 什么 方法 最 合适 。 郭 永 怀 同 大 家 一 道 讨 论 ， 向 大 
家 提出 了 几 种 可 供 选择 的 计算 方法 。 郭 永 怀 不 仅 在 理论 上 给 予 指导 ， 还 亲自 参与 计算 工 
作 ， 使 大 家 对 压 紧 过 程 的 流体 力学 机 理 有 了 更 深入 的 理解 。 

爆 变 学 是 实现 内 爆 法 的 理论 基础 。 为 了 使 大 家 了 解 爆 刻 学 ， 郭 永 怀 以 他 渊博 的 学 识 
给 大 家 讲授 爆炸 物理 学 。 这 是 一 门 涉及 气体 动力 学 、 高 温 物理 学 和 反应 动力 学 的 边缘 学 
科 。 他 讲 得 深入 浅 出 ， 引 人 人 胜 ， 不 仅 使 中 青年 科技 人 员 得 到 很 大 教 益 ， 连 老 科 学 家 也 
都 觉得 获 益 良 多 。 同时 , 他 还 找到 当时 仅 能 见 到 的 一 本 书 : 苏联 的 鲍 姆 等 编 的 《 爆 变 学 》， 
组 织 大 家 分 头 翻译 ， 最 后 由 他 进行 了 认真 的 校 阅 。 这 本 书 出 版 时 翻译 者 署名 为 “ 众 智 ”, 
这 份 宝贵 的 资料 确实 体现 了 九 院 科技 人 员 的 集体 智慧 。 

爆 变 物理 试验 是 突破 原子 弹 技术 的 重要 一 环 。 为 取得 第 一 手 资料 ， 他 鼓励 设计 人 员 
参加 爆 硫 试验 ， 他 自己 也 经 常 与 王 洽 昌 等 老 科 学 家 深入 现场 ， 了 解 情况 ， 分 析 数据 ， 指 
导 工作 ， 并 协助 开展 试验 ， 有 时 还 钻 进 帐 逢 里 ， 和 技术 人 员 一 道 搅拌 炸药 。 在 两 种 可 供 
试验 用 的 设计 方案 中 ， 他 提出 了 “两 路 并 进 ， 最 后 择优 ”的 办 法 ， 确 定 最 佳 方案 。 这 一 
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方案 不 仅 为 第 一 颗 原 子弹 采用 ， 整 个 第 一 代 武 器 研制 过 程 中 都 一 直 沿 用 。 负 责 爆 销 物理 
试验 的 青年 科学 家 陈 能 宽 ， 以 他 坚实 的 理论 基础 并 参照 国外 有 关 资 料 ， 提 出 了 爆 又 试验 
的 新 方案 。 这 个 方案 能 够 加 快 原子 弹 的 研制 ， 但 困难 和 风险 大 。 郭 永 怀 从 力学 角度 进行 
了 理论 估算 ， 大 胆 地 支持 了 这 一 方案 。 经 过 科学 家 的 详细 论证 ， 这 个 方案 终于 得 到 采纳 
并 付 诸 实施 。 为 了 配合 爆 又 试验 ， 郭 永 怀 和 龙 文 光 指导 设计 部 科技 人 员 进行 了 不 同 试验 
装置 的 结构 设计 ， 使 得 整个 爆 变 试验 得 以 顺利 进行 。 随 着 研制 工作 的 顺利 进行 ， 大 型 爆 
秦 试 验 在 西北 草原 开始 了 : 1963 年 12 月 24 日 一 比 二 模型 爆 变 试验 取得 成 功 ; 1964 年 6 
月 6 日 ， 全 尺寸 爆 又 试验 也 达到 了 预期 的 目的 ， 这 是 一 次 唯 独 不 装 核 材料 的 完整 试验 。 
这 次 试验 成 功 的 取得 ,预示 着 原子 弹 成 功 在 握 。 从 1962 年 9 月 到 1964 年 四 季度 ， 经 过 
21 个 月 的 艰苦 工作 ， 原 子弹 理论 、 试 验 、 设 计 和 生产 工作 都 按 计划 全 部 完成 。 

1964 4F 10 Я 16 日 15 时 (技术 上 称 零 时 ), 我 国 第 一 颗 原子 弹 装置 爆炸 试验 取得 圆满 
成 功 。 当 闪光 火球 和 荐 菇 状 烟云 冉冉 升 起 时 ， 全 体 参 试 人 员 完全 忘却 了 紧张 和 疲劳 ， 为 
胜利 而 欢呼 。 当 时 郭 永 怀 就 在 试验 现场 ， 亲 眼目 睹 了 这 一 极为 壮观 的 场景 ， 内 心 的 喜悦 
和 激动 是 可 想 而 知 的 。 这 项 对 我 国 具 有 深远 政治 、 军 事 、 科 技 发 展 意义 的 巨大 成 就 ， 有 
他 的 一 份 功劳 。 


2. 核 航 弹 


为 了 实现 武器 化 ， 郭 永 怀 早 就 安排 了 许多 与 核 航 弹 有 关 的 预 研 性 课题 ， 包 括 核 航 弹 
的 结构 设计 、 外 形 设计 、 飞 行 弹道 、 物 理 引信 、 环 境 试验 等 ， 任 务 艰巨 ， 他 在 方方面面 
起 了 主导 作用 。 

为 了 加 强 结构 设计 的 力量 ， 郭 永 怀 亲 自 聘 请 我 国 著 名 固体 力学 专家 、 北 京 航空 学 院 
王 德 荣 教授 作 技术 顾问 ， 给 大 家 讲授 结构 力学 的 理论 ， 并 指导 弹 体 结构 设计 。 核 航 弹 外 
形 结构 最 初 采用 钢板 卷 压 焊接 的 方法 ， 这 种 设计 的 弊端 是 强度 指标 分 配 不 合理 ， 且 十 分 
策 重 。 为 此 ， 郭 永 怀 提出 参照 飞机 外 形 的 析 架 蒙 皮 结 构 进行 设计 ， 从 而 实现 了 减轻 航 弹 
结构 重量 的 要 求 。 由 于 文革 的 影响 ,他 的 设想 直到 70 年 代 未 才 得 以 实现 。 核 航 弹 的 气动 
外 形 有 独特 的 技术 要 求 。 为 了 保证 飞机 在 投放 过 程 中 保持 稳定 ， 并 能 及 时 安全 脱离 危险 
区 ， 核 航 弹 还 必须 要 有 很 好 的 增 阻 特性 。 对 这 些 难题 ， 郭 永 怀 不 仅 给 予 悉心 的 指导 ， 还 
亲自 参与 外 形 和 飞行 弹道 的 理论 计算 工作 。 

无 论 核 航 弹 还 是 核 导弹 ， 在 飞行 过 程 中 总 要 经 受 各 种 常规 和 非常 规 的 动态 考验 ， 因 
此 ,各 种 环境 试验 是 武器 化 阶段 很 重要 的 一 环 。 郭 永 怀 从 技术 人 员 的 配备 、 课题 的 安排 、 
试验 项 目的 确定 以 及 试验 设备 的 研制 等 多 方面 周密 安排 保证 环境 模拟 试验 顺利 进行 。 
正 是 在 郭 永 怀 的 直接 领导 下 ， 当 时 只 有 为 数 不 多 的 科研 人 员 的 环境 试验 组 ， 逐 渐 发 展 成 
为 一 个 具有 相当 规模 的 研究 所 ， 培 养 了 一 批 批 专门 的 技术 骨干 ,配备 了 一 整套 大 型 、 精 
密 的 ， 测 试 范围 较 广 的 核武 器 试验 设备 ， 包 括 冲 击 、 噪 声 、 振 动 、 过 载 BE. WK. 
"EHE. ROA A. Кш. 在 他 的 关心 下 研制 了 可 测试 数 百 g 的 大 型 离心 机 等 。 
他 的 指导 思想 是 : 我 们 的 设备 应 该 更 先进 ， 所 用 人 员 应 该 更 少 。 核 航 弹 的 结构 振动 试验 
设备 小 ， 只 有 500kg 的 试验 能 力 ， 有 人 主张 用 小 部 件 试验 。 向 郭 永 怀 汇报 后 ， 他 说 ， 小 
部 件 试验 可 以 取得 一 些 有 用 结果 ,但 不 能 代替 整 机 试验 。 于 是 ， 在 他 的 支持 下 ， 论 证 、 
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设计 、 加 工 并 调试 了 一 个 放大 支架 ， 并 按时 完成 核 航 弹 的 整 机 振动 试验 。 

为 了 确保 核 试 验 的 安全 ， 郭 永 怀 还 提出 了 “安全 论证 ”的 课题 。 核 弹 引信 的 可 靠 性 
和 有 效 性 对 安全 异常 重要 ， 所 以 在 每 次 听取 炸弹 引信 汇报 时 ， 他 都 要 参加 ， 利 用 他 渊博 
的 空气 动力 学 知识 ， 对 弹 上 静 压 孔 布局 、 管 路 汇流 系统 和 引信 误差 计算 都 一 一 提出 他 的 
具体 意见 ， 对 计算 数据 都 一 一 核对 。 同 时 ， 安 全 也 对 核 航 弹 外 形 设计 提出 了 新 的 要 求 : 
气压 引信 要 求 在 飞行 过 程 中 ， 某 特定 部 位 感受 的 压力 接近 当时 当地 的 大 气压 ， 能 正确 反 
映 航 弹 当 时 所 处 的 真实 高 度 ; 为 了 保证 无 线 引信 的 天 线 发 送 接收 装置 正常 工作 ， 要 求 弹 
轴 摆 动 角度 越 小 越 好 ， 这 需要 增 大 航 弹 的 阻力 系数 和 阻尼 力矩 ; 为 了 保证 核 航 弹 能 命中 
目标 ， 又 要 求 航 弹 尽 可 能 减少 阻力 系数 和 增加 升力 系数 ， 并 提高 其 运动 的 稳定 性 等 等 。 
这 就 要 求 在 众多 复杂 的 ， 甚 至 相互 矛盾 的 要 求 中 寻找 最 合理 的 方案 。 在 他 的 直接 关心 和 
指导 下 ， 航 弹 外 形 设计 与 安全 论证 工作 进行 得 很 细致 ， 因 此 ， 每 一 次 试验 的 飞机 都 安全 
返航 。 

1965 年 5 月 14 日 ， 一 架 经 过 改装 的 图 -16 释 炸 机 携带 我 国 第 一 枚 核 航 弹 起 飞 了 。 飞 
机 在 预定 高 度 把 核 航 弹 准 确 投向 预定 靶 标 ， 接 着 ， 核 航 弹 在 预定 高 度 实 现 核 爆炸 。 这 次 
试验 的 成 功 使 我 国有 了 初步 可 用 于 实战 的 核武 器 。 


3. 热 核武 器 与 核 导 弹 


九 院 的 工作 有 许多 是 齐头并进 的 。 早 在 1963 年 秋 ， 第 一 颗 原子 弹 理论 设计 完成 后 ， 
九 院 就 组 织 人 力 进 行 热 核武 器 的 理论 探索 。 郭 永 怀 则 针对 氢弹 的 结构 设计 、 气 动 外形 、 
环境 试验 等 方面 ， 组 织 有 关 人 员 开 展 工作 。 

我 国 第 一 颗 氧 弹 采 用 空投 方式 ， 困 难 和 危险 都 是 很 大 的 。 美 国 第 一 颗 氢 弹 是 在 一 辆 
破旧 的 火车 上 试验 的 ， 法 国 第 一 颗 氢 弹 是 在 一 条 破 船 上 试验 的 。 空 投 方式 给 空气 动力 学 
带 来 新 的 课题 。 由 于 氢弹 的 爆炸 当量 远 远 超过 了 原子 弹 ， 因 而 安全 问题 更 加 突出 。 郭 永 
怀 抽 调 几 个 人 组 成 调研 组 ， 就 国内 外 能 见 到 的 资料 进行 分 析 。 由 于 氢弹 的 增 阻 特性 要 求 
高 ， 采 用 普通 的 减速 板 达 不 到 要 求 ， 因 而 提出 减速 伞 方 案 。 通 过 对 软 伞 、 金 属 企 、 气 球 
等 途径 比较 ,决定 采用 软 伞 。 但 这 种 减速 伞 与 普通 的 航空 救生 伞 相 比 有 更 高 的 要 求 ， 如 : 
增 阻 大 、 开 伞 冲 击 小 、 摆 动 小 、 稳 定性 好 等 。 国 内 航空 部 门 尚未 开展 这 方面 的 工作 ， 因 
而 在 提供 调研 资料 、 提 出 指标 要 求 、 委 托 加 工 制作 等 过 程 中 ， 也 推动 了 兄弟 单位 的 发 展 。 
弹 体 加 伞 后 ， 还 有 一 个 伞 一 弹 弹 道 的 计算 问题 。 这 也 是 在 郭 永 怀 直接 指导 下 进行 的 。 当 
有 人 估计 采用 软 锌 产生 的 漂移 可 能 很 大 时 ， 郭 永 怀 说 :“ 这 不 可 能 ， 弹 体 这 么 重 ， 随 便 让 
EBGLBUS Hl dci." 

在 核 航 弹 的 结构 设计 中 , 由 于 指导 方针 是 力求 稳妥 可 靠 , 所 以 弹 体 结构 搞 得 很 笨重 ， 
体积 和 重量 较 大 。 郭 永 怀 认 为 这 不 符合 实战 要 求 。 他 是 学 航空 出 身 ， 深 深 懂得 “航空 产 
品 要 为 节省 每 一 克 重量 而 奋斗 ”这 和 句 话 的 真正 含义 。 他 多 次 向 负责 结构 设计 的 人 员 指 出 : 
“作为 原理 试验 弹 采 用 金属 铸件 结构 是 可 以 的 ， 但 要 达到 实用 化 ， 必 须 搞 轻 型 的 薄 壳 结 
构 。” 他 还 说 :“ 航 弹 和 导弹 都 是 飞 的 ， 既 然 是 飞 的 ， 就 应 该 采用 航空 结构 ， 把 造船 的 本 
领 一 丝 不 萄 地 运用 到 航空 上 去 怎么 行 呢 。” 由 于 郭 永 怀 的 正确 主张 并 付 诸 实 施 , 使 结构 重 
量 降低 了 20% 以 上 。 自 第 一 颗 氢 弹 后 ， 我 国 历次 核 试验 大 都 采用 这 种 轻型 结构 。 有 趣 的 
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一 件 事 是 ，1966 年 1 А 17 日 ,美国 的 一 架 装 载 核武 器 的 B-52 复 炸 机 在 西班牙 上 空 和 一 
架 加 油 机 在 加 油 时 相 撞 , 机 上 携带 的 四 枚 氨 弹 (没有 引爆 装置 坠落。 这 件 事 在 国 际 上 引起 
轩然大波 。 郭 永 怀 搞 到 一 张 这 些 氧 弹 的 照片 ， 他 马上 拿 来 同 大 家 一 道 研究 ， 从 和 氢弹 的 外 
形 分 析 其 增 阻 、 增 稳 以 及 边界 层 性 能 ， 并 进行 了 一 些 风 洞 试验 ,收获 很 大 。 照 片上 氢弹 
弹 体 上 有 一 处 明显 的 坠落 时 留 下 的 止 痕 ， 从 而 判断 美国 的 氢弹 也 采用 了 薄 壳 结构 。 这 就 
从 另 一 侧面 证 明了 郭 永 怀 主张 的 正确 性 。 

我 国 第 一 颗 氢 弹 各 方面 工作 进展 很 快 。 郭 永 怀 负责 的 总 体 设 计 、 环 境 模拟 试验 以 及 
安全 论证 等 工作 也 都 按时 顺利 完成 。 为 了 保证 试验 成 功 ，1966 年 12 月 28 日 ， 首 先进 行 
了 氢弹 原理 试验 。 测 量 数据 表明 ， 这 次 试验 预示 着 氢弹 原理 已 经 突破 。1967 年 4 月 , 在 
空军 某 地 进行 了 弹道 特性 试验 , 达到 了 预期 目的 。1967 年 6 月 17 日 ,我国 第 一 颗 氢弹 爆 
炸 试验 成 功 。 从 第 一 颗 原 子弹 到 第 一 颗 氢 弹 ， 美 国人 用 了 七 年 ,苏联 人 用 了 四 年 ， 而 我 
国 只 用 了 二 年 零 八 个 月 ， 且 赶 在 法 国 前 面 。 这 一 历史 性 壮举 震惊 了 世界 。 

继 核 航 弹 、 氢 弹 的 试验 成 功 ， 导 弹 核 武器 研制 迅速 纳入 正轨 。 核 导弹 与 航 弹 相 比 ， 
体积 和 重量 要 大 幅度 减 小 ,对 环境 条 件 的 要 求 也 更 加 苛刻 。 郭 永 怀 早 在 1964 年 就 提出 了 
要 开展 随机 振动 和 噪声 动态 试验 研究 。 当 时 他 说 :“ 噪 声 试验 是 核弹 武器 化 ,特别 是 洲际 
导弹 再 人 时 必 过 的 一 关 。 声 致 疲劳 试验 也 很 重要 ， 这 方面 工作 国外 已 经 摘 了 ， 而 我 们 还 
没有 开展 ， 应 该 特别 抓 一 抓 ， 把 这 项 试验 搞 起 来 ， 为 以 后 的 发 展 做 准备 。” 郭 永 怀 对 试验 
设备 、 试 验 参数 十 分 关心 。 当 他 听 说 压力 气 源 有 困难 时 ， 他 以 商量 的 口气 说 :“ 你 们 没有 
见 过 风 洞 试验 用 的 气 源 吗 ” 国 内 有 ， 你 们 去 看 看 ,会 有 启发 的 。” 在 他 的 关心 和 指导 下 ， 
得 到 中 国 科学 院 的 专家 帮助 ， 我 国 的 噪声 试验 设备 终于 有 了 着 落 。 由 于 当时 国内 只 能 模 
拟 正弦 振动 环境 ， 为 真实 地 模拟 核武 器 所 处 的 随机 振动 环境 ， 经 过 调研 ， 有 人 提出 只 能 
进口 。 当 请 示 郭 永 怀 时 ， 他 肯定 地 说 :“ 这 是 技术 引进 ， 应 该 的 .” 随 即 在 设备 单 上 签字 。 
后 来 ， 有 关 设备 从 英国 进口 ， 解 决 了 核弹 头 的 随机 振动 试验 问题 。 

如 果 说 核 航 弹 是 初步 可 用 于 实战 的 核武 器 , 核 导 弹 则 是 真正 具有 实战 价值 的 核武 器 。 
1966 年 10 月 27 日 ， 我 国 成 功 地 进行 了 东风 二 号 甲 导弹 核武 器 试验 。 

总 之 ， 郭 永 怀 对 我 国 核武 器 研制 的 贡献 是 多 方面 的 。 他 凭借 在 爆炸 力学 、 气 体 动力 
学 、 空 气动 力学 、 飞 行 力学 等 诸多 学 科 领 域 的 渊博 知识 ， 对 内 爆 过 程 、 结 构 设计 、 气 动 
外 形 、 环 境 试验 等 许多 关键 技术 问题 进行 指导 ， 为 我 国 的 原子 弹 、 氧 弹 及 其 起 器 化 、 系 
列 化 呕心沥血 , 无 私 奉献 。1968 年 10 月 , 郭 永 怀 赴 西 北 草原 进行 我 国 第 一 颗 热 核弹 头发 
射 试验 前 的 准备 工作 。 准 备 工作 结束 后 ，12 月 5 日 郭 永 怀 从 兰州 乘 飞 机 回 京 。 当 飞机 在 
北京 机 场 降落 时 ， 发 生 一 等 事故 ， 郭 永 怀 不 幸 以 身 殉 职 ， 终 年 59 岁 。 

周恩来 总 理 得 知 郭 永 怀 乘 飞机 失事 牺牲 的 消息 后 ， 立 即 下 令 彻 查 这 一 事故 ， 并 责成 
人 民 日 报 发 布 这 一 不 幸 消息 。12 月 13 日 《人 民 日 报 》 在 第 四 版 报道 :“ 新 华 社 十 一 日 讯 ， 
中 国共 产 党 党 员 , 全 国人 民 代表 大 会 代表 郭 永 怀 同志 ， 因 不 幸 事故 牺 竹 ， 终 年 五 十 九 岁 。 
郭 水 怀 同志 在 从 事 的 科学 技术 工作 中 ， 做 出 了 贡献 .” 12 月 25 日 ， 他 被 追认 为 烈士 。 

郭 永 怀 对 我 国 国防 科技 事业 ， 特 别 是 “两 弹 一 星 ” 研 制 做 出 了 卓越 贡献 ， 得 到 了 党 
和 人 民 的 充分 肯定 。1999 年 9 月 18 日 ， 在 共和 国庆 祝 建国 50 周年 之 际 ， 中 共 中 央 、 国 
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务 院 、 中 央 军 委 作出 决定 ， 表 彰 为 研制 “两 弹 一 星 ” 做 出 突出 贡献 的 科技 专家 ， 并 授与 
他 们 “两 弹 一 星 功勋 奖章 "， 郭 永 怀 就 是 其 中 之 一 。 中 央 的 决定 指出 :“ 这 23 位 科技 专家 
是 人 民 共和 国 的 功臣 ， 是 老 一 辈 科技 工作 者 的 杰出 代表 ， 是 新 一 代 科 技工 作者 的 光辉 榜 
Fo” 


